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Abstract
Wepresentmethodsfor creating3D graphicalmodelsof scenesfroma limitednumbers of images,i.e. oneor two,
in situationswhere no sceneco-ordinatemeasurementsare available. Themethodsemployconstraintsavailable
fromgeometricrelationshipsthatarecommonin architectural scenes—such asparallelismandorthogonality—
togetherwith constraintsavailablefromthecamera. In particular, by usingthecircular pointsof a planesimple,
linear algorithmsare givenfor computingplanerectification,planeorientationand camera calibration from a
singleimage. Examplesof image based3D modellingare givenfor bothsingleimagesandimage pairs.

1. Intr oduction

The task of reconstructingobjectssuchas buildings from
photographsis receiving increasedattentionin theeffort to
createmodelsof valuablearchitecturalsites.Weareaddress-
ing herethekey casewhereit is not possibleto make mea-
surementsof featuresof a sceneto allow reconstruction—
for examplecaseswherebuildings aredestroyed andonly
archive imagesareavailable.In the absenceof direct mea-
surementwe wish to exploit geometriccharacteristicssuch
as the parallelismand orthogonalityof lines and planes.
Suchrelationshipsareplentiful in manmadestructures,and
oftenprovide sufficient informationto producerealisticre-
constructions.

Thetechniquespresentedhereareaimedat metricrecon-
struction; correctrepresentationof anglesandlengthratios,
but notof absolutescale.This level of reconstructionis pre-
cisely thatrequiredfor a graphical3D modelwheretheab-
solutepose(rotationandtranslation)andscalearenotneces-
saryfor visualization.Computationof globalscaleprovides
no theoreticaldifficulty, but requiresknowledgeof a single
lengthmeasurementin thescene.

Part of thenovelty of thework lies in the directapplica-
tion of ideasfrom projectivegeometry21, suchasthecircular
points. It will be seenthat this allows simple linear equa-
tionsto beformulated,andavoidsthenon-linearconstraints
which typically arisein thesetypesof applicationswhenthe
orthogonalitypropertiesof rotationmatricesareused.It also
enablesconstraintsfrom the sceneandcamerato be com-

binedeffortlesslywhencomputingreconstructions,allowing
theefficientuseof all theavailableinformation.

We presentmethodsto: metric rectify individual planes,
computerelative perpendiculardistancesfrom partially rec-
tified planes,calibratecamerasand reconstructpiecewise
planarobjectsfrom asingleview. Wealsopresentamethod
of metricrectifying3D reconstructionsfrom two views.

Thesetechniquesallow architecturalmodelsto be built
andrenderedfrom singleimagesin a similar mannerto the
photogrammetrictechniquesof Debevec et al.7. However,
in theDebevecsystemmultiple imagesarenecessary, scene
measurementsarerequiredto positionthecameras,andthe
camerainternal calibrationmust be known. Theseare not
neededhere.Weuseseveralvanishingpointsfor scenemod-
elling from single images,andare thereforeextendingthe
work of Horry et al.15, wherea single vanishingpoint is
used.Thesingleview techniquesarecomplementaryto re-
constructionmethodsapplicableto multiple images,suchas
animagesequenceacquiredby a videocamerawhenwalk-
ing aroundabuilding1� 24� 26.

In section2 we begin with a descriptionof planarrec-
tification from singleview sceneconstraints.Section3 de-
scribes3D modellingwhenoneplaneis partially rectified.
This is followed by methodsof cameracalibration,in sec-
tion 4. Calibrationis relevant in its own right and also as
an aid to the singleview reconstructionof structuressuch
asbuildings,which is detailedin section5. We briefly dis-
cussmetric reconstructionfrom two views usingvanishing
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pointsin section6. Finally, someimplementationdetailsare
presentedin section7.

2. Planerectification

Given a perspective imageof a world planethe goal is to
obtaina metric rectificationof theplane.This is equivalent
to obtaininganimageof theworld planewherethecamera’s
imageplaneandworld planeareparallel.

Oneway to proceedis to determinetheorientationof the
world plane.This requiressomeknowledgeof the internal
parametersof thecamera,whichwereturnto in section4.5.
Themethoddescribedin thissectionrequiresnoknowledge
of thecameraandproceedsdirectlyfrom geometricrelation-
shipson theworld plane,suchasparallellines.

As is well known the map betweena world planeand
a perspective image is a homography(plane projective
transformation)12� 21� 23. Thismapcanbedeterminedfromthe
correspondenceof four (or more)pointswith known posi-
tion. Oncethehomographyis determinedthe imagecanbe
warpedontotheworld planeandin thiswayametricrectifi-
cationis obtained.However, it is notnecessaryto determine
theentirehomographyin orderto obtaina metric rectifica-
tion — the planerotation, translationand uniform scaling
which area part of the homographymap,andaccountfor
four degreesof freedom,are irrelevant to the rectification.
This is the ideathat is developedin this section:it is only
necessaryto determinefour of the eight parametersof the
homography. Thesefour parametersareassociatedin pro-
jective geometrywith the positionof two pointsknown as
thecircular points21.

To introducesomenotation.A homographyis represented
by a3 � 3 homogeneousmatrix � . Pointsontheimageplane,
x, aremappedto pointson theworld plane,x

�
, asx

��� � x,
wherex is a homogeneouscolumn3-vector x

���
x 	 y	 1
��

with
�
x 	 y
 the Euclideanposition on the plane.Note, for

equationsbetweenhomogeneousquantities‘=’ is equality
up to an overall scalefactor. The homographymatrix has
eightdegreesof freedom— thereareninematrix elements,
but the overall scaleis not significant.A line l is alsorep-
resentedby a homogeneouscolumn3-vector, suchthat if a
pointx lies on l thenl � x

�
0.

