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4.2 Panoramic Testfields of Control Points 

Panoramic testfields of control points were used because of the 360° horizontal field of 
view of panoramic cameras and other sensors operating similar to panoramic camera. This 
section introduces two panoramic testfields. 

4.2.1 ETH Zurich Panoramic Testfield 
We established a panoramic testfield in ETH Zurich (testfield of ETH Zurich). Figure  4.1 
shows the control points of this testfield which are distributed regularly in the 360° 
horizontal field of view. The control points are the center of 2.4 cm circular targets which 
are made of aluminum. The bases of targets are white and the contrasts are black. Some 
targets were stuck to the ceiling for the case of using wide vertical field of view lenses with 
the panoramic camera. Figure  4.2 shows a panoramic image from this testfield. 
 

 
 
Figure  4.1. ETH Zurich panoramic testfield with 96 control points distributed homogeneously over 
the field of view of the panoramic camera. 
 

 
 

 
Figure  4.2. A cylindrical panoramic image of the panoramic testfield of ETH Zurich. 
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Table  4.1 shows the specifications of the panoramic testfield. It consists of 96 control 
points. The dimensions of the testfield environment are 15 m x 12 m x 3 m. Control points 
of the testfield are the center of circular targets. They have been measured by a theodolite 
TC2002 from at least 3 stations with a sufficient base line (more than 2 meters) at the 
distance of maximal 4 meters. The mean standard deviation of the control points of 3D 
network adjustment of horizontal and vertical angle observations are 0.3 mm, 0.3 mm and 
0.1 mm for X, Y and Z coordinates, respectively. The mean standard deviation of the depth 
and lateral coordinates are 0.32 mm and 0.22 mm. 
 

Table  4.1. Specifications of the ETH Zurich panoramic testfield. 
 
Total number of targets 96 
Dimensions of the testfield environment 15 m  x 12 m x 3 m 
Target size (mm) 24 
Mean/max  std. dev. (X,Y,Z) (mm) 0.3 / 0.9 , 0.3 / 0.8 , 0.1 / 0.3 
Depth and lateral std. dev. (mm) 0.32, 0.22 

4.2.2 TU Dresden Panoramic Testfield 
Another panoramic testfield which is established in Technical University of Dresden 
(testfield of TU Dresden) was used in this investigation. Figure  4.3 shows the distribution 
of the control points and Table  4.2 shows the specification of the testfield. 
 

 
 
Figure  4.3. TU Dresden panoramic testfield with more than 200 control points distributed over the 
filed of view of the panoramic camera (Courtesy D. Schneider, TU Dresden). 
 
The control points of this testfield are the centers of the retro-reflective targets. They have 
been measured by the photogrammetric method using a frame array CCD camera. The 
dimensions of the testfield environment are 14 m x 5 m x 3 m. The mean standard 
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deviation of the control points’ coordinates are 0.2 mm, 0.3 mm and 0.1 mm for X, Y and 
Z coordinates, respectively. The depth and lateral standard deviations are 0.37 mm and 
0.20 mm, respectively. 
 

 
 

 
 

Figure  4.4. A cylindrical panoramic image from the panoramic testfield of TU Dresden (Courtesy 
D. Schneider, TU Dresden). 
 

Table  4.2. Specifications of the TU Dresden panoramic testfield. 
 
Total number of targets 224 
Dimensions of control network 14 m  x 5 m x 3 m 
Target size (mm) 10 and 20 
Mean/max  std. dev. (X,Y,Z) (mm) 0.2 / 0.7 , 0.3 / 4.5 , 0.1 / 0.9 
Depth and lateral std. dev. (mm) 0.37, 0.20 

4.3 Self-Calibration through Space Resection 

The self-calibration was performed using panoramic testfields by space resection. This 
method was used for investigation of the behavior of the camera system and systematic 
errors through image space residual analysis of the control points. Two panoramic cameras 
and a laser scanner were calibrated using space resection.  
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4.3.1 Panoramic Cameras 
Two panoramic cameras were studied in this investigation, EYESCAN and SpheroCam. For 
the calibration of the EYESCAN the panoramic testfield of TU Dresden and for the 
calibration of SpheroCam, panoramic testfield of ETH Zurich was used.  

4.3.1.1 EYESCAN 
We received the image point and object point coordinates from D. Schneider, TU Dresden. 
The focal length of the panoramic camera in this investigation is 35 mm. The weight of 
observations for least squares bundle adjustment is a unit weight matrix for image point 
observations. The unit of image point observations is pixel. 
 
Additional parameters were added sequentially one by one to the least squares bundle 
adjustment to observe the influence of the additional parameters on the modeling of 
systematic errors. Table  4.3 shows this procedure. Figure  4.5 shows the image space 
residuals at step 8. Some local systematic errors are visible in the image space of this 
figure.  
 
The systematic errors that appear in Figure  4.5 were modeled and reduced by post 
processing the image space residuals using the patch-wise method (described in  3.3.2.2.1). 
The image point observations were corrected from systematic errors by a polynomial of up 
to order 3 for each patch. Tests of additional parameters were performed and only the 
significant coefficients of the polynomials were used in the modeling of each patch. The 
bundle adjustment was performed with the modified image point observations. Figure  4.6 
shows the image space residuals. The region between vertical lines shows the patches. The 
unit of the image point observation is pixel and the obtained 0σ̂  (a posteriori standard 
deviation) is 0.23 (Table  4.3). 
 

Table  4.3. Effect of additional parameters in systematic errors modeling of EYESCAN. The unit 
of the image point observation is pixel. 
 

Description of parameters Parameters 0σ̂  
1) Exterior orientation  000 ,,,,, ZYXκϕω  19.94 
2) Correction to the camera constant and shift of principal 
point along linear array 0,dydc  8.16 

3) Symmetrical radial lens distortion 21 , kk  4.90 
4) Eccentricities of projection center from rotation axis eyex,  3.68 
5) Tilt of linear array with respect to the rotation axis ly  2.00 
6) Inclination of linear array from rotation axis lx  2.00 
7) Correction to the angular pixel size (affinity) xdp  1.62 
8) Non-equal angular pixel size  543210 ,,,,, rrrrrr  0.65 

Patchwise method   
9a) Two polynomials for modeling image space residuals. up to 3rd order 0.23 
Or   
9b) Tumbling 210 ,, ttt  0.41 
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Figure  4.5. Image space residuals after using additional parameters corresponding to the results 
after step 8 in Table  4.3. 0σ̂  is 0.65 (the unit of the image point observation is pixel). 
 

 
Figure  4.6. Image space residuals of patch-wise method corresponding to the results after step 9a in 
Table  4.3. The vertical lines show the border of each-patch. 0σ̂  is 0.23 (the unit of the image point 
observation is pixel). 
 
We faced two problems with this implicit model and patchwise method. The number and 
the size of patches were not identical to the number and size of patches of the other images 
which were taken from the same panoramic camera. Due to the non-stationary behavior of 
these systematic errors, the patchwise procedure should be repeated for each image 
separately. Therefore, for each image acquisition, a testfield of well-distributed control 
points is necessary, which restricts the applicability of this type of modeling in real 
applications. 
 
The Fourier analysis of the residuals in image space showed a high peak in the power 
spectrum, which indicates an oscillation of the linear array during image acquisition by 
EYESCAN. In the next step we used the explicit model of tumbling. Bundle adjustment was 
performed with additional parameters including tumbling parameters. In this case, 0σ̂  was 
0.41 (Table  4.3). Figure  4.7 shows the image space residuals after using all additional 
parameters. 
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Figure  4.7. Image space residuals after using all additional parameters corresponding to the results 
after step 9b in Table  4.3. 0σ̂  is 0.41 (the unit of the image point observation is pixel). 
 
The result of explicit modeling was not better than the patchwise method but it has the 
advantage of fewer parameters than the implicit model and the patchwise method. 
 
The comparison of the estimated additional parameters through space resection for 5 
images of EYESCAN showed that the phase parameters of the sine wave functions for the 
modeling of non-equal angular pixel size and tumbling were significantly different. 

4.3.1.2 SpheroCam 
The focal length of the panoramic camera in this investigation is 50 mm. The weight 
matrix of the image point observations was a unit weight matrix and the unit of the image 
point observations is pixel. 
 
Similar to the EYESCAN, self-calibration was performed by adding additional parameters 
in steps. Table  4.4 shows the influence of additional parameters on the modeling of 
systematic errors. A huge reduction of 0σ̂  at two steps is obvious. The first is after the 
addition of the parameter for the correction of the angular pixel size. The second is after 
addition of the non-equal angular pixel size and tumbling parameters. Improvement by 
factor 6 is obvious in the last step. Figure  4.8 shows the image space residuals of the last 
step. 
 

Figure  4.8. Image space residuals after using all additional parameters. 0σ̂  is 0.52 (the unit of the 
image point observation is pixel). 
 
