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Athanasios Dermanis !

The photogrammetric inner constraints

A derivation of the complete inner constraints, which are required for obtaining “free network” solutions in close- range
photogrammetry, is presented. The inner constraints are derived analytically for the bundle method, by exploiting the fact
that the rows of their coefficient matrix form a basis for the null subspace of the design matrix used in the linearized
observation equations. The derivation is independent of any particular choice of rotational parameters and examples are
given for three types of rotation angles used in photogrammetry, as well as for the Rodriguez elements. A convenient
algorithm based on the use of the S-transformation is presented, for the computation of free solutions with either inner or
partial inner constraints. This approach is finally compared with alternative approaches to free network solutions.

1. Introduction

It is well known that photogrammetric observations can determine the shape of photographed objects
but not their scale, position and orientation. The determination of these additional characteristics is called
the “datum problem” since it is related to the definition of a reference frame to which object coordinates
should refer.

In aerotriangulation, the datum problem is solved with the use of control points with known
coordinates. In close-range photogrammetry such control points are mostly not available and a more-or-
less arbitrary reference frame must be chosen. In the theory of optimization of geodetic networks the
choice of the optimum frame is called the Zero Order Design problem (Grafarend, 1974; Fraser, 1984).
The solution to this problem is the use of the so-called inner constraints (Meissl, 1965, 1969; Blaha, 1971).

The use of inner constraints in photogrammetry is first mentioned in Meissl (1965), who elaborates
their use with an example for the relative orientation of two photographs. Their use is later considered
in Ebner (1974), Dermanis (1975), Griin (1976), Granshaw (1980), Papo and Perelmuter (1980, 1982),
Fraser (1980, 1982, 1983, 1984, 1988), Brown (1982), Cooper (1984), Hinsken (1985), Zindorf (1985), Papo
(1985, 1987), Fraser and Griindig (1985). Papo and Perelmuter (1982) give an extensive account for the
implementation of inner constraints in photogrammetry, along the lines of their previous work for geodetic
networks (Perelmuter, 1979; Papo and Perelmuter, 1981). Their approach leads to the modification of the
original singular normal equations so that the inner constraints are taken into account. It is also implicitly
related to a solution with trivial minimal constraints, where seven coordinates are held fixed.

In most of these works the constraints used are partial inner constraints which do not involve all
the photogrammetric parameters. Only coordinates of object points and projective centres are involved,
ignoring the orientation angles of the photographs. This allows the direct use of the inner constraints
whose analytical form has been taken from that in three-dimensional geodetic networks, without any
new derivation for the photogrammetric case. The popularity of the use of partial inner constraints on
the object points is due to the fact that the exterior orientation parameters are in a sense “nuisance
parameters”. When a pseudoinverse solution of the normal equations is computed, the result is equivalent
to the use of the complete inner constraints. A derivation of the complete inner constraints, has been given
by Granshaw (1980) who includes the orientation angles for the particular case where their approximate
values can be set equal to zero. A complete derivation for the most general case has been finally presented
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by Papo (1987). Papo’s elegant derivation is essentially based on the same concept as in the original work
of Meissl. When the parameters of coordinate transformations which leave the observables invariant are
known (Grafarend and Schaffrin, 1976), the coefficient matrix E of the inner constraints is the matrix of
the partial derivatives of the unknown parameters with respect to these transformation parameters.

In the present work the complete inner constraints for all photogrammetric parameters will be
analytically derived in a completely different way, which is based on the property AET = 0, where A is the
design matrix, following from the linearization of the collinearity equations. This property has been used
by Papo (1987) as an analytical test of the derived inner constraints, where “a great deal of patient algebra
is involved”. The derivation presented here is based on the determination of seven independent solutions
to the homogeneous system Ae = 0, where e is any of the seven columns of E*. The algebraic difficulties
are greatly diminished, with the use of a very compact derivation in matrix notation of the elements of A
from Dermanis (1990), which is briefly summarized in Appendix A. The derivation is independent of any
particular choice of orientation parameters, and is specialized to some usual choices of orientation angles
(Appendix B), as well as for the Rodriguez elements (Appendix C).

From the complete inner constraints follows directly any type of partial inner constraints involving any
desired subset of the parameters. Furthermore, a detailed algorithm based on S-transformations will be
given, for the implementation of complete or partial inner constraints. This algorithm has the advantage
that it does not disturb the nice form of the original photogrammetric normal equations, as is the case with
the use of modified normal equations.