2.1. Metric rectification

A homographycan be decomposedinto two transforma-
tions: � ��
��

(1)

Thetransformation



is themetricpartof thehomography
andis asimilarity transformation
���� s� t

0� 1 � (2)

where � is a rotationmatrix, t a translationvector, ands an
isotropicscaling.Therearefour degreesof freedomin



.

Thesecondcomponentof � is thenon-metricpart,which
maybeparametrizedas������ 1

β � α
β 0

0 1 0
l1 l2 1

��
(3)

Thismatrixalsohasfour degreesof freedom.

We can ignore the metric part (rotation, translationand
uniform scaling)in rectifying a plane.Thekey point is that
rectification is thus reducedto a four parameterproblem
sinceweonly require

�
to metricrectify animage.

Thetransformation
�

is determineddirectly from projec-
tion of the circularpoints.Thecircularpointson theworld
planearea complex conjugatepoint pair with co-ordinates�
1 	�� i 	 0
�� lying on the line at infinity. Underthehomog-

raphyfrom the world planeto the image, � � 1, the circular
pointsareimagedas

I
� � � 1 � 1 	 i 	 0
 � �!�

α � iβ 	 1 	 � l2 � αl1 " il1β 
 � (4)

andJ
�

conj
�
I 
 . Clearly, theimageof thecircularpointsde-

pendsonly on thenon-metriccomponent,
�
, of thehomog-

raphy. Furthermore,oncetheimagedcircularpoints,I 	 J, are
identifiedin theimage,theparametersα 	 β 	 l1 	 l2 areknown
sothat

�
maybecomputed.

Figure 1: An image with significantperspectivedistortion.
Four points,correspondingto thecorners of therectangular
window, fully definea rectificationhomographyfor theplane
of thebuilding facade.

Consider, for example,figure1.Supposeweknow therel-
ative positionsof the four pointsshown on the building fa-
cadeandwe canmeasuretheir positionin the image.From
thesefour correspondenceswecomputethehomographyre-
latingthefacadeplaneto its image.Wethusrectify theplane
asshown in figure2. An alternative rectificationmethodis
to project the circular points into the imageusing(4), and
obtain

�
from (3). Rectificationof theplaneby

�
alonegives

the resultshown in figure3. Themetric informationon the
planeis thesamein bothrectifiedimages.They differ only in
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Figure2: A metricrectifiedimage of theplane.

Figure3: A metricrectifiedimageof theplaneusingonlythe
non-metricpart,

�
, of the rectificationhomography. Angles

and lengthratios are the sameas in the previous rectified
image.

orientation,origin andscale,determinedby themetriccom-
ponentof thetransformation.

Sincein thiscase� is known it is, of course,unnecessary
to computethe imagesof the circular pointsandthence

�
.

In thesequel,however, wewill bepresentingmethodsof de-
terminingtheimageof thecircularpointswherefour points
cannotbemeasured.

The goal from hereonis to recover the imageof the cir-
cular points,or equivalently the non-metriccomponentof
the rectificationhomography. In the following sectionit is
shown thatit is oftenconvenientto recover theseparameters
in two stages.

2.2. Stratified metric rectification

In this sectionit is shown that rectificationcanbeachieved
withoutknowledgeof four pointcorrespondences,providing
a techniquefor thosecaseswherecoordinatemeasurements
on a world planecannotbe obtained.Geometricrelation-
shipson the world plane,suchas parallelismand orthog-
onality, areemployed to computethe projective andaffine
componentsof thehomography.

Thenon-metriccomponent
�

of the rectificationhomog-
raphycanbefurtherdecomposedinto two matrices:�#�%$'&

The first of theseis an affine transformationwhich en-

codestwo of thefour rectificationparameters:$�� �� 1
β � α

β 0

0 1 0
0 0 1

��
(5)

Thesecondcomponentof
�

is aprojective transformation&����� 1 0 0
0 1 0
l1 l2 1

��
(6)

Thevectorl ( �)�
l1 	 l2 	 1
 � is thevanishinglineof theworld

plane.This is the imageof the line at infinity of the world
plane.It is homogeneousandhastwo degreesof freedom
whichencodeall thepureprojectivedistortionof theplane.

Undera stratifiedrectificationschemethetwo projective
components,encodedby thevanishingline of theplane,are
recoveredfirst. The two affine components,corresponding
to theco-ordinatesof theimagedcircularpointson thevan-
ishing line, are then computed.The term ‘stratified’ orig-
inatesin the computervision literature with the work of
Koenderink17 andFaugeras10.

From Projective to Affine
Thefirst stageis to determine

&
, which requiresidentifying

thevanishingline l ( of theplane.Parallellinesontheworld
planeintersectatvanishingpointsin theimage,andthevan-
ishingpointslie on l ( . Two or moresuchpointsdetermine
l ( , asshown in figure4.Once

&
isdeterminedtheimagecan

beaffinerectified,asin figure5.Note,thelinesusedto com-
putethevanishingpointsmustbeparallelto theworld plane,
but neednotlie onthatplane.Many otherconstraintsmaybe
usedto determinethevanishingline. For example,a single
setof equallyspacedparallellineson theplaneis sufficient
to determinel ( 20; andvanishingpointscanbedetermined
from aknown lengthratioona line.

Affine rectificationis necessaryif texturesare to be ac-
quired from imagesand usedin imagedbasedmodelling.
Formatssuchas VRML specify the map betweena plane
andtextureimageby threepoints(anaffinemap).If thetex-
ture is projectively distortedthenthe resultingrenderingof
thetexturemappedplaneswill beincorrect.

From Affine to Metric
Having recoveredtheplanegeometryup to an affine trans-
formation by applying the matrix

&
, the final stageis the

recovery of metric geometry. This requiresan affine trans-
formationof theplane,

$
, thatwill restoreanglesandlength

ratiosfor non-parallellines.