The comparison of the estimated additional parameters through space resection for 7 
images of SpheroCam showed that the following parameters are not stationary and 
significantly different: 
 



Chapter  4 – Sensor Calibration through Self-Calibration and Accuracy Tests 
 

 60 

− all parameters of the non-equal angular pixel size and tumbling (9 parameters), 
− the correction to the angular pixel size (1 parameter), 

 
The main reason for change in the additional parameters is the mechanical instability of the 
turntable of the SpheroCam. The SpheroCam was mainly designed for acquiring images of 
high radiometric quality. However, by modeling the systematic errors it can also be used 
for measurement applications. 
 

Table  4.4. Effect of additional parameters on systematic error modeling of SpheroCam. The 
unit of the image point observation is pixel. 
 

Description of parameters Parameters 0σ̂  
1) Exterior orientation  000 ,,,,, ZYXκϕω  143.30 
2) Correction to the angular pixel size xdp  14.09 
3) Correction to the camera constant  dc  8.16 
4) Correction to the shift of principal point along linear 
array 0dy  7.25 

5) Eccentricities of projection center from rotation axis eyex,  4.90 
6) Tilt and inclination of linear array with respect to 
the rotation axis 

lxly,  4.16 

7) Symmetrical radial lens distortion 21 , kk  3.11 
8) Non-equal angular pixel size and tumbling 

210

543210

,,
,,,,,

ttt
rrrrrr

 
0.52 

4.3.2 Laser Scanner – Imager 5003 
The extended sensor model of panoramic cameras (see section  3.5) was used for the 
calibration of the Imager 5003 from Zoller+Fröhlich1. For this purpose, self-calibration 
was performed through space resection of individual images. Table  4.5 shows the 
specifications of the intensity image and some initial additional parameters. 
 

Table  4.5.Specifications of the Imager 5003 and its intensity image. 
 
Intensity image format (row, column) (pixel) 10,000 x 20,264 
Angular pixel size of the turntable and rotating mirror  0.018° 
Image geometry Spherical 

 
The acquired results of the self-calibration are based on the analysis of 5 different intensity 
images of the laser scanner. Two images were taken from the panoramic testfield ETH 
Zurich, while the laser scanner was mounted on top of a firm and stable pillar. Due to the 
high absorption of the laser light, there were some blunders in the intensity image of the 
black targets (see Figure  4.9), so the measurement of the target centers was not precise. 
The a posteriori standard deviation of unit weight for image point observations (in pixel) 
was 0.30 after using all additional parameters.  

                                                 
1 http://www.zofre.de/e_index.html 
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(a) (b) 

 
Figure  4.9. Due to the high absorption of the laser light with black materials, blunders were 
appeared inside the black circular targets. a) The laser intensity image of a black target with white 
pixels as blunders and b) the point cloud corresponding to the same target (at 90° rotated view) 
deviating from the plane of target along the laser ray (the point cloud of the base of the target has 
5mm noise). 
 
To get a better intensity image of the targets we established a new panoramic testfield by 
changing the target size and color in the same environment at the same locations of the 
existing panoramic testfield. Due to the characteristics of the laser light, white circular 
targets were used with black color as background. Table  4.6 briefly describes the new 
panoramic testfield and Figure  4.10 shows a typical laser intensity image of the laser 
scanner from this testfield. 
 

Table  4.6.Specifications of the panoramic testfield. 
 
Number of control points 63 
Dimensions of the testfield (X,Y,Z) (m) 15 x 12 x 3 
Mean std. dev. of control points along X,Y and Z axes (mm) 0.3, 0.2, 0.1 
Max. std. dev. of control points along X,Y and Z axes (mm) 0.7, 0.5, 0.2 

 

(a) (b) 
 
Figure  4.10. a) A typical intensity image of the Imager 5003 laser scanner from the new panoramic 
testfield of ETH Zurich and b) a zoomed window of the intensity image of targets 10 meters away 
from the scanning station. 
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Three images where taken from the new panoramic testfield. One image was acquired 
while the laser scanner was mounted on top of a firm and stable pillar and two images were 
acquired while the laser scanner was mounted top of a wooden surveying tripod. Self-
calibration was performed for these three images. The case that a firm and stable pillar was 
used had the lowest a posteriori unit weight variance of the three. The reason is likely to be 
instability of the tripod during the operation of the laser scanner. 
 
The laser scanner orientation was performed with the intensity images. Additional 
parameters were added in steps for self-calibration. In each step, the correlation analysis 
and significance tests of the estimated parameters were performed. Table  4.7 shows the a 
posteriori standard deviation of unit weight for image point observations at each step. 
 
The a posteriori standard deviation of unit weight for image point observations ( 0σ̂ ) is 
reduced to 0.15 in the last step by including non-equal angular pixel size and tumbling 
parameters. From Table  4.7 it can be concluded that the most influential parameter is the 
correction to the horizontal angular pixel size of the laser scanner. 
 

Table  4.7. Effect of additional parameters on the systematic errors modeling of Imager 5003. 
The unit of the image point observation is pixel. 
 

Description of parameters Parameters 0σ̂  

1) Exterior orientation parameters  000 ,,,,, ZYXκϕω  2.74 
2) Correction to the angular pixel size of the rotating mirror ydp  2.42 
3) Correction to the angular pixel size of the turntable  xdp  0.29 

4) Eccentricities of scan center from rotation axis eyex,  0.28 
5) Tilt and inclination of the virtual linear array with respect 
to the rotation axis 

lxly,  0.22 

6) Non-equal angular pixel size and tumbling 
210

543210

,,
,,,,,

ttt
rrrrrr

 0.15 

 
The residuals of the image point observations in image space are shown in Figure  4.11. A 
local systematic pattern of residuals is obvious in the middle of the image. This may be 
related to non-modeled mechanical errors of the laser scanner system.  
 

 
Figure  4.11. Image space residuals of the image point observations of Imager 5003. 
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4.4 Self-calibration by Block Triangulation and 
Accuracy Tests 

Self-calibration by block triangulation is used for two reasons: 
 

− It does not need more control points than a minimal constraints datum. This case is 
investigated for panoramic cameras in section  4.4.1. Providing a testfield of control 
points in real projects for self-calibration is not economical and is time consuming. 

 
− In the case of using a suitable and strong geometrical network, it allows more 

reliable and precise determination of additional parameters compared to self-
calibration by space resection. The measured control point coordinates of a testfield 
are not error free. The errors in the control points cause poor determination of the 
additional parameters. It is explained in chapter  6. 

 
Bundle block adjustment was performed by considering the frame- and block-invariant 
additional parameters of panoramic cameras. The weight matrix of image point 
observations was the unit weight matrix in all cases. The unit of image point observations 
was the pixel. 
 
Because of non-convergence of the least squares solution to a unique and correct solution, 
non-equal angular pixel size and tumbling parameters (9 parameters) were fixed to the 
values which were already estimated through space resection. Tumbling parameters can be 
estimated where a sufficient number of control points exists in the self-calibration process. 

4.4.1 EYESCAN 
Self-calibration and accuracy tests were performed for the EYESCAN by block 
triangulation using 5 camera stations. Because of limited dimension of the testfiled along 
the Y-axis the camera stations were placed approximately inline in order to obtain sharp 
and focused images from the closer targets. This configuration is not optimal for point 
positioning.  
 
In order to investigate the minimal number of control points for self-calibration, a datum 
was defined by 3 control points. For accuracy tests 151 check points were defined among 
visible and accurate measured targets. Non-equal angular pixel size and the tumbling 
parameters were considered as fixed values determined by space resection and the other 
additional parameters were unknowns. Because of high correlation of the correction of the 
camera constant (dc) with object point coordinates, self-calibration and object point 
coordinates determination cannot be performed correctly. The RMSEs from check points 
in this situation were 8.2 mm, 4.9 mm and 31.6 mm for X, Y and Z coordinates. To resolve 
this problem, dc was fixed to the value that was estimated through bundle block adjustment 
using an over-constrained datum of all control points.  Figure  4.12 shows the stations of 
the panoramic camera, the location of the control points, check points and the object space 
residuals for check points.  
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(a) 

(b) 
 
Figure  4.12. The configuration of the EYESCAN stations and object space residuals of check 
points. a) Object space residuals of check points for the X and Y axes in the XY-plane. b) Object 
space residuals of check points for the Z axis in the XY-plane. 

 
Table  4.8 shows the result summary of the self-calibration and accuracy test. The RMSEs 
from check points are 1.22 mm, 1.04 mm and 0.84 mm for X, Y and Z coordinates 
respectively. These are reasonable in comparison to the standard deviations and show the 
influence of additional parameters in the modeling.  
 
To show the degradation in accuracy that results from not modeling the non-equal angular 
pixel size and tumbling errors, self-calibration of the same network was performed using 8 
additional parameters with dc fixed to the previously determined value. Table  4.9 shows 
the result of computation.  
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Table  4.8. Results of the accuracy test (with the inclusion of fixed tumbling and non-
equal angular pixel size parameters determined by space resection) for the network of 
EYESCAN. The unit of the image point observation is pixel. 
 