A derivation of the complete inner constraints for the parameters of the Direct Linear Transformation
(DLT) model is given in Dermanis (1994).

2. Derivation of the complete photogrammetric inner constraints

From all the photogrammetric parameters (object point and projection centre coordinates, orientation
angles, additional parameters), inner constraints involve only those which are variant under changes of the
reference frame. The invariant additional parameters will not therefore be present in the inner constraints.
The inner constraints are seven constraints (three for position, three for orientation, one for scale) of the
form:

Ex=0 (1
which in combination with the linearized observation equations:
b=Ax+v 2)

lead to a least squares solution for the unknown parameters x, having the properties:

xTx = min trace(C,) = min (3)

C, being the covariance matrix of x. It is well known (Meissl, 1965, 1969; Blaha, 1971; Koch, 1987) that
the matrix E is a full-row-rank matrix satisfying:

AE' =0 (4)
If e is any row of E, the inner constraints will be determined if 7 linearly independent solutions are found
for the system:

Ae=0 (5)

For any pair of observations of the image coordinates of the object point i on photograph j, the
corresponding linearized observation equations have the form:

. 8y; . v
bji =Aji| |+ A+ (6)

J
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where Jy; are the corrections to the approximate values of the coordinates of the projective centres
Y =X Y Z;]", 86; are the corrections to the approximate values of the photo-frame orientation
parameters 0;, 8x; are the corrections to the approximate values of the object point coordinates
x=[X:Y; Zi]T, bj; are the reduced observations (observed minus computed), vj; are the observational
errors and Aji, Ajj are design matrices of the partial derivatives determined in Appendix A.

Equations (6) are two of the total observation egs. (2). The corresponding two from egs. (5) will have
the form:

T T
Aji [ ’:l +Ajigi =0 @)
k;

where h;, k; and g; are the subvectors of e corresponding to the parameters dy;, 66, and dx;, respectively.
The submatrix A;; has the form:

Aji =[-A;iCji] ®
and eqs. (7) take the form:
Aji(g; —h) + Cjik; = 0 ®)

foralliand j.
The submatrices Aj; and C;; have, according to Appendix A, the form:

i D 95
" aX; dY; 9Z;
Oyji  9yji i
LaX; 9dY; 9Z;-
[ 0% 0xji x| -
Cj,- _ aa,- aﬂj a}/] _ _f__ d;riFajdji dj,-Fﬂjdji d};-Fyldji (11)
Oy Ay i | wh | —djEyd;; —d;Egd;; —dE,d;

| 9a; 3B Y
where 0; = [a; B; ¥;]" are the rotation parameters used for the definition of the rotation matrix R;,

dji =x; -y, while the parameters wj;, Fy;, Fg,, ), Eqy, Eg, and E, , are defined in Appendix A (egs. A2,
A16 and A17). The vectors ey, e3, e3, are the three columns of the 3 x 3 identity matrix I. Setting:

dF[(RTes)x] ] 10

S
wj; | ~df[(RTer)x]

kf = [kl!j kﬂj kY,]T (12)
and taking (10) and (11) into account, eq. (9) becomes:

dj,[(Rfe2)x)(g; — h)) +dj; (ky o, + kg Fp, + by, Fy ) djy = € (13)
dj;[(Rfe)x](g; — hj) + d}; (ko Eq, + kg Eg, + &k, E, ) dj; =0 (14)

Taking into account egs. (A16), (A17), it follows that:

ke, Fo, + kg Fp + ky Fy = [(RT €2) x]{key [ 4o, X1 + kg, [ g5, X] + Ky, [ ¢, X ]}
= [(RTe2) x[(ka g, + kg, g5, + Ky, 4, ¥] (15)
= [(R] e2) x][(Q;k;) ]
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where

Q; =4y, 95, 9y, (16)
and the columns ¢, , g4 , ¢,,, are defined by (Appendix A, eq. A10):

(94, %] = Rj 8y R;, (95 %] =R} 3 R;, (9, x] =R} 3R, (17)
In a similar way:

ko,Eo, + kg Eg, + k, Ey = [(RTe1)x][(Qjk;) ] (18)
and setting:

zj = Qik; (19)
egs. (13) and (14) finally become:

d[(Rje2)x)(g; — hj + [z x]1dji} =0 (202)
dj;[Rje)x)ig; —k; + [z x]d;i} =0 (20b)

foranyi and j.
Seven independent solutions of the above equations must be found. Two obvious classes of solutions
result by setting the quantity in brackets equal to either zero or dj;. The last foltows from the property:

d'[tx]d =0 (21)
for anyd and t.