We aremostconcernedin this paperwith rectificationof
building facades- whererectangularstructuresexist, such
asthefacadeoutlineor windows(asin figure1). Suchstruc-
turesgenerallyuniquelydeterminethe projective rectifica-
tion parameters,but only provide oneconstrainton thetwo
affineparametersα andβ. Specifically, rectanglesor two or-
thogonaldirectionssuchasvertical andhorizontal(on the
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l (
u

Figure4: Theimagesof parallel world linesdeterminevan-
ishingpoints:Theblack linesare parallel in theworld and
intersectin the vanishingpoint u. Thewhite parallel lines
intersect in a vanishingpoint not shownbecauseit is far
fromtheimage boundaries.Thetwo vanishingpointsdeter-
minethevanishingline l ( , and the projectiverectification
parameters.

Figure5: Theaffinerectifiedimage. Noticethatparallelism
is restored, but anglesand ratios of lengthsare still incor-
rect.

world plane)provideapairof vanishingpointsin orthogonal
directions.This single orthogonalityconstraintdetermines
the metric rectificationup to a oneparameterfamily - the
ambiguitycorrespondingto therelativescaleof verticaland
horizontaldirections.Figure6showstwoof thepossiblerec-
tifications.Thefirst is computedwith anarbitraryselection
of relativescaleof awindow onthefacade.Thisambiguityis
removed if theaspectratio (width to height)of thewindow
is known. Alternatively, in section4.6 it is shown that the
oneparameterambiguitycanalsobe resolved from partial
knowledgeof theinternalcameraparameters.Thestratified
rectificationmethodis summarizedin Algorithm 1.

(a) (b)

Figure6: Theaspectratio ambiguityin relativescaleof ver-
tical andhorizontaldirections.(a) An incorrectlyscaledim-
age. (b) Thecorrectlyscaledimage, fromtheknownlength
ratio of thesidesof a window. A methodto resolvetheambi-
guitywithoutscenemeasurementis givenin section4.6

More generally, singleconstraintson the affine parame-
ters may be obtainedfrom: a known anglebetweenlines;

equalityof two (unknown) angles;and,aknown lengthratio
(detailsof theseappearelsewhere18). Theaffine parameters
arealsoboth determinedfrom the imageof a circle on the
world plane– acircle intersectstheline at infinity in thetwo
circularpoints(hencetheir names);a circle is generallyim-
agedas an ellipse,and the ellipse intersectsthe vanishing
line in two points,theimagesof thecircularpoints.

Algorithm 1: Computing metric planerectification.
1. Intersectparallel line segmentsin two orthogonaldirec-
tionsto obtainthevanishingpointsu, v.
2. Computethevanishingline for theplane:

l *,+.- l1 / l2 / 10213+ u 4 v

3. Rectify thevanishingpointsby thehomography5 to give
affine planegeometryasin (6)

uA +65 u / vA +75 v
uA andvA arepointsat infinity, andrepresentdirection.
4. Rotateby 8 sothatuA is alignedwith thehorizontalaxis.
Theanglebetweenthedirectionsof uA andvA is θ.
5. Theaffine transformation9

1 +,:; 1 < cot- θ 0 0
0 1 0
0 0 1 =>

restoresmetricgeometryup to theunknown aspectratio.
6. The aspectratio is correctedby a secondaffine transfor-
mation 9

2 + :; µ 0 0
0 1 0
0 0 1 =>

where µ is the correctionrequired.The correctioncan be
found from a ratio of lengthsin the directionsof uA andvA

or usingthemethodof section4.6.
7. Rectify the image with the composedtransformation

9
2

9
1 8?5

3. Singleview reconstructionI

We show in this sectionhow, given affine calibrationof a
referenceplane,metricmeasurementsorthogonalto theref-
erenceplanecan be computed.This allows reconstruction
of a groundplaneandverticalwalls from a singleview. No
explicit calibrationof thecamerais necessary.

3.1. Measuring distancesof points fr om planesusing
oneview

Wedescribethefollowing result:Giventhevanishingline of
a referenceplane,thevanishingpoint for directionsorthog-
onal to theplaneanda referencedistanceorthogonalto the
plane,the orthogonaldistanceof any point from the plane
canbecomputedfrom theimageof thepoint andtheimage
of theverticalintersectionwith thegroundplane5� 6� 19.

Notethatno knowledgeof thecamerais necessaryto ap-
ply theabove technique.In fact, thepositionof thecamera
relative to thereferenceplanecanalsobecomputed.
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Figure 7: An exampleof measuringheightsfrom a single
image. (a)Thefourpillarshavethesameheightin theworld,
althoughtheir imagesclearlyarenotof thesamelengthdue
to perspectiveeffects.(b) Asshown,however, all pillars are
correctlymeasuredto havethesameheight.

Considerfor examplethe imagein figure7(a).Sufficient
parallellines arepresentto determinethe vanishingline of
the groundplaneandthe vertical vanishingpoint (seefig-
ure 14(c)). The heightof any object in the scenecan then
be computedrelative to a referenceusingthe geometryof
figure 8. In this casethe measuredheightof the top of the
window is usedasreferenceandtheheightof thepillars is
computed.Theheightsarecorrectlyfoundto all bethesame,
asshown in figure7(b).Themethodis summarizedin Algo-
rithm 2.

Furthermore,if the referenceplanecan be metric recti-
fied, thenthe3D positionof pointsin spaceandthereforea
complete3D modelcanbecomputed.

br

tr

D Dr

t

b

t

b

o

r

o

r
r

reference plane

v

b
D
rt

l

D

(a) (b)

Figure 8: Notation for Algorithm 2. (a) Real image. (b)
Schematic.Basepoints b and br for vertical distanceslie
on theground(reference)plane. Top point tr is at a known
(or reference)distanceDr fromthereferenceplane. Thefour
alignedpointsb, t, r , v andtheir correspondingworld points
definea line-to-line homography. DistanceD from t to the
groundis computedusingAlgorithm2.