Number of check points 151 

Datum definition over-constrained using 3 
control points 

RMSEs of check points coordinates (X,Y,Z) (mm) 1.22, 1.04, 0.84 
Std. dev. of check points coordinates (X,Y,Z) (mm) 1.58, 0.60, 0.54 

0σ̂  0.16 
 
 

Table  4.9. Results summary of accuracy test (without the tumbling and non-equal 
angular pixel size parameters) for the network of EYESCAN. The unit of the image 
point observation is pixel. 
 
Number of check points 151 

Datum definition over-constrained using 3 
control points 

RMSEs of check point coordinate (X,Y,Z) (mm) 9.72, 3.72, 3.60 
Std. dev. of check points coordinates (X,Y,Z) (mm) 1.68, 0.64, 0.60 

0σ̂  0.17 
 
The RMSE of check point coordinates in Table  4.9 with respect to the case that tumbling 
was modeled (Table  4.8) is worse by a factor of 9 along the X-axis, 3 along the Y-axis and 
4 along the Z-axis. 

4.4.2 SpheroCam 
Self-calibration was also performed by block triangulation for SpheroCam. 4 panoramic 
images were taken from different stations. The datum definition of the network was based 
on inner constraints using all available control points for eliminating 7 datum defects. For 
accuracy test purposes 87 check points among visible and measured targets were defined.  
 
In this case, 9 parameters of non-equal angular pixel size and tumbling were fixed to the 
value already estimated by space resection. Self-calibration was performed and the RMSEs 
of check point coordinates were 1.76 mm, 1.39 mm and 6.04 mm for X, Y and Z 
coordinates respectively. Because of a high correlation of the correction of the camera 
constant with the Z coordinates of the object points, the estimation of the Z coordinates 
were degraded. To solve this problem, the correction of camera constant (dc) was fixed to 
the value that was estimated by a block triangulation with over-constrained datum using all 
control points. Self-calibration and accuracy tests were performed.  
 
Figure  4.13 shows the object space residuals of check points and location of the 
SpheroCam stations. Figure  4.13a shows the check points’ residuals of the X and Y 
coordinates in the XY-plane. Figure  4.13b shows the check points’ residuals along the Z 
coordinates in the XY-plane. 
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(a) 

 
(b) 

 
Figure  4.13. The network configuration of the SpheroCam stations and object space residuals of 
check points coordinates. a) Object space residuals of check points for X and Y coordinates in the 
XY-plane. b) Object space residuals of check points for Z coordinate in the XY-plane. 
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Table  4.10 shows the results of the self-calibration and accuracy test. The RMSEs of check 
point coordinates of this network are 1.65 mm, 1.2 mm and 0.61 mm along the X, Y and Z 
coordinate axes respectively. Compared to the standard deviations, those are reasonable 
and show the influence of additional parameters in the modeling of systematic errors. 
 

Table  4.10. Results of accuracy test (with the inclusion of fixed tumbling and non-
equal angular pixel size parameters determined by space resection) for the network of 
SpheroCam images. 
 
Number of check points 87 

Datum definition inner constraints using 87 
control points 

RMSEs of check point coordinates (X,Y,Z) (mm) 1.65, 1.20, 0.61 
Std. dev. of check point coordinates (X,Y,Z) (mm) 1.16, 0.92, 0.41 

0σ̂  0.52 
 
To show the degradation in accuracy that results from non-modeling of non-equal angular 
pixel size and tumbling errors, the self-calibration of the same network was performed 
using 8 additional parameters with dc fixed to the already determined value. Table  4.11 
shows the results of computation.  
 

Table  4.11. Results of accuracy test (without the tumbling and non-equal angular pixel 
size parameters) for the network of SpheroCam images. The unit of the image point 
observation is pixel. 
 
Number of check points 87 

Datum definition Inner constraints using 87 
control points 

RMSEs of check points coordinates (X,Y,Z) (mm) 9.92, 10.14, 2.51 
Std. dev. of check points coordinates (X,Y,Z) (mm) 3.44, 2.73, 1.27 

0σ̂  0.54 
 
Comparing the RMSEs of check points coordinates of Table  4.11 with respect to the case 
that tumbling was modeled (Table  4.10) shows the degradation by a factor of 6 along the 
X-axis, 9 along the Y-axis and 3 along the Z-axis. 

4.5 Self-Calibration by Block Triangulation and Object 
Space Constraints 

Non-equal angular pixel size and tumbling parameters of panoramic cameras cannot be 
determined through block triangulation with minimal constraints datum. This problem does 
not occur when camera calibration is performed by block triangulation (bundle) or space 
resection using a sufficient number of control points. In other words, an over-constrained 
datum with many control points (for example 100 control points) is needed, which is not 
practical or economical.  
 



Chapter  4 – Sensor Calibration through Self-Calibration and Accuracy Tests 
 

 68 

In the previous section it has been shown that when the additional parameters of non-equal 
angular pixel size and tumbling are known in advance, self-calibration is possible with 
minimal constraints datum. However, in many cases the parameters of the tumbling 
modeling are not available in advance. Since the mathematical sensor model is highly non-
linear, the unknown parameters are a lot, also the existence of many local minima at the 
goal function of the least squares, the divergence and oscillation of the bundle adjustment 
solution happens due to insufficient constraints. Therefore other constraints are included in 
the solution in order to restrict the oscillation and provide the convergence of the solution. 
For that an over-constrained datum is defined by using object space constraints like 3D 
straight-lines. 
 
The 3D straight-line observations of this investigation are the existing features in the 
workspace area, panoramic testfield of ETH Zurich (Figure  4.14). The edges of the 
existing desks (Figure  4.15), doors and picture frames were selected as 3D straight-lines in 
object space. These line features in the panoramic images were measured to sub-pixel 
precision after chaining the extracted edges by the Canny edge operator. Figure  4.16 shows 
an example of sub-pixel extracted edges of the desks. 
 

 
 
Figure  4.14. Distribution of the 3D straight-lines. 8 straight-lines were measured at the edges of the 
desks, the frame of a picture and the edges of doors. This figure also shows the distribution of tie 
points. 
 
The corresponding edge points in image space were measured by intersecting the straight-
line edge segments (Figure  4.17). These points were introduced as new points in the bundle 
block adjustment for defining the 3D straight-lines in the object space. In other words, the 
object space coordinates of these new points were used to define the initial values of the 
3D straight-line parameters. 
 
The corresponding image edges are added to the bundle adjustment using equation ( 3.47) 
as stochastic constraints. 8 straight-lines in object space were defined and measured in 4 
panoramic images. The average length of the projected 3D straight-lines in the images is 
400 pixels. In addition, tie point observations were added to the bundle equations. 
 
The inner constraints datum for resolving 7 datum defect was defined by existing object 
points which are in this case the coordinates of the control points. Note that datum is inner 
constraints and the individual control points are not used in the bundle adjustment. For the 
accuracy test 87 check points were defined.  
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Figure  4.15.  An example of 3D straight-line feature: borders of the desks. 
  

 
 
Figure  4.16. Sub-pixel extracted edges of the desks boundaries after removing non-
relevant edges. 

 
 

 
 
Figure  4.17. Defining the edge points by intersecting the straight-line edges at the 
corner. These points are measured at all panoramic images and used to determine 
the initial values of the 3D straight-lines. 

 
Because of high correlation of the correction of the camera constant (dc) with the Z 
coordinate of the object points, dc was fixed to a priori value which was already estimated 
by a block triangulation with over-constrained datum. The bundle block adjustment was 
performed using all additional parameters while correction to the angular pixel size and 
non-equal angular pixel size and tumbling parameters were block-variant. Bundle 
adjustment did not converge to a solution and oscillation occurred because of using too 
many unknowns in the adjustment and the existence of many local minima at the goal 
function of the least squares solution. In order to solve this problem only the period of the 
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tumbling was considered as a block-invariant parameter. Bundle adjustment was 
performed and the results were successful. 
 
Table  4.12 shows the results of self-calibration by using 3D straight-line constraints and tie 
point observations. Figure  4.18 shows the object space residuals of check points and the 
distribution of the 3D straight-lines in object space. 
 

Table  4.12. Results of the bundle block adjustment using 3D straight-line 
constraints. The units of the image point and line observations are pixel. 
 
Datum  Inner constraints 
Number of check points 87 
Number of 3D straight-lines (in object space) 8 
RMSEs of check point coordinates (X,Y,Z) (mm) 1.68, 1.80, 0.80 
Std. dev. of check point coordinates  (X,Y,Z) (mm) 1.10, 0.81, 0.32 

0σ̂  0.40 
 

 
 
Figure  4.18. Residuals of check points in object space (fitting accuracy), while all additional 
parameters were estimated by bundle adjustment using 8 3D straight-line constraints and 87 tie 
points. Note the correction to the camera constant was fixed to a priori value determined from 
space resection. 
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The RMSEs of check point coordinates of self-calibration with comparison to the RMSEs 
from check points in Table  4.10 (in which the period of tumbling were known in advance 
and were fixed) shows that the estimation of additional parameters was successful.  
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5 

5 Network Design and Analysis by 
Computer Heuristic Simulation 

5.1 Introduction 

The first step towards establishing a photogrammetric network is the design of the 
network. Conceptually, the purpose of the network design is to produce an optimum 
network configuration and an optimum observation plan that will satisfy the pre-set quality 
with the minimum effort. In other words, after the definition of the network quality 
requirements (precision and reliability) the technique of network optimization allows for 
finding such an optimal network configuration and an optimal set of observations that will 
satisfy these requirements (Grafarend, 1974; Cross, 1985; Schmitt, 1985; Schaffrin, 1985). 
 