In the first class:

8 —hj+[zjx]d;; =0 (22)
an obvious choice is:

g —h;=0, zj=0 (23)
leading to three independent solutions:

g =h" =e, V=0 = K’=0 (24a)
g =P =e, V=0 = K’=0 (24b)
g¥ =h® = ey, z}(}) 0 = k=0 (24c)

A not so obvious choice follows if (22) is rewritten, using dy; = x; —y 5 I the form:
8 +zjxpi = hj + [z;x]y; (25)

for any i and ;.
Since i and j refer to independent parameters, (25) can be satisfied only if z; = z = constant and both
sides vanish. Three independent solutions follow from z = —e,2 = —€2,7 = —ea:

gV =~mixle, AP =—[yxler, kP =-Qj'e (262)
gD =~[xixlea, AP =—[y;xlez, kP =-Q/le, (26b)

g =—ixles,  BY=-[yxles kO =-Qles (260)
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In the second class:

8 —hj+[zx](xi —y;) =x -y, ’ 27)
an obvious solution is obtained by choosing z; = 0, in which case:

gtg7) =x;, h,(-7) =y kj(?) =0 (28)

Equations (24), (26) and (28) give the required seven linearly independent solutions from which the
seven rows of the matrix E of the inner constraints are defined. Taking into account that:

" 2g? &P1=ler e e]=1 (29)
B B hP=[er e es]=1 (30)
1) (2) 3N _ —
[kj kj kj ]=[0 0 0]=0 (31)
g &> g1=—[lxixler [xixlex [xix]es]=—[xix]les e es]=—[xix] (32)
B B BO1=—[[y;xles [y;x]ez [y;xles] ==[y;x]ler €2 es] = —[y;x] (33)
K K K1=-[Qe Qe Qles]=-Qi'ler e el=-Q (34)
the matrix E of the inner constraints becomes:

¢)] ¢3] 3) (C)] (5) ) Y]

AR S X A T R I —[y;x] y

1 (2) (3) 4 )] (6) (7) -1
BT kj kj kj kj: kj kj kj _ 0 —(.2]. 0 (35)

D og® g g g 8P g I —[xx] x

I 0 1

E={... [y;x] _Qj—T v ex] .- (36)

In the above equation x; and y; are the vectors of the approximate values of the coordinates of object
point i and of the projective centre of photograph j, respectively. The matrix Q; is a function of the
approximate values of the rotation parameters of photograph j. Its specific value depends on the type
of rotation parameters. QJTT is computed in Appendix B, for various types of orientation angles, and in
Appendix C for the Rodriguez elements. An interpretation of the physical meaning of the matrix Q is
given in Appendix D. For the usual choice of k, ¢, w angles, the inner constraint matrix E takes the form:

E=[ GK - G ] (37

where G; and G; are given by:
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1 0 0
0 1 0
I 0 0 1
Ge=|[mx]|=| 0 —Zua Ya k=iorj (38)
y{ Zok 0 _X()k
Yo Xok 0
) Xok Yok Z()k ]
and
0 0 0 ]
0 0 0
0 0 0
0 0 0 1
K-|_-QT|=| . (39)
’ e cosw;  Sinw;tan @;
0 c0s ¢; j )j j
COS w; )
sinw; — cosw;tang;
oS @;
0 0 0

When the angles «, ¢, w are very small their approximate values can be taken equal to zero (at least
for the first step in an iterating adjustment solution), and the matrix K; takes the same form, with reverse
ordering of the angles, as in Granshaw (1980).