An exampleof this techniqueis presentedin figure 9,
which shows an imageof thepainting“La Flagellazionedi
Cristo” by PierodellaFrancesca(1416- 1492).Figures9(b-
d) show renderedviewsof the3D modelreconstructedfrom
thescene.

The reconstructionis possibleas a result of strict ad-
herenceto Renaissanceperspective rulesby the artist.The

painting representsscenegeometryalmost exactly as it
would be capturedby a perspective camera,so the tech-
niqueswe have describedare valid. The ground plane is
chosenasreferenceandis metric rectifiedfrom the square
floor patternsasdescribedin section2. Theverticalvanish-
ing point follows from the intersectionof the vertical lines
andconsequentlytheheightsof peopleandcolumnscanbe
computedrelative to a chosenheightin thescene.Oncethe
positionon the groundof eachvertical object is estimated
the3D modelis complete.

Figure9(b)showsaview of thereconstructedmodel.Note
that the peopleare representedsimply as flat silhouettes
sinceit is not possibleto recover volumefrom oneimage.
Thecolumnshavebeenapproximatedwith cylinders.

A significantareaof the floor is occludedby the fore-
groundfigures.However, the patternon the floor exhibits
considerablesymmetrywhich is apparentin the rectified
view, andthereforeit is possibleto touchupthetexturemap,
aswehavedonein figures9(c)and9(d).

Algorithm 2: Computing distancesof points fr om aplane:
1. Computethereferenceplanevanishingline l * .
2. Computetheorthogonalvanishingpointv.
3. Notationfrom hereonrefersto figure8. Selectthetopand
basereferencepoints.Thetopreferencepoint tr is theimage
of apointTr off thereferenceplane;thebasereferencepoint
br is imageof the point Br , theorthogonalprojectionof Tr

ontothereferenceplane.
4. Measuretheworld referencedistanceDr betweentheref-
erencepointsTr andBr .
5. Selectthepoint t, imageof thepoint T whosedistanceD
from theplanehasto bemeasured.
6. Selectthecorrespondingbasepointb.
7. Computethepoint r

r +T- v 4 b 0�4U- tr 4U- l * 4U- br 4 b 0V020
8. Computethe2 4 2 line-to-linehomographyW asWX+!Y Dr - d - v / b 0Z< d - r / b 020 0< d - r / b 0 d - v / b 0 d - r / b 0\[
whered - p1 / p2 0 is distancebetweentwo imagepointsp1 and
p2.
9. Computethe world distanceD of the input point T from
thereferenceplaneas

D + s1 ] s2

wheres1 ands2 arecomponentsof the2-vectors definedby

s +6W^Y d - t / b 0
1 [

4. Cameracalibration

Thereare several reasonswhy cameracalibration,i.e. de-
terminingthe internalparameters(interior orientation)of a
camera,is an importantstepin singleview reconstruction.
The first is that it allows completerectificationof planes
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(a) (b) (c) (d)

Figure 9: La Flagellazionedi Cristo. (a) Thepainting (1460,Urbino, Galleria Nazionaledelle Marche). (b) A view of the
reconstructed3D modelwhere theroofhasbeenremovedandthefloor is partly occludedby theforegroundfigures.Peopleare
representedasflat silhouettesandthecolumnshavebeenapproximatedwith cylinders. (c) A view of the3D modelwhere the
floor hasbeentouchedup by makinguseof thesymmetryof its pattern.Thepartially seenceiling hasbeenreconstructedtoo.
(d) Anotherview of themodelwith theroof removedto showtherelativepositionsof peopleandcolumnsin thescene. Notice
therepeatedgeometricpatternon thefloor in theareadelimitedby thecolumns.Thesefiguresappearin thecolour sectionas
figures20 and21.

given only their vanishingline. Secondly, with known in-
ternal parametersand vanishingline, the orientationof a
planerelative to the cameramay be computed;andthirdly
from two vanishinglines the relative orientationbetween
two planescanbecomputed.

Furthermorewe will show that a cameramay be cali-
bratedusing the type of rectification constraints(parallel
lines, orthogonality)describedin the previous sectionfor
planes.Again, it is notnecessaryfor scenemeasurementsto
be available.Thus in contrastto standardphotogrammetry
methodsfor cameracalibration22� 25, where3D points in a
world co-ordinatesystemarerequired,we will employ the
constraintswhich are plentifully available in architectural
scenes.Indeed,it will be shown that a cameracanbe cali-
brateddirectly from the rectificationparametersof a setof
planes.Firstwedefinethecameramodelandnotation.

4.1. Cameramodel

Thecameracalibrationmatrix is specifiedby afiveparame-
ter uppertriangularmatrix_ ���� f k u0

0 r f v0
0 0 1

��
(7)

An imagepoint x is relatedto a point in thecamera’s coor-
dinatesystemxc asx

� _
xc.

Parameterf is thefocal lengthof thecamera.Theaspect
ratio of the camerar dependson the relative scalingof the
verticalandhorizontalcameraaxes.Theline from thecam-
eracentreperpendicularto theimageintersectstheimageat
theprincipalpointwith co-ordinates

�
u0 	 v0 
�� . Theskew, k,

is a factordependenton thephysicalangleθ betweentheu
andv axesin the sensorarray, given by k

�
f cot

�
θ 
 . Note

thatradial lensdistortionis ignored,but canbecorrectedin
caseswhereit is significant8.