The importance of network design in close-range photogrammetry has been recognized 
since the 1970s and investigations into methods for close-range photogrammetric network 
design have been under development since then. An early solution to the problems 
associated with network design is presented by Marzan and Karara (1976). The network 
design methodology formulated is so called rational design. The method is based on a set 
of empirical formulae which output the expected precision of object space coordinates of 
points as functions of certain system or network parameters. Although such a network 
design method has the advantage of simplicity and economy, the concept has some 
problems for high precision close-range photogrammetric application. These include 
(Marshall, 1989): 
 

− Lack of flexibility 
− The solution is not mathematically rigorous 
− The effect of both systematic and gross error cannot be assessed 
− The influence of adjustment on the network cannot be assessed. For example datum 

definitions and effects of unstable imaging geometry 
− Design is based on a specific set of system parameters while other, probably less 

significant system parameters are not included in the design process. 
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Due to these fundamental limitations in the rational design process, further development 
has not occurred and this procedure is not currently implemented in the design of close-
range photogrammetric network. 
 
An alternative, more flexible and mathematically rigorous, network design method was 
formulated by Grafarend (1974) primarily for the design of geodetic networks. It was very 
difficult, if not impossible, to solve all aspects of the network optimization in a single 
mathematical step. Instead, the design method as proposed by Grafarend, divides the 
design problem into sub-problems in order some progress could be made in each step.  The 
basic orders of design classification, as proposed by Grafarend (1974) are: 
 

− Zero-Order Design (ZOD): the datum problem  
− First-Order Design (FOD): the configuration problem 
− Second-Order Design (SOD): the observation weight problem 
− Third-Order Design (TOD): the network densification problem 

 
The above design orders can be done using two methods, namely, the trial-and-error 
method and the analytical method. In the trial-and-error method the optimum network can 
be sought manually (Cross, 1985). In contrast, the analytical method offers specific 
mathematical algorithms to solve a particular design problem. This method automatically 
produces a network that will be optimum in some mathematical sense. 
 
Application of this design point of view has been applied successfully for close-range 
photogrammetry networks. Fraser (1984, 1992, 1996) discussed the network design 
problem in close-range photogrammetry. Fritsch and Crosilla (1990) performed first order 
design with an analytical method but results were not satisfactory. Mason (1994) used 
expert systems and Olague (2002) used a genetic algorithm for the placement of frame 
array CCD cameras using heuristic computer simulations. Saadatseresht et al. (2004) used 
the fuzzy inference system for the visibility analysis.  
 
The concept of reliability of geodetic networks originates from Baarda (1967) and refers to 
the ability of a network to detect and resist blunders in observations (see Appendix D for 
more details). In close-range photogrammetry, precision and reliability considerations have 
been addressed by Gruen (1978, 1980) and Torlegard (1980).  
 
In the case that self-calibration parameters are present, the network is designed to reduce 
the negative influence of the additional parameters on the network quality requirements, 
which are usually precision and reliability values of the object point coordinates. The 
influence of the additional parameters is studied in two ways:  
 

− The effect of individual additional parameters on object point coordinates precision 
− The dependence of one additional parameter on other parameters in the solution 

vector which can be shown by correlation analysis 
 
The first case was already addressed in Gruen (1980) and Gruen and Beyer (2001). It can 
be extended for every sensor. The second case was studied for frame array CCD cameras 
by Fraser (1984) and Gruen and Beyer (2001). As a general rule for recovering the interior 
orientation additional parameters (shift of principal points) in self-calibration, an 
orthogonal kappa rotation between each camera station was suggested by Fraser (1984). 
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Due to the different characteristics of panoramic cameras compared to frame array CCD 
cameras, new considerations should be taken into account with respect to the following 
subjects of investigation: 
 

− The network of panoramic cameras for reliability and precision enhancement 
− Self-calibrating networks of panoramic cameras  

 
The influence of the network for precision enhancement was studied by Amiri Parian and 
Gruen (2005c). Amiri Parian and Gruen (2006) discussed self-calibration networks of 
panoramic cameras by several examples. In section  5.2 the assumptions for the simulation 
are described. These are sensor parameters, additional parameters and workspace of the 
simulation. In section  5.3, different networks of panoramic cameras and a joint network of 
panoramic and frame array CCD cameras are analyzed for reliability and precision 
enhancement. In section  5.4, networks of panoramic cameras are analyzed for self-
calibration and point positioning. 

5.2 The Assumptions for the Simulation 

The assumptions for the simulation are related to the sensor characteristics, monitoring 
objects (points) and additional parameters of the sensor, which will be given in the 
following sections.  

5.2.1 Sensor Parameters 
The simulated panoramic camera parameters are approximately equal to the parameters of 
the real panoramic camera, SpheroCam. A rectilinear lens with a focal length of 50 mm is 
used. The radius of the cylinder, the distance of the linear array from the rotation axis, is 
100 mm. The eccentricity of the projection center is 50 mm (Table  5.1).  
 

Table  5.1. Specification of the panoramic camera used in the simulations. 
 
Focal length 50 mm 
Image format (row, column) (pixel) 5,300 x 39,269 
Eccentricity of the projection center 50 mm 
Pixel size 8 microns 

 
Network simulations for self-calibration modifies the synthetic true pixel coordinates by 
introducing random errors with a normal distribution N(0, σ; σ = 0.25 pixel). 

5.2.2 Additional Parameters of the Sensor 
The additional parameters of the panoramic camera that were used are: 
 

− The eccentricities of the projection center from the origin of the turntable 
coordinate system: ex, ey 
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− The tilt and inclination of the linear array with respect to the turntable coordinate 
axis: ly and lx 

− Lens distortions: k1 and k2 
− The shift of principal point: dy0 
− The shift of the camera constant: dc 
− The affinity by the correction of the angular pixel size: dpx 

 
These additional parameters are treated as block-invariant additional parameters and are 
used only for the self-calibration networks of panoramic cameras. 

5.2.3 Workspace of Simulation 
The dimension of the simulated workspace was 15 x 12 x 3 meters (Figure  5.1), which was 
similar to the panoramic testfield ETH Zurich (see  4.2.1). It consisted of 81 monitoring 
points.  

5.3 Enhancing the Precision and Reliability 

Four networks of panoramic cameras and one joint network of panoramic and frame array 
CCD cameras are analyzed by heuristic simulation. 
 
The mean internal accuracy of the panoramic camera system is assumed to be 0.25 pixel. 
This is based on the practical results of the camera self-calibration for a metric panoramic 
camera (Schneider and Maas, 2004). The mean internal accuracy of the frame array camera 
is assumed to be 0.1 pixel. 
 
Simulations are performed, based on Equation ( 3.31), by considering the eccentricity of the 
projection center from the rotation axis. The bundle adjustment is based on free network 
adjustment (inner constraints datum considering all object points) for all cases. 

 
 

Figure  5.1. The workspace of the simulation with 81 monitoring points. 
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5.3.1 Case 1: 2 Panoramic Camera Stations 
The first network consists of two panoramic camera stations. The cameras are mounted on 
top of each other. The base line is vertical and its length is 1.5 meters. Figure  5.2 shows the 
top view of the absolute error ellipsoids of the object points. The mean value of the 
estimated standard deviation of object points’ coordinates is 2.6 mm. Depth and lateral 
standard deviations are 2.56 and 0.38 mm (see Table  5.2).  
 
The mean measure of the internal reliability is (0.36, 6.26) pixel for column and row 
coordinates of image point observations, respectively. These values show that this network 
is not able to detect blunders smaller than these values. In addition, because of the network 
geometry, the mean measure of the internal reliability for row coordinate (along linear 
array) is 17 times larger than the mean measure of the internal reliability for column 
coordinate (along rotation of the turntable). The influence of undetectable blunders, 
maximal measure of the external reliability, on the estimation of the object point 
coordinates is (75.43, 15.77) mm for depth and lateral coordinates, respectively (see Table 
 5.2).  
 

 
Figure  5.2. Absolute error ellipsoids from the network of 2 panoramic camera stations (case 1). 

5.3.2 Case 2: 4 Panoramic Camera Stations 
The second network consists of 4 panoramic camera stations. The base lines are horizontal 
and the base length is 7 meters along the X-axis and 6 meters along the Y-axis. The camera 



Chapter  5 – Network Design and Analysis by Computer Heuristic Simulation 
 

 78 

stations are at the height of 1.5 meters from the workspace floor. Figure  5.3 shows the 
configuration of the panoramic camera stations and also the absolute error ellipsoids. In 
this network, the mean of the estimated standard deviation of object points’ coordinates is 
0.48 mm. Depth and lateral standard deviations are 0.46 and 0.15 mm (Table  5.2). The 
standard deviations of object points in this network have been enhanced with respect to the 
previous network. This is mainly because of the increase of the image scale.  
 
