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Abstract

We presenimethodgor creating3D graphicalmodelsof scenegroma limited numbes of images,i.e. oneor two,
in situationswhee no sceneco-orinate measuementsare available Themethodsmployconstaints available
fromgeometricrelationshipghatare commonin architectuial scenes—sud asparallelismandorthogonality—
togetherwith constaints availablefromthe cames. In particular, by usingthe circular pointsof a planesimple
linear algorithmsare givenfor computingplanerectification,plane orientationand camea calibration froma
singleimage. Example®ofimage based3D modellingare givenfor bothsingleimagesandimage pairs.

1. Intr oduction

The task of reconstructingobjectssuch as buildings from

photographgs receving increasedttentionin the effort to

createmodelsof valuablearchitecturakites We areaddress-
ing herethe key casewhereit is not possibleto make mea-
surement®f featuresof a sceneto allow reconstruction—

for example caseswherebuildings are destrged and only

archive imagesare available.In the absencef directmea-
surementve wish to exploit geometriccharacteristicsuch

as the parallelismand orthogonality of lines and planes.
Suchrelationshipsare plentiful in manmadestructuresand

often provide sufiicient informationto producerealisticre-

constructions.

Thetechniquepresentedhereareaimedat metricrecon-
struction correctrepresentationf anglesandlengthratios,
but not of absolutescale.This level of reconstructions pre-
ciselythatrequiredfor a graphical3D modelwherethe ab-
solutepose(rotationandtranslationandscalearenotneces-
saryfor visualization.Computatiorof globalscaleprovides
no theoreticaldifficulty, but requiresknowvledgeof a single
lengthmeasuremerih thescene.

Part of the novelty of thework lies in the directapplica-
tion of ideasfrom projectve geometry!, suchasthecircular
points. It will be seenthat this allows simplelinear equa-
tionsto beformulated,andavoidsthe non-linearconstraints
which typically arisein thesetypesof applicationsvhenthe
orthogonalitypropertieof rotationmatricesareused t also
enablesconstraintsrom the sceneand camerato be com-
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binedeffortlesslywhencomputingreconstructionsllowing
theefficientuseof all theavailableinformation.

We presentmethodsto: metric rectify individual planes,
computerelative perpendiculadistancedrom partially rec-
tified planes,calibrate camerasand reconstructpiecavise
planarobjectsfrom a singleview. We alsopresentamethod
of metricrectifying 3D reconstructionfrom two views.

Thesetechniquesallow architecturalmodelsto be built
andrenderedrom singleimagesin a similar mannerto the
photogrammetricechniquesof Debevec et al.”. However,
in the Deberec systemmultiple imagesarenecessaryscene
measurementarerequiredto positionthe camerasandthe
camerainternal calibrationmust be knowvn. Theseare not
neededere We usesereralvanishingpointsfor scenanod-
elling from singleimages,and are thereforeextendingthe
work of Horry et al.!5, where a single vanishingpoint is
used.The singleview techniquesare complementaryo re-
constructiormethodsapplicableto multipleimagessuchas
animagesequencacquiredby a video cameravhenwalk-
ing arounda building® 24 26,

In section2 we begin with a descriptionof planarrec-
tification from singleview sceneconstraintsSection3 de-
scribes3D modellingwhenone planeis partially rectified.
This is followed by methodsof cameracalibration,in sec-
tion 4. Calibrationis relevantin its own right and also as
an aid to the singleview reconstructiorof structuressuch
ashuildings, which is detailedin section5. We briefly dis-
cussmetric reconstructiorfrom two views usingvanishing
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pointsin section6. Finally, someimplementatiordetailsare
presentedn section?.

2. Planerectification

Given a perspectie imageof a world planethe goal is to
obtaina metricrectificationof the plane.This is equialent
to obtaininganimageof theworld planewherethecameras
imageplaneandworld planeareparallel.

Oneway to proceeds to determinehe orientationof the
world plane.This requiressomeknownledgeof the internal
parametersf the camerawhich we returnto in sectior4.5.
Themethoddescribedn this sectionrequiresno knowledge
of thecameraandproceedslirectlyfrom geometriaelation-
shipson theworld plane,suchasparallellines.