In many casesasimplifiedcameramodelmaybeused.A
CCDcamera,for example,haszeroskew (k

�
0)andunit as-

pectratio(r
�

1).Theresultantsimplifiedor natural camera
is _ ���� f 0 u0

0 f v0
0 0 1

��
(8)

Themoregeneralcameramodel(7) doesapplyin certain
situationshowever. For exampleif a photographicnegative
is enlarged,andthepaperis not parallelto theplaneof the
negative. In many situationsthe principal point is located
nearthecentreof theimage,andoftencanbeapproximated
by the imagecentre.However, it cannotbe assumedthat
this is always the casebecausephotographs(and images)
aresometimescroppedbeforedisplay.

Beforedescribingthe methodof computinginternalpa-
rametersfrom orthogonalvanishing points and rectified
planes,we requireone more shot of projective geometry,
whichis anunderstandingof theimageof theabsoluteconic.
Theapplicationsareexploredin thesectionsthatfollow.

4.2. The imageof the absoluteconic

The absoluteconic is an esotericentity lying on the plane
at infinity in 3D. Its imageis importantherebecauseit pro-
videsa simpleobject for reasoningaboutorthogonalityin
theimageandis simply relatedto thecameracalibration.

Theimageof theabsoluteconicis aconicω definedas10

ω
� _ � � _ � 1 (9)
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It is a homogeneous3 � 3 symmetricmatrix with 5 degrees
of freedom– the6 independentelementsof thematrix less
onefor overall scale.A pointx lying on theconicsatisfies21

x � ωx
�

0

Pointsonω arecomplex, but thispresentsnodifficulty since
the matrix itself is real valued.A conic is definedby five
points.

The calibrationmatrix
_

may be computedfrom ω by
Cholesky decomposition13, a factorisationmethodthat de-
composesa symmetricmatrix into the productof a lower
triangularanduppertriangularmatrixof theform of (9).De-
terminingω in an image,then,is equivalentto knowing the
camerainternalparameters.

Thereare two importantpropertiesof ω: first, the im-
agedcircularpointsof any planelie on ω — thuseachrec-
tified planeprovides two pointson ω andso provides two
of thefive constraintsnecessaryto determineω; second,ω
determinesorthogonalityof raysbackprojectedfrom image
points.A pair of vanishingpointsu andv arisingfrom or-
thogonaldirectionsin theworld satisfy

u � ωv
�

0 (10)

andaresaidto beconjugatewith respectto ω27.

We now have a geometricentity with which to reason
aboutthe internalparametersof the cameraandtheir rela-
tionshipto constraintsbetweensceneobjectssuchasplanes.
It will be seenthat theserelationshipsarerepresentedcon-
ciselyandarelinear.

4.3. Calibration fr om orthogonal vanishingpoints

Theimageof theabsoluteconicis amatrixwith elements

ω
���� ω1 ω2 ω4

ω2 ω3 ω5
ω4 ω5 ω6

��
(11)

Writing u
�`�

u1 	 u2 	 u3 
 � andv
�)�

v1 	 v2 	 v3 
 � , (10)takes
theform

u1v1ω1 " �
u1v2 " u2v1 
 ω2 " u2v2ω3 (12)" � u1v3 " u3v1 
 ω4 " �

u2v3 " u3v2 
 ω5 " u3v3ω6
�

0

Writing theelementsof ω asavector

ωv
�!�

ω1 	 ω2 	 ω3 	 ω4 	 ω5 	 ω6 
 �
and the coefficients of the elementsof ωv in (12) as
κuv

�a�
u1v1 	 u1v2 " u2v1 	 u2v2 	 u1v3 " u3v1 	 u2v3 "

u3v2 	 u3v3 
 � ; then(12)becomes

κuv � ωv
�

0 (13)

This is a linear constraintonthe5 parametersof ω. For each
pair of orthogonalvanishingpoints,anadditionalconstraint
of this form is obtained.Five suchconstraintsdeterminesω
andthence

_
. Thefiveconstraintsareasimplelinearsystem

thatmaybe written asa 5 � 6 matrix, andωv computedas
thenull-vectorof thismatrix.

_
follows from ω by Cholesky

decomposition.

A typical real world applicationsuchas an imageof a
building providesthreeorthogonaldirections,andthusthree
constraintson ω. Thereforethereareinsufficient constraints
to solve for thefull fiveparametermodel,but therearesuffi-
cientto determinethethreeparameternaturalcameramodel
(8) if this is applicable.Theextracameraconstraintsof zero
skew andunit aspectratio provide additionalconstraintson
ω.

The constraintsprovided by the fact that the camerais
naturalarethattheknown circularpointsof theimageplane
lie on ω. Theimageplaneis thustreatedasa rectifiedplane
(seesection4.4).Equivalently, if weexpandtheelementsof
ω in termsof the parametersof

_
, it is apparentthat zero

skew andunit aspectratio imply

ω2
�

0 and ω1 � ω3
�

0 (14)

The cameracomputationalgorithm applicableto threeor-
thogonalvanishingpointsis summarizedin Algorithm 3. As
shown by CaprileandTorre3, theorthogonalityequationsfor
anaturalcameraareequivalentto asimpleconstruction:the
trianglewith the threeorthogonalvanishingpointsasver-
ticeshastheprincipalpointasits orthocentre.Figure10 (a)
shows animageof a building with linesin threeorthogonal
directions.Thevanishingpointsof eachof thesethreedirec-
tions,shown in figure10(b),providethethreeconstraintson
theinternalparameters,anddefinethetrianglewith principal
pointat its orthocentre.