This network shows also an improvement in the measures of the internal and external 
reliabilities compared to the previous network. The mean measure of the internal reliability 
is (0.45, 0.31) pixel for column and row coordinates of image point observations, 
respectively. The ability of this network geometry for blunder detection at row coordinate 
is higher than its ability at column coordinate with a factor of 1.5. The maximal measure of 
the external reliability is (1.61, 0.24) mm for depth and lateral coordinates of the object 
point coordinates, respectively (Table  5.2). These values are greater than the estimated 
standard deviations along depth and lateral axes of the object points with a factor of 3.5 
and 1.5, respectively. If blunders present in the observations, the standard deviations of the 
depth and lateral axes of the object point coordinates are degraded maximum with these 
factors.  
 
The coordinates estimated using this network are more reliable than the previous network. 
 

 
Figure  5.3. Absolute error ellipsoids from the network of 4 panoramic camera stations (case 2). 
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5.3.3 Case 3: 8 Panoramic Camera Stations 
The third network consists of 8 panoramic camera stations. Four camera stations 
positioned on the same level and at the top of each station another station. The horizontal 
base length is 7 meters along X-axis and 6 meters along Y-axis. The vertical base is 1.3 
meters. The mean estimated standard deviation is 0.29 mm for object points’ coordinates, 
which is better than the previous cases. Lateral and depth standard deviations are 0.27 and 
0.10 mm respectively. An improvement by factor of 1.8 was made in the difference of 
maximal and minimal standard deviations ( σΔ ). With respect to the previous network 
(case 2), standard deviations are enhanced in this case, because of the better configuration 
of the camera stations. However, at the corners, error ellipsoids differ from those at the 
middle of each side (Figure  5.4). The inhomogeneity of error ellipsoids is due to the small 
intersection angle of rays. The reason of larger error ellipsoids is smaller image point scale. 
To resolve this problem, FOD should be applied. 
 
The mean measure of the internal reliability of this network is (0.31, 0.28) pixel for column 
and row coordinates of the image point observations, respectively. The maximal measure 
of the external reliability is (0.37, 0.12) mm for depth and lateral coordinates of the object 
point coordinates, respectively (Table  5.2). 
 
The weak geometrical imaging can be solved by adding more camera stations and 
providing a stronger geometrical network configuration. One solution to this problem is 
strengthening the panoramic camera network by defining sub-networks of frame array 
CCD cameras for those points which have weaker geometry. The possibility of combined 
frame array and panoramic cameras has been already addressed in Schneider and Maas 
(2005). 
 

 
 
Figure  5.4. Absolute error ellipsoids from the network of 8 panoramic camera stations (case 3). 
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5.3.4 Case 4: 8 Panoramic and 12 Frame Array CCD 
Cameras 

The simulation continues by adding frame array camera stations to the previous network 
with the characteristics of a Sony DSC-F828. The focal length is 7.3 mm, the format size is 
3264 x 2448 pixels and pixel size is 2.7 microns.  
 
The sub-networks are used to improve the precision of those points which have worse 
precision than the other points (at the corner of the workspace). Because of the different 
distribution of the object points at the corners, two sub-networks are considered with two 
camera stations and two sub-networks are considered with four camera stations. In total, 
four sub-networks with 12 frame array stations are defined. The results of simulations are 
in Figure  5.5 and Table  5.2. The comparison of the standard deviation of this network with 
respect to the previous network shows an improvement of a factor 1.45. In addition, this 
network has a better degree of isotropy with respect to the previous networks.  
 
The mean measure of the internal reliability of this network is (0.28, 0.27) pixel for column 
and row coordinates of the image point coordinates. The maximal measure of the external 
reliability is (0.35, 0.15) mm for depth and lateral coordinates of the object point 
coordinates (Table  5.2). The measures of the internal and external reliabilities are 
approximately similar to the measures of the internal and external reliabilities of the 
previous network. 
 
The relative precision from this network is 1:97,200. However, considering the unwrapped 
360˚ environment into a plane, the relative precision becomes 1:270,000. 

5.3.5 Case 5: 16 Panoramic Camera Stations 
Another network is considered which consists of 16 panoramic camera stations. 8 stations 
are at the same height and on top of each one, another panoramic camera station (Figure 
 5.6). The mean standard deviation of object points’ coordinates is almost the same as in the 
previous network and is equal to 0.18 mm (Table  5.2). 
 
The mean measure of the internal reliability of this network is (0.27, 0.27) pixel for column 
and row coordinates of the image point observations, respectively. These values are close 
to the a posteriori standard deviation (0.25) of the unit weight image point observations in 
pixel. The influence of undetectable blunders at this network (maximal measure of the 
external reliability) is (0.18, 0.08) mm for depth and lateral coordinates of the object points 
(Table  5.2). 
 
The geometrical strength of the network of 8 extra panoramic camera stations in terms of 
precision of point coordinates is the same as the joint network of frame array and 
panoramic cameras. However, the error ellipsoids of the previous network are a little more 
isotropic at the corners of the workspace. In addition, this network is more reliable in terms 
of external reliability compared to the network of joint frame array and panoramic 
cameras. It shows the strength of this network for reducing the influence of undetectable 
blunders. 
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(a) 

 

 
(b) 

 
Figure  5.5. Absolute error ellipsoids from the network of panoramic and frame array CCD cameras 
with 8 panoramic camera stations and 12 frame array CCD camera stations (case 4).  a) XY-view 
and b) oblique view. 
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Taking 12 images with frame array camera needs much less time than taking 8 images with 
a panoramic camera. In addition, due to the mechanical design of the panoramic camera, 
the convergent concept is not realized in direction along the linear array axis. This lack of 
flexibility in geometrical design of the panoramic camera network can be resolved with 
frame array cameras.  
 

 
Figure  5.6. Absolute error ellipsoids from the network of 16 panoramic camera stations (case 5). 

5.4 Point Positioning and Self-Calibration 

Because of the design structure of panoramic cameras, the camera stations are leveled in 
practice. In addition, a full panoramic visibility of the surroundings requires nearly leveled 
camera station. However, problems can arise in self-calibrating networks. 
 
The aim of this section is to find a suitable configuration of panoramic camera stations for 
the purpose of self-calibration. This will be determined by the aid of the correlation 
analyses of unknowns and accuracy tests. 
 
Six different network cases are studied by heuristic simulation. In all cases, the datum 
choice is inner constraints (free network) based on all control points. All control points are 
also used as check points for the accuracy tests. In four network cases (cases 4-6), non-
leveled camera stations have been introduced, with omega (rotation around X-axis) and phi 
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(rotation around Y-axis) set to non-zero values in order to de-correlate additional 
parameters with object point coordinates and exterior orientation parameters. 

5.4.1 Case 1: 2 Stations 
The first network consists of 2 stations. The stations have a vertical base of 1.5 meters with 
a zero horizontal base. Both stations are leveled (omega and phi are 0). This is the simplest 
configuration which could be established for the measurement of a 360° environment. 
 
Self-calibration with all additional parameters is not possible in such a network due to very 
high correlations between additional parameters, Exterior Orientation Parameters (EOPs) 
and the coordinates of the object points. Increasing the vertical and horizontal bases does 
not solve the problem. 

5.4.2 Case 2: 4 Leveled Stations at the Same Height 
In order to improve the network geometry, a new network with 4 camera stations is 
considered (Figure  5.7). The geometry of this network is better than the network of two 
stations in case 1 (see section  5.3).  
 

 
 

Figure  5.7. The configuration of four panoramic camera stations network. 
 
After performing simulation and self-calibration, very high correlations (almost close to 1) 
are observed between (Table  5.3): 
 

− dc, k1 and k2 and object point coordinates 
− EOPs and object point coordinates 
− additional parameters (dc, dpx, k1 and k2) and EOPs  
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The mean standard deviations of this network, which are 0.5 mm in depth and 5.4 mm in 
lateral axes, is much better than the RMSEs from check points, which turned out to be 76.5 
mm for depth and 930.2 mm for lateral axes. From this type of network configuration (see 
section  5.3) we expect better lateral precision and RMSE than depth precision and RMSE.  
The reason of such degradation is the high correlation of object point coordinates with 
EOPs and additional parameters. This degradation is not only seen in the estimation of the 
object point coordinates but also influences the estimation of those additional parameters 
which have very high correlations with other parameters. In this example, dc, k1 and k2 
could not be estimated and are far from the true value of the simulation. 

5.4.3 Case 3: 4 Leveled Stations at Different Heights 
Case 3 investigates the influence of different heights of stations. The results are similar to 
the results of case 2. High correlations still exist and the determination of the object point 
coordinates is not accurately possible (Table  5.3). The additional parameters that have high 
correlations with object point coordinates cannot be determined. The height difference of 
stations in this network did not de-correlate parameters. 