The seven constraints can be separated into the three translational constraints:

2 8+ dx =0 (40)
j i

the three rotational constraints:

DLy x08y; = D2 QT80; + ) [xixJéx = 0 “n
i i i

and one scale constraint:

ZijSyj + inT(Sx,- =0 (42)
j i

where dy;, 80;, and 8x; are the unknown corrections to perspective centre coordinates, rotation parameters
and object point coordinates, respectively. Note that rotation parameter corrections appear only in the
rotational constraints. Of these seven constraints only these should be used which correspond to the defect
of the network with respect to translation, rotation or scale. For purely photogrammetric observations all
seven are needed. In combinations of photogrammetric with geodetic observations, which include distance
measurements, only the six first (translational and rotational) constraints should be used.

3. Computation of the inner constraints solution

Apart from the direct use of the pseudoinverse leading to the inner constraints solution, four different
approaches can be used for the implementation of minimal constraints:
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Cx=0 (43)

which can be either the inner constraints Ex = 0, or partial inner constraints where only the sum of
squares of the corrections to only some of the parameters is minimized. The coefficient matrix C of the
partial inner constraints results from the matrix E, by replacing with zeros all the columns corresponding
to parameters not included in the minimization.

The first approach (Fraser, 1980, 1982, 1983, 1984, 1988; Fraser and Griindig, 1985) is the “bordering”
of the matrix N of the original singular normal equations Nx = u. If:

-1
N CT LT
the solution is:

x=0Qu, C. =02°Q (45)

o? being the a posteriori variance of unit weight and C, the covariance matrix of x. The advantageous
structure of the matrix N is not destroyed and the symmetric indefinite “bordered” matrix in (44) can
be inverted with appropriate algorithms (Fraser, 1982). However, the usual inversion algorithms, e.g.
Cholesky’s method, which are routinely used in photogrammetric applications cannot be used in this case
because they are restricted to the case of positive definite matrices.

The second approach is based on the relations:

x=N+C"C)y, C.=0o’(N+CTO)"INN + CTO)! (46)
For the inner constraints in particular:
C, =0 [(N+ETE)"! - ET(EET)2E] (47)

In this approach the advantageous sparse structure of the matrix N is destroyed by the addition of the
complete matrix CTC or ETE.

The third approach (Papo and Perelmuter, 1980, 1982; Papo, 1985) is based on the elimination of
seven parameters X3, which correspond to a set of trivial minimal constraints x; = 0, from the observation
equations and the formulation of the corresponding (modified) normal equations, for the remaining
parameters x1. The elimination is based on:

Cx=Cixi+Cx;=0 = x=-C;'Cix;=Gx (48)

with G = —C5 1¢,, and the solution is:
g I|.-

x=| |N'a Co=0?| |K'[IGT] (49)
G G

where

N T I ~ T

N=[IGTN i =[1G (50)

G

This approach is essentially equivalent to a special case of the S-transformation approach to be presented
next.

The fourth approach is based on the application of the S-fransformation (Baarda, 1973; Ebner, 1974;
van Mierlo, 1980; Strang van Hess, 1982; Koch, 1982):

xE = Sx, CE=sc(,sT, S=I-ET(CE"IC (51)
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on an original solution x, C,, which results from the use of any set of minimal constraints. Among possible
choices of minimal constraints, the easiest to implement are trivial constraints, where as many coordinate
corrections as the rank defect are set equal to zero. The addition of the term C'C in eq. (46) corresponds
to the addition of “ones” to those diagonal elements of N which correspond to the fixed coordinates, a
procedure which does not interfere with the original advantageous sparse structure of the matrix N. This
in fact means that any standard computer program for the bundle adjustment can be used in the first and
most time-consuming part of the computations.

Equations (51) are very simple indeed, but their direct programming results in many multiplications
and additions with zeros, which unnecessarily delay the computations and accumulate computational
errors. For this reason a more appropriate version of the algorithm will be presented.

The inner constraints matrix has the form (37), so that any set of partial inner constraints has the
corresponding form:

C=[ ()»jGj)([,LjKj) (A.iGi) ] (52)

The factors Aj, wu;, A;, have the value 1 or 0, depending on whether the corresponding parameters
(projective centre coordinate corrections dy;, rotational parameter corrections 86, object point coordi-
nate corrections dx;, respectively) participate in the partial inner constraints or not. The equations for
the S-transformation, follow directly, if the matrices E and C from eqs. (37) and (52), respectively, are
replaced in eq. (51).