Algorithm 3: Computing the internal parameters fr om
threeorthogonal vanishingpoints:
1. Intersectparallelline segmentsin threeorthogonaldirec-
tionsto obtainthevanishingpointsu, v andw.
2. Computethecoefficient matrix

9
from (13) and(14):bdcUegfhhhhhi u1v1 u1w1 v1w1 0 1

u1v2 j u2v1 u1w2 j u2w1 v1w2 j v2w1 1 0
u2v2 u2w2 v2w2 0 k 1

u1v3 j u3v1 u1w3 j u3w1 v1w3 j v3w1 0 0
u2v3 j u3v2 u2w3 j u3w2 v2w3 j v3w2 0 0

u3v3 u3w3 v3w3 0 0

lnmmmmmo
3. Computeωv asanull vector:

9
ωv + 0

4. Formthesymmetricmatrixω from ωv asin (11).
5. ComputetheCholesky decomposition:ω +7pqp 1
6. rs+\p k 1
Note:if ω is negativedefinite,it mustberescaledby -1 before
Cholesky decomposition.If it is neitherpositive definiteor
negative definite,it will not decomposeto a realmatrix,and
indicatesanerror.

Notethatin caseswhereparallellinesegmentsareimaged
parallel,thatis thevanishingpointis atinfinity, degeneracies
occur. Thenatureof thesedegeneraciesis regrettablybeyond
thescopeof thispaper, andawarningwill have to suffice.
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(a) (b)

Figure 10: Internal parameterestimation.(a) Image of the
RadcliffeObservatory, Oxford, with setsof parallel line seg-
mentsdefiningvanishingpointsof three orthogonal direc-
tions.(b) Thetriangle with thevanishingpointsasvertices.
Theprincipal point of thecamera lies at theorthocentre of
the triangle. f = 1041.3,u0 = 384.1and v0 = 543.3.The
image sizeis 768by1024.

4.4. Rectifiedplanes

If the four rectification parametersfor a sceneplane are
computed,thentheimagedcircularpointsfor thatplaneare
known. Thesepointslie on ω and,for I

�t�
α � iβ 	 1 	 � l2 �

αl1 " il1β 
 �
I � ωI

�
0

Therealandimaginarypartsof I give�
β2 � α2 
 ω1 � 2αω2 � ω3 " 2

�
l1
�
α2 � β2 
 " αl2 
 ω4" 2

�
αl1 " l2 
 ω5 " �

l21β2 � �
αl1 " l2 
 2 
 ω6

�
0

2αβω1 " 2βω2 � 2
�
βl2 " 2αβl1 
 ω4 � 2βl1ω5" 2

�
αβl21 " βl1l2 
 ω6

�
0

Eachrectifiedplanethusprovidestwo linear constraints
on ω. Wemay, of course,write theconstraintsin thematrix
form usedfor orthogonalvanishingpointsabove, andcom-
bineconstraintsfrom bothsources.

With threerectifiedplanestherearesix pointson ω and
the camerainternal parametersare over constrained.With
only two rectifiedplanes,four pointson ω areknown, and
thustherearefour constraintson ω. Additional constraints
on aspectratio or skew may thenbe includedexactly asin
theprevioussection.Notethattheworld planesneednot be
orthogonal.

4.5. Rectification with known internal parameters

Giventheinternalparametersof thecamera
_
, any planefor

which thevanishingline is known canberectified16. This is
becausethevanishinglineof agivenplaneintersectsω in the
circularpointscorrespondingto that plane.So, the circular
pointscanbe computedfrom the intersectionof ω and l (

asshown below, andthencethemetricrectificationis deter-
minedasin section2. Therectificationambiguitydescribed
in section2.2 canthusberesolved if thecamerais known.
Note, that the rectificationis a simplelinear procedureand
doesnot requirecomputationof rotationmatrices.

Thecircularpointsattheintersectionof ω andl ( maybe
calculatedfrom the first componentof I

�u�
I1 	 I2 	 I3 
�� ��

α � iβ 	 1 	 � l2 � αl1 " il1β 
 � by solvingthequadratic�
1 " 2u0l1 " l21

�
u2

0 " v2
0 " f 2 
�
 I2

1 (15)" 2
�
l2u0 " l1v0 " l1l2

�
u2

0 " v2
0 " f 2 
�
 I1" 2l2v0 " l22

�
u2

0 " v2
0 " f 2 
 " 1

�
0

for the caseof a naturalcamera.The affine parametersare
thentherealandimaginarypartsof I1.

The vanishingline andcameraalsodeterminetheorien-
tationof theworld planerelativeto thecamera4. Thenormal
to theplanein cameracentredco-ordinatesxc is

n
� _ � l (

wherel ( is thevanishingline of theplane.

Therelative orientationsof two planesmaybecomputed
from their vanishinglinesas

cos
�
θ 
 � l ( 1 � ω � 1l ( 2�

l ( 1 � ω � 1l ( 1 
 1v 2 � l ( 2 � ω � 1l ( 2 
 1v 2 (16)

with θ theanglebetweentheplanes.

4.6. Singleplanerectification with partial internal
parameters

It is commonto requirethe rectificationof a planewhere
theaspectratioambiguityof section2.2exists,but thereare
no otherconstraintsavailablefrom thescenefrom which to
computethecameracalibrationusingatechniquesuchasthe
vanishingpoint methodabove. However, theambiguitycan
beresolvedfor anaturalcamerafor whichtheprincipalpoint
is known approximately, for exampleas the imagecentre.
Theonly remaininginternalparameteris then f .

Considerfigure11.Thebuilding facadehastwo dominant
directionswhich areorthogonal.Theseprovide threeof the
four planerectificationparametersandresult in a rectifica-
tion with anaspectratio ambiguity. Theinternalparameters
of thecameraarealsonot fully constrained,sinceonly one
orthogonalpair of vanishingpointsis presentto apply(10).
However, usinga naturalcamerawith principalpoint at the
centreof theimage,f canbecomputedfrom thesinglecon-
straint, and hence

_
is also fully determined.A complete

rectificationfor the planescanbe computed,andis shown
in figure11 (b).