5.4.4 Case 4: 4 Unleveled Stations at the Same Height (±3˚) 
In this network case, the influence of a convergent network is investigated. The network 
convergence of panoramic cameras along the rotation axis (vertical axis) is weak and 
usually cannot be realized because of the design structure of the turntable which optimally 
and with less mechanical errors operates at leveled situations. 
 
The network in this case consists of 4 camera stations. The stations are not leveled and 
omega and phi are ±3°. After the self-calibration of this network, high correlations (Table 
 5.3) appear between: 
 

− dc and Z-coordinates, only for some of the object point coordinates  
− EOPs and Z-coordinates of the object points  
− Additional parameters and some EOPs  

 
The mean standard deviations of check points from this network are 0.4 mm for depth and 
1.2 mm for the lateral axes. The RMSEs of check point coordinates are 0.4 mm for depth 
and 2 mm for lateral coordinates. Figure  5.8 shows the depth axes view and lateral axis 
view of the check point coordinates residuals in object space. From this Figure it is clear 
that the high correlation of dc and Z-coordinate of the object points has degraded the 
estimation of the Z-coordinates. Therefore, depth standard deviation is better than lateral 
standard deviation which is unusual for this kind of geometrical network. 
 
Comparing the result of this network to the network of case 2, a significant improvement is 
obvious. Although it is not an ideal network for self-calibration, it shows the influence of 
convergence along the vertical axis for panoramic cameras. 
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5.4.5 Case 5: 4 Unleveled Stations (±9˚) 
The network of this case is similar to the previous network (case 4) with the difference that 
the stations are not leveled and omega and phi are equal to ±9°, which means more 
convergence along the vertical axis. The comparison of the results of this network with the 
network case 4 shows a substantial improvement (Table  5.3) of de-correlations of 
parameters and object point coordinates. 
 
Networks of different station heights of this version were also simulated. The results 
(Table  5.3) are similar to the case were camera stations are at the same height. This 
indicates that the height difference does not have an influence regarding our purpose of de-
correlation of the parameters. 

5.4.6 Case 6: 4 Unleveled Stations at the Same Height (±14˚) 
In continuation of the evaluation of convergent panoramic camera networks, a network of 
4 stations at the same height with omega and phi equal to ±14° (more convergence with 
respect to the previous networks) was simulated. The result of the simulation (Table  5.3) 
no longer shows high correlations of parameters. In addition, the mean standard deviation 
of the object point coordinates and RMSEs from check points are in good agreement with 
each other. The lateral precision is better than the depth precision which is expected from 
this network configuration. 
 
In this network configuration highly correlating additional parameters are: 
 

− dy0, ly  with correlation of 0.98    
− k1, k2  with correlation of 0.96 

 
Both sets of parameters: k1, k2 and dy0, ly have inherent correlations. All the parameters of 
this network turned out to be significant after testing. In addition, the estimated additional 
parameters are in good agreement with the true additional parameters of the simulation.  
 
We achieve a better determination of additional parameters by tilting the camera. It was 
shown that a tilt of around 10° gives already stable results in all additional parameters and 
the determination of object space coordinates. A strong self-calibrating network, for both 
object point positioning and additional parameters determination can be realized with tilted 
camera stations. 
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(a) 

(b) 
 
Figure  5.8. The residuals from check points in object space for the case 4. a) The visualization of 
the depth axes residuals and b) the visualization of the lateral axis residuals. 
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6 

6 Datum-Invariant Parameters 

6.1 Introduction 

The datum of a photogrammetric network is defined as basic (minimal) parameters needed 
to define the network in space. One scale, three orientations and three coordinates are 
needed to position the network relative to a pre-defined coordinate system. The 
conventional photogrammetric measurements, e.g., image features (point and line) are 
internal measurements made in the image space. Therefore, they can only define relative 
positions (i.e. relative coordinates) of the network points, while the absolute coordinates of 
a network point are external quantities. Thus, with the conventional measurements alone, 
position computations cannot be initiated unless some other basic information, i.e., the 
network datum, is defined. 
 
Mathematically, the need for the datum parameters of a network means that, in addition to 
having at least as many observations as unknowns, a network must be supplied with the 
above minimal information in order to proceed computations. As a minimum, a 3D 
photogrammetric network must have one scale, three orientations, and one known position 
(three coordinates) for resolving seven datum defects. The various approaches for defining 
network datum parameters are as follows (Pope, 1971; Vanicek and Krakiwsky, 1986): 
 

− over-constrained 
− minimal constraints 
− inner constraints (free network adjustment) 

 
An example of an over-constrained network is a photogrammetric network with more than 
three control points (actually two full control points and one of the coordinates of the third 
control point). In the case of a strong geometrical network, the datum definition is not 
over-constrained for two reasons. The first is the cost of control point observations 
(external observations). The second reason is the influence of over-constrained datums on 
the additional parameters of the sensor (frame array CCD or panoramic cameras) in the 
case of self-calibration. 
 
These problems are solved using minimal and inner constraints datums. An inner 
constraints datum is a specific type of minimal constraints datum with the property that 
among all minimal constraints datum, the trace of the cofactor matrix of unknowns is 
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minimal (Bossler et al., 1973). In addition, the solution from inner constraints datum has 
the minimum norm of unknowns with respect to other minimal constraints datum (Lawson 
and Hanson, 1974). 
 
In this chapter, the influence of the datum definition on the solution vector (all unknown 
parameters) and the quality analysis matrices (computed from least squares adjustment) are 
shown with an analytical proof. Numerical examples are also given. 

6.2 Least Squares and Quality Analysis Matrices 

In order to simplify the mathematical formulation for both frame array and panoramic 
cameras, the observation equations of the collinearity equations are written with general 
terms in the form of equation ( 6.1). 
 

⎩
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+=+

yyy

xxx

gfyv
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 ( 6.1)

 
where, 
 
x, y………… image point observations, 

xv , yv ……... residuals of image point observations ),( yx , 
fx, fy………... functions of exterior orientation parameters and object point coordinates,  
gx, gy………. functions of additional parameters. 
 
The functions xg  and yg  are linear for frame array cameras and non-linear for panoramic 
cameras.  
 
Equation ( 6.2) shows the linear terms of the Taylor expansion of equation ( 6.1). 
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where, 
 
X ………….. exterior orientation parameters and 3D coordinates of object points, 
Y …………... additional parameters, 

0X  and 0Y … initial values. 
 
The observation equations of equation ( 6.1) are rewritten in the matrix form of equation 
( 6.3): 
 

UAdLV δ⋅=+ , 12
0

−⋅= LCP σ  ( 6.3)
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with  
 

LC ………. variance covariance matrix of observations. 
 
where, 
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If the network has datum defect, the matrix A will be a rank deficient and singular matrix. 
In this case, a datum matrix D (Vanicek and Krakiwsky, 1986) is defined in order to make 
the matrix A full rank. In this case the least squares solution of the equation ( 6.4) will be in 
the form of equation ( 6.5). 
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 ( 6.5)

 
where, 
 

HHDDHHDDNQ ttt
U ⋅⋅⋅⋅⋅−⋅+= −− 11 )()(  ( 6.6)

 
with 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

YYYX

XYXX
U QQ

QQ
Q  

PAAN t=  
H  ……. null space matrix of A   

0=⋅ tHA , 0=⋅ tHN , 0=⋅ tAH  and 0=⋅ NH  
 
The parameters and quality analysis matrices that can be derived from least squares are 
summarized in Table  6.1. 
 
It has been known in geodesy and photogrammetry that the change of datum definition has 
no influence on some of the above parameters and quality analysis matrices. This will be 
shown with an analytical proof in section  6.3. In relation to photogrammetry, the author 
has not found the proof of datum-invariant additional parameters and cofactor matrix of 
additional parameters in the literature. These proofs are also given in sections  6.3.2 and 
 6.3.3. 
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Table  6.1. Summary of the parameters and quality analysis matrices from least squares 
optimization. 
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ADDNAAQAQ ⋅⋅+⋅=⋅⋅= −1

ˆ )(  cofactor matrix of adjusted 
observations 
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ˆ −= −  cofactor matrix of residuals 

dLPQdLUAV V ⋅⋅=−⋅= ˆ
ˆˆ δ  residual vector of 
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t dVPV /ˆˆˆ 2

0 ⋅⋅=σ  
variance factor with 

)( ˆ PQtraced Vf ⋅=  

6.3 Datum-Invariant Parameters and Quality Analysis 
Matrices 

Datum-invariant parameters are listed in the Table  6.2. It is obvious that the matrices A , 
P , N , H  and vector dL  are datum-invariant, because they are independent of the datum 
definition matrix D .  
 
According to Table  6.1, VQ ˆ , 2

0σ̂ , V̂  and R  are computed based on 
l

Qˆ . Therefore, if we 
prove that 

l
Qˆ  is datum-invariant then these matrices are datum-invariant, too. The proof is 

given in section  6.3.1. In section  6.3.2 and  6.3.3 the proof of datum independency of 
Yδ and YYQ  will be shown. 

  
Table  6.2. Datum independent parameters of the least squares optimization. 