For the sake of simplification, no distinction needs to be made between projective centres and object
points. They are all points of the “network” and y;, x; can be replaced by a common symbol x;. The
submatrices G;, G; will be similarly replaced by Gy, and the factors X;, A; by A;. If K is the set of the
indices of all points x; participating in the partial inner constraints, and J the same set for the participating
rotational parameters 6, the S-transformation is performed with the following algorithm:

R=CE'=) GG, + ) KK/ (3)
keK jedJ
d=Cx=) Gibx,+ ) K;30; (54)
keK jeJ
p=R4d (35)
Sxf = 8x, — MGlp, (M =0o0r1) (56)

The cross-covariance 3 x 3 submatrices C(xk, x,), Cxi, ;), C(8;, 8;), of the covariance matrix C,,
are transformed from the minimal to the inner constraint solution, according to the following equations:

C(xy, xp,) = Cxs, ¥n) — GiR™’ [ Y GiClxs,xn) + ) _K.CO,, xm)}

tek reJ

. [Z C@, x)G] + ) _ Clxx, o,)KI] R'G, + G{R™' {ZG, [Z Clx,, x,)G/ + Y Clx, o,,)K;}

tek rel tek sek peJ
+> K, [Z C(0;,x,)G] + > _C(@,, op)Kﬁ} } R'G, (58)
rel sek pel

C(xf,0F) = C(xr, 6)) — GIR™ [Z G/ Cx,, 0) + Y K.C(O,, o,-)]

tek red
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- { Y C@r,x)Gl + ) Clxy, 0)K] ] R7'K; + G;R™! [ Y G [Z C(x1, x)Gf + ) _ C(xi, o,,)K},}

tek reJ tek sek pelJ
+Y K [Z C@®,,x;,)G] + ) _C(,, 0,,)1(},] ] RK; (59)
rel sekK pel

C(6F, 0%) = C(6,0)) ~KTR'{ 3" G,C(x,. 9)) + Y _K,C(0,,6 ,.)]

tekK reJ

- [ > C®:,x)Gf +)_C(®6:,0,)K] ] R'K; + KR { > G [Z Clx;, x)G] + Y Cxy, o,,)Kz}

Py el tek sek peJ
+ YK, [Z CO,,x,)GT + Y€, Op)KZ] ] R'K; (60)
reJ sek peJ

Despite their complex appearance the above equations are very easy to program on a computer. Usually,
only the diagonal submatrices of C, are computed using eq. (58) with Kk = m and eq. (60) with i = j. A
usual technique in geodetic problems is to transform the original coordinates into “barycentric” ones, in
which case the matrix R becomes diagonal and the computations are further simplified.

As a final remark, let it be pointed out that the covariance matrices so obtained have no meaning
of their own because they correspond to non-estimable parameters (coordinates), i.e. parameters that
cannot be determined from the photogrammetric observations alone. They are only a sort of depository of
information which can be further used for the computation of the variances and covariances of estimable
parameters, such as length ratios and angles (or lengths when distances have also been observed).

Appendix A — Partial derivatives of the projective equations

The partial derivatives of the observed photo coordinates with respect to the photogrammetric
parameters, present in the projective equation, are well known and can be found in photogrammetry texts.
Here they will be derived in a compact form, based on the notion of the “cross product” matrix, which
greatly facilitates the derivation of the inner constraints.

Let X,, Yo, Z, be the coordinates of the projective centre in the object reference frame, X, Y, Z the
coordinates of an object point in the object frame and u, v, w the coordinates of the same point in the
reference frame of the photograph. Setting:

y=[Xo Yo ZJT, x=[X Y ZJ, p=[u v wl (A1)
it holds that:
p=Rx—-y) (A2)

where R is the orthogonal matrix of rotation from the object reference frame to that of the photograph.
If f is the focal length of the camera and x, y the coordinates of the point image in the plane of the
photograph, the well known collinearity equations are:

For the derivation of the partial derivatives of x, y with respect to the parameters of exterior orientation
and the object point coordinates, use will be made of the “cross product” matrix [zx] defined for every
vector z as the matrix:
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0 —z3 22 21
ex]=1| z 0 -z 2= |2 (A4)
—22 71 0 3

Two properties of these matrices will be also used:
[(Q2)x] = Q[zx]Q" (AS)

where Q is any orthogonal matrix, and:

l[ax][bx] =ba" — (a’b)I (A6)
Direct differentiation gives:

d . _ :