5. Singleview reconstructionII

Thegoalof thissectionis to build 3D modelswhichrequire
therectificationof 2 or moreplanes.In general,thetaskis to
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(a) (b) (c)

Figure12: 3D reconstructionfroma singleimage. (a) Fellowsquad,MertonCollege, Oxford. (b) and(c) Viewsof the3D model
createdfromthesingleimage. Thevanishingline of theroofplanesis computedfromtherepetitionof thetexturepattern20. The
figuresappearin thecoloursectionasfigure 22.

(a) (b)

Figure 11: Plane rectificationvia partial internal param-
eters. (a) Original image. (b) Rectificationwhere the rela-
tive scalingof vertical andhorizontaldirectionsassumesa
natural camera with theprincipal point at thecentre of the
image. Thefocal lengthis computedfromthesingleorthog-
onal vanishingpoint pair. Measurementof the aspectratio
of a windowindicatesa differenceof 3.7%betweentrueand
computedvalues.Notethat thetwo parallel planes,theup-
per building facadeand the lower shopfront, are both cor-
rectlyrectified,but sceneplanesnotparallel to thesetwoare
distortedby therectificationhomography. Thisdistortionis
visibleon theareaof overhangof theupperfacade.

reconstructa scenefrom recognisablesceneprimitivessuch
aslines,planesandspheresby computingtheir spatiallay-
out.Theplanerectificationtechniqueswehavepresentedare
ideal for thetaskof reconstructingmodelsof buildingsthat
have planarsurfaces,so we will restrict the discussionto
planes.

In practice it is often not possibleto completely rec-
tify any planesuntil the cameracalibrationhasbeenesti-
mated,using, for example,the vanishingpoint methodof
section4.3. Onecommonsituationis wherethereare two
or threemutuallyorthogonalplaneswith linesin orthogonal
directionson the planes,asin figure12(a).Therearethree
dominantplanesin thescene;thebuilding facadesontheleft
andright andthegroundplane.Theparallelline setsin three
orthogonaldirectionsdefinethreevanishingpointsandthus
the naturalcameramay be computed.From the vanishing
linesof thethreeplanes,likewisedeterminedby thevanish-
ing points,andω, we canrectify eachof the planes(from

(15)).Anothersituationthatoftenarisesis wheretherectifi-
cationof two planescanbecomputedfrom thescene.This
thendeterminesthenaturalcamera(asin section4.4).

Having computedthe camera,the relative orientationof
planesin thescenethatarenot orthogonalcanbecomputed
if theirvanishinglinescanbefound.Their relativepositions
and dimensionscan be determinedif the intersectionof a
pairof planesis visible in theimage,sothattherearepoints
commonto bothplanes.Relativesizecanbecomputedfrom
therectificationof adistancebetweencommonpointsusing
thehomographiesof bothplanes.

Therearetwo waysof proceeding:oneis to sequentially
build themodelfrom a referenceplane,muchlike building
astaircasefrom thebottomup.Thereis of courseaproblem
with accumulatederrorin thissequentialapproach;asecond
approachis whereall theplanesintersectthereference.Then
accumulatederrorcanbeavoidedbecauseall theplanescan
bespecifiedrelative to therectifiedreference.

Takingtheleft facadeasreferencein figure12(a),its cor-
rectly proportionedwidth andheightaredeterminedby the
rectification.Theright facadeandgroundplanesdefine3D
planesorthogonalto thereference(wehaveassumedtheor-
thogonalityof theplanesin computingthecamera,so rela-
tiveorientationsaredefined).Scalingof theright andground
planesis computedfrom the pointscommonto the planes
andthis completesa threeorthogonalplanemodel.Recon-
structionof theroof planesis achievedby determiningtheir
orientationfrom theirrespectivevanishingline.Viewsof the
model,with texturemappedcorrectlyto the planes,appear
in figures12(b)and(c). Themethodis summarizedin Algo-
rithm 4.

A secondexampleappearsin figure 13. Four planesare
visible in thescene,threeof which areorthogonal.In addi-
tion, sufficient parallel line setsare available to determine
camerainternal parametersand vanishing lines for each
plane.The planescanthusall be rectified,andthe relative
orientationof thenon-orthogonalplanedetermined.There-
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constructionappearsin planview in figure13(b),andaview
of themodelin 13(c).

(a) (b) (c)

Figure 13: Singleview reconstruction.(a) Original image.
(b) Plan view of the3D model,showingthefour planesre-
constructed.(c) A view of the textured reconstruction.The
angle betweenthe non-orthogonal plane and the facade
planeshasbeencomputedfrom(16) to be46o. Thetrue an-
gle is 45o.

Algorithm 4: Computing a 3D reconstructionof a single
view of two or threemutually orthogonal planes:
1. Intersectparallelline segmentsin threeorthogonaldirec-
tionsto obtainthevanishingpointsu, v andw.
2. Computer asin Algorithm 3.
3. Computevanishinglinesfor eachplanefrom two vanish-
ing points,eg

l *u+.- l1 / l2 / 10 1 + u 4 v

4. Computeaffinerectificationparametersfrom (15)andpla-
narrectificationhomographiesasin (3).
5. Selecta referenceplaneandconstructthe corresponding
modelplanesuchthatit is hasrectifieddimensions.
6.Computerelativeorientationsof rectifiedplanesfrom (16).
Fromthe commonpointswith the otherplanesandthe rec-
tificationhomographiesof theplanes,computerelative scale
factors.

6. Reconstructionfr om two views

If the internalparametersandposeof two or morecameras
is unknown, areconstructionfrom matchedscenefeaturesis
possibleup to a homographyof 3D9 � 14. This meansthatthe
initial reconstructionexhibits 3D projective deformation,so
thatparallellinesdonotappearparallel,anglesareincorrect,
andsoon. Fromthe two views in figure14, for example,a
projective reconstructioncanbecomputed,andis shown as
awireframemodelin figure15.