 
A ……… the design matrix 
dL ……... VXAdL ˆˆ −⋅= δ  
V̂ ……… the estimated residual vector 

l
Qˆ ……... the cofactor matrix of the adjusted observations 
P ……… the weight matrix of the observations 
N ……… the normal matrix  
H ……… the null space matrix of the design matrix 

VQ ˆ ……... the cofactor matrix of the estimated residuals 
2
0σ̂ ……... the a posteriori variance factor 

YQ ……... the cofactor matrix of the additional parameters 
Yδ ……... the correction to the additional parameters 
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6.3.1 Cofactor Matrix of Observations 
For two different datum choices with datum matrices 1D  and 2D  the following equation is 
written: 
 

2,ˆ2,
1

112,

1,2,1,2,

1,2
1

21,1,ˆ

))((

)()(

))((

l
t

U
ttt

U

t
UU

t
UU

t
U

ttt
Ul

QAQAAHDHDIQA

AQNQAAQNQA

AQDHDHIAAQAQ

=⋅⋅=⋅⋅⋅⋅−⋅⋅=

⋅⋅⋅⋅=⋅⋅⋅⋅=

⋅⋅⋅⋅⋅−⋅=⋅⋅=

−

−

 ( 6.7)

 
which shows that the cofactor matrix of the adjusted observations from datum choice D1 is 
equal to the cofactor matrix of the adjusted observations from datum choice D2. However, 
we need to prove equation ( 6.8), which was already used in equation ( 6.7). 
 

DHDHINQ tt
U ⋅⋅⋅−=⋅ −1)(  ( 6.8)

 
In the least squares optimization process, through derivation of the “variation function” 
(Vanicek and Krakiwsky, 1986), the equation ( 6.9) is constructed. 
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where K2 is the “Lagrange correlate”, reflecting the fact that datum constraints are present 
in the optimization. The solution to equation ( 6.9) is acquired by inversion of the matrix G. 
The inverse of matrix G is denoted in equation ( 6.10). 
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From equation ( 6.10), equation ( 6.11) and the sets of equations of ( 6.12) are derived. 
 

ISDQN t
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By pre-multiplication of H  to equation ( 6.11), the equation ( 6.13) is obtained (note that H 
is null space matrix of N). 
 

HDHS t ⋅⋅= −1)(  ( 6.13)
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Substituting equation ( 6.13) into the equation ( 6.11) gives the proof of the equation ( 6.8). 

6.3.2 Additional Parameters 
 
Equation ( 6.5) can be rewritten in matrix form (equation ( 6.14)): 
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Where, DX is the datum matrix that is defined by exterior orientation parameters and 3D 
coordinates of object points. Equation ( 6.4) gives the definition for matrices B, and C and 
vector dL. 
 
From the equations system of ( 6.14), Yδ is computed (equation ( 6.15)) as 
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Where 

Bl
Q

,ˆ is the cofactor matrix of the adjusted observations when additional parameters 

are not in the equation ( 6.2). Since 
Bl

Q
,ˆ  is datum-invariant and the other matrices in 

equation ( 6.14) are also datum-invariant, Yδ  becomes a datum-invariant quantity. 

6.3.3 Cofactor Matrix of Additional Parameters 
Through decomposition of equation ( 6.6), equation ( 6.16) is derived: 
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with 
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YYQ  is datum independent, if 22K  in equation ( 6.17) is datum independent.  

 
By the matrix partitioning (see appendix C) of equation ( 6.17), the solution of 22K  is 
achieved by equation ( 6.18). 
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Since 
Bl

Q
,ˆ and other matrices in equation ( 6.18) are datum-invariant quantities, 22K  is also 

a datum-invariant matrix. Therefore YYQ is a datum-invariant matrix.  

6.4 Numerical Results 

Numerical examples are given for a simulated network of a panoramic camera. The 
assumptions of the simulation are the same as those that were given in section  5.2. 
However, to highlight the influence of imprecise control point coordinates on the 
estimation of the additional parameters, the control point coordinates are degraded by a 
normal distribution noise with mean value of 0 and standard deviation of 5 mm. 
 
The network configuration is the same as the network configuration which was already 
shown in section  5.4.6. The important property of this network geometry is that it reliably 
estimates the additional parameters and object point coordinates. 
 
Four different datum choices are considered for this investigation: 
 

1) Inner constraints datum by using all object points (datum #1), 
2) Two different minimal constraints datums, with different distribution of 7 

coordinates of control points (datum #2 and #3), 
3) Over-constrained datum by using all control points (datum #4). 

 
Table  6.3 shows the true values of the estimated additional parameters from each datum 
choice. Among the additional parameters, ey was not a significant parameter after 
significance testing of parameters. 
 

Table  6.3. True values of additional parameters, estimated values and standard 
deviations of additional parameters for 4 different datum choices. 
 
   Datum #1, #2, #3 Datum #4 
  True 

values 
Estimated 
values 

Standard 
deviations 

Estimated 
values 

Standard 
deviations 

dpx (mm) 5e-7 5.00e-7 9.00e-10  5.00e-7 7.10e-9 
0dy (mm) 0.55 0.56 1.15e-2  0.78 1.06e-1 

dc (mm) 1.5 1.50 8.84e-3 1.46 8.36e-2 
1k (mm-2) 1e-4 1.00e-4 5.73e-7 1.21e-4 9.38e-6 
2k (mm-4) -3e-7 -3.00e-7 1.00e-9 -3.47e-7 1.77e-8 

ex (mm) -50 -51.081 0.748 -53.26 4.97 
ey (mm) 1e-1 0.17 0.22 0.57 1.35 
lx (rad) 1e-2 9.94e-3 5.66e-5 9.35e-3 3.80e-4 

A
dd

iti
on

al
 p

ar
am

et
er

s 

ly (rad) 1e-2 9.79e-3 2.07e-4 5.56e-3 2.05e-3 
 
 
From Table  6.3 it is clear that the estimated additional parameters and their standard 
deviations for datum choices of inner and minimal constraints are the same. However, the 
additional parameters and their standard deviations differ from those for over-constrained 
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datum. The additional parameters from the first three datums are closer to the true values 
with respect to the results from datum #4. 
 
The above example shows the influence of datum choice on the estimation of additional 
parameters. Imprecise control point coordinates degrade the estimation of the additional 
parameters in the case of an over-constrained datum. 
 
The experience from the self-calibration of panoramic cameras showed that some of the 
additional parameters cannot be determined without control points or object space 
constraints. In these cases the use of control points are recommended. 
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7 

7 Conclusions 

This dissertation developed a joint sensor model for panoramic cameras and laser scanners. 
It analyzed the precision and reliability structures of networks of panoramic cameras, and a 
joint network of frame array CCD and panoramic cameras. It investigated and analyzed 
self-calibration networks of panoramic cameras. It analyzed the datum-invariant 
parameters and quality analysis matrices of least squares adjustment. This chapter 
summarizes these topics and provides conclusions.  

7.1 A Joint Sensor Model and Object Space Constraints 

A joint sensor model was developed for terrestrial linear array-based panoramic cameras 
and laser scanners. The investigation on the sensor modeling was based on the stationary 
and non-stationary systematic errors of panoramic cameras. The stationary systematic 
errors, which mainly show themselves in the static mode of the panoramic camera, were 
investigated by the geometry of the linear array with respect to the turntable and lens 
distortions.  
 
The non-stationary systematic errors, which are tumbling and non-equal angular pixel size 
were investigated by: 
 

− the analysis of image point residuals for example through Fourier analysis,  
− tumbling measurements of the turntable by measuring the inclination of the 

turntable during the panoramic camera operation. 
 
Non-equal angular pixel size originates from the rotating device of the turntable. The 
sources of this type of systematic error are:  
 

− non-linear angular velocity of the rotating device, 
− inaccurate mechanical rotation axis, which causes the deviations of the trajectory of 

the projection center from a perfect circle, 
− tumbling, which causes a non-uniform friction and leads to change of angular 

velocity. 
 
This error was modeled by different sine wave functions. 
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Tumbling originates from the mechanical properties of the turntable. It is mainly caused by 
an incorrect and incomplete shape of ball bearings and the contacting surfaces. It was 
modeled with two different methods: 
 

− implicit model by a patch-wise method 
− explicit model by a distinct physical model 

 
The first method is based on pure mathematical functions. It is simpler with respect to the 
second method but needs many control points. The second method is based on a distinct 
physical meaning and does not need many control points. 
 
Additional parameters of panoramic cameras after modeling both stationary and non-
stationary systematic errors are related to two different classes: 
 

− A subset of Brown’s additional parameters  
− A new set of additional parameters for panoramic cameras alone 

 
The first class of the additional parameters models lens distortions, the camera constant 
and the shift of principal point along the linear array. The second class models the 
deviation of the linear array with respect to the turntable, the correction to the angular pixel 
size, the non-equality of angular pixel size and tumbling. 
 
Two different models of least squares adjustment were developed. The first is condition 
equations model with unknowns (mixed model), which is simple for elimination of λ . The 
second is observation equations model which is more practical for applications like texture 
mapping and network simulations. 
 