5 - Lot = L -y Rerx) = L) IRer) IR (A7)
? - _—

=Ll = L=y RTle ] = ~L ) (R xR (A8)

where ey, e, e3, are the columns of the 3 x 3 identity matrix,

— =R = —— =9 —
3 s 3 = R, 30 = ,,R(x y) (Ag)

where ¥ is any of the three parameters a, 8, y defining R. For any orthogonal matrix R, differentiation of
RTR = I, with respect to a parameter ¥ shows that:

RIR+R'™Ry =0 = R"Ry=-R"Ry)" =[g,x] (A10)

the existence of the vector g, being guarantied from the fact that R"Ry is obviously an antisymmetric
matrix. It is therefore easy to compute by direct differentiation three vectors g, ¢;4, ¢,,, corresponding to
the three parameters describing the rotation matrix R. The derivatives of R have the form:

817RER19 :R[qﬂx]s v =, ﬂ» Y (All)

The above derivatives are combined with the use of the chain rule to yield the desired derivatives:

dx 0x 9 ’ T - ax
=g =) IR = - (A1
dy dy 9 f - . dy
o o~ Al Y (®ex) == (A1)

dx dx op f T
=B (x - Al4
50 " pan wr ™ P -y (Al4)

dy _ 3y dp f T
== (X - Al
a0 " pan = a2 ® Y By (A15)
where, taking property (A6) into account,

Fy = [(RTe2)x])[gy x] = gy &sR — (3Rg,) | (A16)

Es = [(R"e;)x][gyx] =gs€] R — (e]Rgy) I (A17)
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Appendix B — Inner constraints for various choices of orientation angles

In this appendix the matrices (one for each photograph j):
Q' =19,9591" (B1)

appearing in the inner constraints will be evaluated for three different choices where orientation angles
are used as rotation parameters o, B, y. The columns gq, gg, 4,,, are defined according to Appendix A, by:

[¢.x]=R"%,R,  [gpx]=R"%R,  [g,x]=R"3,R

B1. Orientation angles k, ¢, ®
For the usual choice of orientation angles:
R = R3(x)R2(¢)R1(w)
R, = 3R = —RR; (—0)Ry(—9)[e3 xRz (¢9)R; (@)
R, = 3,R = —RR(—w)[e2 x]Ry(w)
R, = 3,R = —R[eg x]

where the property 3pR; () = —[e; xJR; (9) = —Ry(9)[e; x] has been used.

According to (B2):

[4¢x] = R"R, = —Ri(—@)Ra(—¢)[e3x]R2 (¢)Ri ()
[4,%] = R'R, = —Ry(—w)[e2x]R1 (@)
[4,x]=R"R, = —[e1x]

With the use of property (AS) it follows that:

9. = —Ri(—w)Ry(—9¢) €3

4, = “Ri(-w)e;

q,=—€

and

—sing 0 -1
Q=[99,9,]=| sinwcosp —cosw 0O

—coswcosy —sinw O

0 0 1
sin w .
Q—T N cosw sinw tan @
- = coSs ¢
Cos

sinw —cosw tang
cos g

(B2)

(B3)
(B4)
(BS)
(B6)

(B7)
(B8)

(B9)

(B10)
(B11)
(B12)

(B13)

(B14)
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B2. Azimuth, swing and tilt (o, S, t)
The rotation angles, azimuth ¢, swing S and tilt ¢, are defined by:
R = R3(180° — S)R, (1)R;3(—) (B15)

Following the same approach as above we obtain:

q, = €3, g, = —R3(a) ey, qs = R3(@)Ry(~1t) e3 (B16)
S sino ]
. . —1 —sin@cott cosa @——
0 —cosa —sinasint sint
s A . _ . _ _ s
Q 0 sina cosa sin? _cosacot —sina C(? l: (B17)
1 0 cost s
-1 0 0

B3. Azimuth, vertical angle and swing (v, w, )

In close-range photogrammetry, especially when photogrammetric observations are to be adjusted in
combination with geodetic observations, an appropriate choice of rotation parameters is:

R = R3(«)R; (90° + w)R3(—a) (B18)

where the azimuth o and the vertical angle » are the same as those measured by theodolites. In a similar
way as before we obtain:

q9,=¢3 g,=-Ri(@)e;r g,=-R3(@)R1(-90° —w)e3 (B19)
. sina
) =T sin@tanw cosa —
0 —cosa sinacosw CoS @
— _r[‘ —_— T -
Q' =-|0 sine cosacosw cosatanw —sina - 28Y (B20)
: cosw
1 0 sin w
-1 0 0

Appendix C — Inner constraints with Rodriguez elements

One choice of rotation parameters are the Rodriguez elements based on the representation of an
orthogonal matrix in the form:

R=(-[zx])d+zx])~! (C1)

where z is a vector in the direction of the rotation axis (eigenvector of R) having length |z| = tan(y/2),
where i is the angle of rotation around z. A usual choice for z is:

i
z= E[abc]T, @+ +ct+d*=1) (C2)
leading to the rotation matrix:

1-b*—c* ab+cd ac — bd
R=2| ab—cd L$-a*>-c* bc+ad (C3)
ac + bd bc—ad 1-—a’-b?
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The procedure for the determination of the coefficients of the inner constraints corresponding to the
Rodriguez elements a, b, c, is the one described in section 2, for the various choices of rotation angles.
The derivatives R,, Ry, R, of R with respect to the Rodriguez elements a, b, c, respectively, are:

0 bd—ac cd+ab)
2
R, = p bd +ac —2ad d?>-a? (C4)
cd—ab a*>—-d* —2ad

[ _2bd  ad—bc b2 —d?)

2
Ry = 7 |ad +bc 0 cd —ab (C5)
d*—b* cd+ab —2bd
[ _2cd  d*—¢* ad+bc]
2
R = pl c2—d* —-2cd bd-ac (C6)

ad —bc bd +ac 0 }

Multiplying with RT from the left it follows that:

0 ac—bd —ab-—cd
2
[4.x]=R"R; = 5 | bd —ac 0 a? + d? (e0))
ab+cd —(@®+d%» 0

0 ad+bc —(b*+d?

[9,x]=R"R; = % —ad-bc 0 ab —cd (C8)
| b’ +d> cd—ab 0
0 c2+d*> ad-bc
[¢.x]=R'R, = 3 —(c*+d? 0 bd + ac (C9)
| bc—~ad —bd-ac 0
and finally:
@+d ab-cd ac+bd| d ¢ -b
-Q "= 512— ab+cd b +d® bc—ad| = % — d a (C10)
ac—bd bc+ad c*+d? b —a d

The rotation of each photograph j is described by a corresponding set of Rodriguez elements a;, b;,
¢j, whose approximate values are used for the formulation of the -—Q]TT submatrices according to (C10).
These submatrices are used for the formulation of the matrix of inner constraints E, according to eq. (36).

Appendix D — Interpretation of the matrix Q

An interpretation of the matrix Q is possible along the lines of Papo (1987). Let x be the representation
of any vector in object space, which the orthogonal matrix R = R(@) = R(a, 8, y) transforms into Rux, i.e.,
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its representation in the photograph frame. A small rotation of the object reference frame transforms x
into:

1 dms —dms
x +dx = R3(dm3)Ry(dmo)R i (dm) x = | —dms 1 dm, |x=0-[dmx])x
dm, —dm; 1
=x—[dmx]x (D1)

where dm1, dm,, dm; are the three differentially small rotation angles. Since Rx is invariant under this
object frame transformation, its differential will vanish so that:

d(Rx) = dRx + Rdx = dRx — R[dmx}x =0 (D2)
Since this relation holds for any x, it follows that:

[dmx] = R" dR = R"(3,Rda + 3sRdp + 3,Rdy)

= [gox]da +[ggx]dB +[g, x]dy = [(q, do + g5 dp + ¢, dy)x] (D3)
and
do
dm =gq,do+qgdB +q,dy =9, 4¢5 ¢,]|dp|=Qdo (D4)
dy

where the definitions (16) and (17) have been used. From (D4) it is immediately seen that:

_
" m

Therefore each submatrix Q; ' of the matrix E', is the matrix of the partial derivatives of the orientation
parameters 6, = [a; fB; ¥;]" of photograph j with respect to three angles mi, m;, ms of a
transformation of the object reference frame. The above approach is in fact identical to that of Papo
(1987), for the derivation of 38/dm as a submatrix of the inner constraint matrix ET.

_am o o
Q=55 Q (D5)
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