Thehomographyrelatingtheprojectively distortedmodel
of the sceneto a metric reconstructioncanbe decomposed
in an identical mannerto the planar projective distortion
casedescribedin section2. If the similarity component
is disregardedan eightparameterrectificationhomography
remains,threeprojective parameterscorrespondingto the
planeat infinity andfiveaffineparametersdescribingtheab-
soluteconic11. Again, we wish to employ parallel and or-

thogonalityrelationshipsin the sceneto computefirst pro-
jective andthenaffine rectificationparameters.Spacelimi-
tationsmeanthatthismethodcanonly besketched.

(a) (b)

(c)

Figure 14: Images usedin a two view reconstruction.(a)
and(b) two viewsof thescene. (c) Someof theparallel line
segmentsin thefirstview. Thesedefinethreevanishingpoints
for which there are correspondingvanishingpoints in the
secondview.

(a) (b)

Figure 15: Two viewsof theprojectivereconstructioncom-
putedfromtheimagepair of figure 14.

A 3Dpointontheplaneatinfinity is computedby triangu-
lation for correspondingvanishingpointsin thetwo images.
Threesuchpointsdeterminesthe plane.Oncethe planeat
infinity is computed,thestructurecanbeaffine rectified,as
shown in figure16,whereparallelismis restored.

(a) (b)

Figure 16: Two views (orthographic projections) of the
affine rectified structure. The affine rectification is deter-
minedfromthreesetsof parallel linesin thescene.

Thefiveaffinerectificationparametersassociatedwith the
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(a) (b)

Figure18: Texturemappedviewsof metricrectifiedstructure.

(a) (b)

Figure 17: Two views of the metric rectifiedstructure. The
metric rectificationis determinedfrom the orthogonality of
thethreevanishingpointdirections,togetherwith theknown
aspectratio andzero skew of thecamera.

absoluteconicmustnow befound.If thevanishingpointsare
orthogonal,we can apply orthogonalityconstraintson the
absoluteconicin 3D usingthedirectionsdefinedby thevan-
ishingpoints.Theseconstraintsareidenticalin form to those
appliedto the imageof theabsoluteconicω in section4.3.
With threeorthogonalvanishingpointsandthenaturalcam-
eraconstraintsof zeroskew andunit aspectratio, theaffine
rectifiedstructurecanbe metric rectified.As shown in fig-
ures17 and18, parallelism,anglesandrelative lengthsare
all correct.Texture is mappedonto the modelplanesfrom
themostappropriateimage.

7. Implementation details

Line segmentsaredetectedby: Canny edgedetectionatsub-
pixel accuracy2; edge linking; segmentationof the edgel
chainathighcurvaturepoints;andfinally, straightlinefitting
by orthogonalregressionto theresultingchainsegments.

Dueto ‘noise’ a setof imagedparallelline segmentswill
generallynot intersectin a point. Oftenthevanishingpoint
is thencomputedby finding theclosestpoint to all themea-
suredlines.However, thisisnotoptimal.Themaximumlike-
lihood estimate(MLE) of the vanishingpoint is found by

fitting a setof lines that do intersectin a singlepoint, and
which minimisethesumof squaredorthogonalerrorsfrom
theendpointsof themeasuredlinesegments,asshown in fig-
ure19.TheMLE is computedby non-linearminimisation.

u

l1 l2
l3

l4

Figure 19: MLE vanishingpoint estimation:Thevanishing
point u is estimatedas the intersectionof the fitted lines li
(in gray),which minimisetheorthogonaldistancesfromthe
endpointsof measuredimagedparallel linesegments(shown
in black).

8. Conclusions

We have demonstratedmethodswhich correctlymodeland
takeaccountof perspectivedistortion– thoughof coursethe
methodswork equallywell if thereis little or noperspective
distortionof thescene.Therearea numberof extensionsto
thiswork:

1. If two or moreviewsof anobjectareavailable,but under
conditionswhich prevent computationof corresponding
pointsmatches,singleview reconstructionscanbe cre-
atedand joined. This might be necessary, for example,
whentwo views of anobjecthavevery limited overlap.

2. Althoughwehaveconcentratedonplanes,othersurfaces
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maybereconstructedfromasingleview in asimilarman-
ner, for exampleparametrizedsurfaces,suchasquadrics
(e.g.spheresfor domes,cylindersfor columns).

3. Surfaceswhichrepeat(e.g.bysymmetry)in asingleview
may be fully reconstructed.This is becausethe single
view of the surfaceis equivalent to two imagesof the
symmetrichalf of thesurface,eachimagefrom a differ-
ent viewpoint. This meansthat two view reconstruction
methodscanbeemployedin asingleview.

4. Oncethecamerais calibratedusingorthogonalityof van-
ishing pointsandrectificationof planes,it may thenbe
usedin thereconstructionof othersurfaces.

5. For anoptimalreconstructionthefinal 3D modelshould
be ‘polished’ by minimizing reprojectionerrors in the
imagesubjectto the parallelismandorthogonalitycon-
straintsobtainedfrom thescene.
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(a) (b)

Figure20: 3D modelreconstructedfroma painting. (a) “La Flagellazionedi Cristo” byPiero dellaFrancesca(1460,Urbino,
Galleria NazionaledelleMarche). (b) A 3D modelreconstructedfromthepainting. Theblankareason thegroundplaneare
occludedby theforegroundfigures.

(a) (b)

Figure21: Further viewsof themodelwith thefloor touchedup in order to dealwith theocclusionscausedby theforeground
figures.Notethe texture mapof the groundplane, showingthe tile patternbetweenthe pillars barely visible in the original
image.

(a) (b) (c)

Figure 22: 3D modelreconstructedfroma singleimage. (a) FellowsQuad,MertonCollege, Oxford. (b) and(c) Two viewsof
the3D modelreconstructedfromthesingleimage.
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