Self-calibration through space resection and block triangulation was performed for two 
panoramic cameras, SpheroCam and EYESCAN. Sub-pixel accuracy levels were achieved 
for such highly dynamic systems. In addition, accuracy tests were performed to see the 
potential of the sensor in terms of accuracy in object space. Because of over-
parameterization the divergence and oscillation of least squares bundle adjustment 
happens. Therefore the non-equal angular pixel size and tumbling parameters could not be 
determined through networks of minimal constraints datum. However, by using many 
control points these parameters could be determined successfully.  
 
The minimum number of control points was investigated in the case of self-calibration 
networks. The results indicated that a minimal constraints datum can be used for self-
calibration provided that the tumbling and non-equal angular pixel size parameters are 
known in advance. 
 
Since the mathematical sensor model is highly non-linear, the unknown parameters are a 
lot, also the existence of many local minima at the goal function of the least squares, the 
divergence and oscillation of the bundle adjustment solution happens due to insufficient 
constraints. Therefore the possibility of using additional constraints was investigated. A 
new model of 3D straight-line constraints was developed for multi-projective center 
sensors. 3D straight-line constraints were investigated for the determination of the non-
stationary systematic errors. The result of self-calibration using eight 3D straight-line 
constraints showed successful results for accuracy test and determining additional 
parameters with an inner constraints datum.  
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The sensor model of panoramic cameras was extended for the calibration of terrestrial laser 
scanners with the laser’s intensity images. Some small changes were made to the sensor 
model of panoramic cameras. Therefore it only considers the angular aspects of terrestrial 
laser scanners. The results of self-calibration of a terrestrial laser scanner (Imager 5003) 
through space resection based on the extended sensor model indicated a sub-pixel accuracy 
level. 

7.2 Network Design and Analysis 

Close-range photogrammetric network designs of panoramic cameras and joint panoramic 
cameras and frame array CCD camera were studied by heuristic simulation. The aims of 
the study were two-fold. The first aim was to enhance the precision and reliability through 
network design in order to estimate object point coordinates with high precisions. The 
second aim was to investigate suitable panoramic camera networks for the purpose of self-
calibration and point positioning. 

7.2.1 Enhancing Precision and Reliability 
For the purpose of precision and reliability enhancements, several networks of panoramic 
camera stations were studied. In all network cases an inner constraints datum (free network 
adjustment) was considered. The assumption of the simulation was that the sensor had 
been calibrated in advance.  
 
With only two panoramic images, an indoor environment with the size of 15 m x 12 m x 3 
m was measured. For a distance of 10 m from the camera stations, the standard deviations 
of the object point coordinates were better than 3 centimeters.  The error ellipsoids of the 
object points from this network, as could be expected, were not isotropic and 
homogeneous. The measure of the internal reliability of this network is very high which 
means the network is not able to detect even very large blunders. The measure of the 
external reliability is also high which makes the network unreliable for accurate 
applications. However, this simple network with a limited accuracy can be used for 
applications such as archeology, crime and accident investigations where high precision is 
not demanded.  
 
The precision and reliability were enhanced by adding two extra panoramic camera 
stations. In this case the standard deviations of the object point coordinates were better 
than 0.5 mm. The measure of the internal reliability was better than 0.45 pixel for both row 
and column axes. The measure of the external reliability for the object point coordinates 
was 1.61 mm. By adding 4 more panoramic camera stations a network of 8 stations was 
constructed. The precision and the measure of the external reliability of the object point 
coordinates of this network was enhanced respectively by a factor of 1.7 and 4.35 
compared to the network of 4 panoramic camera stations. The error ellipsoids of the object 
points of this network were more isotropic and homogeneous with respect to the previous 
networks.  
 
To improve the network geometry, 12 frame array CCD camera stations were added to the 
network of 8 panoramic camera stations. Four sub-networks of frame array CCD camera 
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stations were considered to enhance the precisions of the point coordinates at the 4 corners 
of the environment. The relative precision of this network was 1:97,200.  The measures of 
the internal and external reliabilities of this network did not have a significance 
improvement compared to the network of 8 panoramic camera stations.  
 
An equivalent network of only panoramic cameras with respect to the network of 
panoramic and frame array CCD cameras was also simulated. This network consisted of 16 
panoramic camera stations. The estimated standard deviations from this network were 
similar to the network of frame array CCD and panoramic cameras. The measure of the 
external reliability of this network is better than the network of frame array CCD and 
panoramic cameras. However, a quicker image acquisition of the network of joint frame 
array CCD and panoramic cameras with respect to the network of only panoramic camera 
concludes the efficiency of the joint network for highly demanded precision. Such high 
precision is usually requested for industry and engineering applications. 

7.2.2 Self-Calibration and Point Positioning 
Networks of panoramic cameras were analyzed by heuristic simulation for the purpose of 
self-calibration and point positioning. Different networks consisting of leveled, unleveled, 
same height and different height of stations were studied. For the analysis of self-
calibrating networks, the correlations of the parameters and accuracy tests were 
considered.  
 
It was shown that by tilting the camera a positive effect on the determinability of additional 
parameters can be achieved. Tilt of around 10° gives stable results in all additional 
parameters and the determination of object space coordinates. A strong self-calibrating 
network, for both object point positioning and additional parameters determination, can be 
realized with tilted camera stations. 

7.3 Datum-Invariant Parameters 

Datum-invariant parameters and quality analysis matrices of least squares bundle block 
adjustment were shown and proved. It was shown with an analytical proof and numerically 
that the additional parameters of panoramic cameras and their cofactor matrices are datum-
independent in the case of the minimal and the inner constraints datum. This implies that 
the change of the network datum does not influence additional parameters, their standard 
deviations and correlations among additional parameters. 
 
The danger of over-constrained datum with imprecise control points was shown. As a 
general rule, the minimal or the inner constraints datums are suggested for self-calibration 
purposes provided that a strong geometrical network is established. 

7.4 Future Research 

The preliminary steps towards using panoramic cameras for close-range photogrammetric 
applications have been shown in this dissertation. The next step of the research is the use 
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of panoramic cameras for object reconstruction and texture mapping, e.g. in cultural 
heritage and indoor environment recording.  
 
Because of different image geometry of panoramic cameras which causes a different 
sensor model and additional parameters compared to the frame array CCD cameras, the 
conventional close-range photogrammetric software cannot process panoramic images. 
Therefore, the sensor model and additional parameters that has been developed here and 
associated functions dealing with the sensor model and the image geometry (e.g. epipolar 
line) should be integrated into software.  
 
The similarities in terms of errors and operations of panoramic cameras and terrestrial laser 
scanners (with intensity image) show that a joint sensor consisting of laser scanners and 
panoramic camera will be an efficient tool for close-range photogrammetric applications. 
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Appendix A 

The Observation Model for  
the Ideal Panoramic Camera 

A set of equations (A.1) shows the expansion of equation ( 3.3) for the ideal panoramic 
camera.  
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Equation (A.2) is obtained by eliminating λ  from the first two equations of (A.1). 
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The new set of equations (A.3) can be obtained from equation (A.1). 
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By eliminating λ  from the equations of (A.3), equation (A.4) is obtained. 
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Equations (A.2) and (A.4) are the observation model for the ideal panoramic camera. 
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Appendix B 

Minimum Distance of Two 3D Lines 
Equation (B.1) shows two 3D lines L1 and L2 with two direction vectors (mx, my, mz) and  
(nx, ny, nz). 
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where, (X1, Y1, Z1) and (X0, Y0, Z0) are two arbitrary points on L1 and L2. 
 
The minimum distance of these two lines is computed by equation (B.2). 
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t0 and t1 are computed through equation (B.4). 
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Appendix C 

Matrix Inversion by Partitioning 
The inversion of a square and non-singular matrix A can be computed by matrix 
partitioning. If matrix A is partitioned into four sub-matrices, equation (C.1), then its 
inverse is denoted by matrix B in equation (C.2). 
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Note that sub-matrices A11 or A22 should be non-singular. 
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Appendix D 

Reliability 
Reliability (Baarda, 1967) refers to the ability of a network to detect and resist blunders in 
observations. Usually we deal with “internal reliability” and “external reliability”. The 
former refers to the ability of the network to detect blunders by tests of a hypothesis made 
with a specific confidence level (1-α ) and power (1-β ), while the latter is related to the 
effect of the undetectable blunders on the estimated parameters. 
 
The measure of internal reliability that refers to the lower bound of just detectable blunder 
( il0∇ ) in the ith observation can be expressed as shown in equation (D.1): 
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where 0δ  is the lower bound of the noncentrality parameter and is a function of α  and β , 
and 

il
σ  and ri are the standard deviation and redundancy number of the ith observation, 

respectively. 
 
The measure of external reliability, which refers to the maximum effect of the undetectable 
blunder ( il0∇ ) on the estimates of unknown parameters, is given by equation (D.2): 
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where, li,0∇  is a vector containing zeros except for il0∇  at the ith position. 
 
From (D.1) and (D.2) we can see that the larger the redundancy number ri, the smaller the 
size of the undetectable blunders as well as its influence on the estimated parameters. 
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