As is well known the map betweena world planeand
a perspectie image is a homography(plane projective
transformatiorf 2% 23, Thismapcanbedeterminedromthe
correspondencef four (or more) pointswith known posi-
tion. Oncethe homographys determined¢heimagecanbe
warpedontotheworld planeandin thisway a metricrectifi-
cationis obtained However, it is notnecessaryo determine
the entirehomographyin orderto obtaina metricrectifica-
tion — the planerotation, translationand uniform scaling
which are a part of the homographymap, and accountfor
four degreesof freedom,areirrelevant to the rectification.
This is the ideathatis developedin this section:it is only
necessaryo determinefour of the eight parametersf the
homographyThesefour parametersre associatedn pro-
jective geometrywith the position of two pointsknown as
thecircular pointg1.

Tointroducesomenotation A homographys represented
by a3x 3 homogeneousatrixH. Pointsontheimageplane,
X, aremappedo pointson theworld plane,x’, asx’ = Hx,
wherex is a homogeneousolumn 3-vectorx = (XY, 1)T
with (x,y) the Euclideanposition on the plane.Note, for
equationsbetweenhomogeneousuantities'=" is equality
up to an overall scalefactor The homographymatrix has
eightdegreesof freedom— therearenine matrix elements,
but the overall scaleis not significant.A line | is alsorep-
resentedy a homogeneousolumn3-vector suchthatif a
pointx lieson| thenl Tx = 0.

2.1. Metric rectification

A homographycan be decomposednto two transforma-
tions:

H=MN 1)

Thetransformationt is themetricpartof thehomography
andis a similarity transformation

(31 e

whereR is a rotationmatrix, t atranslatiorvector ands an
isotropicscaling.Therearefour degreesof freedomin M.

Theseconccomponenbf H is the non-metricpart,which
maybeparametrizecs

1 _a 9
B B

N=| 0 1 o© 3
li 1, 1

This matrix alsohasfour degreesof freedom.

We canignore the metric part (rotation, translationand
uniform scaling)in rectifying a plane.Thekey pointis that
rectificationis thus reducedto a four parameterproblem
sincewe only requireN to metricrectify animage.

ThetransformatiorN is determinediirectly from projec-
tion of the circular points. The circular pointson the world
planearea complex conjugatepoint pair with co-ordinates
(1, i, O)T lying on theline at infinity. Underthe homog-
raphyfrom the world planeto the image,Hfl, the circular
pointsareimagedas

=131 i,0 =(a—iB,1,—lr—ali+il1.p)T (@)

andJ = conj(1). Clearly, theimageof thecircularpointsde-
pendsonly on the non-metriccomponentN, of the homog-
raphy Furthermorepncetheimagedcircularpoints,l, J, are
identifiedin theimage,the parameters, 3,11, areknovn
sothatN maybecomputed.

Figure 1: Animage with significantperspectivedistortion.
Four points,correspondingo the corners of therectangular
window fully definearectificationhomgaraphyfor theplane
of thebuilding facade

Considerfor example figure 1. Supposave know therel-
ative positionsof the four pointsshavn on the building fa-
cadeandwe canmeasureheir positionin theimage.From
thesefour correspondencase computethehomographye-
latingthefacadeplaneto its image We thusrectify theplane
asshavn in figure 2. An alternatve rectificationmethodis
to projectthe circular pointsinto the imageusing (4), and
obtainN from (3). Rectificationof the planeby N alonegives
theresultshown in figure 3. The metricinformationon the
planeis thesamen bothrectifiedimagesThey differ only in

(© TheEurographicsssociationrandBlackwell Publishers1999.
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Figure 3: Ametricrectifiedimage of theplaneusingonly the
non-metricpart, N, of the rectificationhomayraphy Angles
and lengthratios are the sameas in the previous rectified
image.

orientation origin andscale determinedy themetriccom-
ponentof thetransformation.

Sincein this caseti is known it is, of courseunnecessary
to computethe imagesof the circular pointsandthencen.
In thesequelhowever, wewill bepresentingnethodwf de-
terminingtheimageof thecircularpointswherefour points
cannotbemeasued

The goalfrom hereonis to recover the imageof the cir-
cular points, or equivalently the non-metriccomponentof
the rectificationhomographyln the following sectionit is
shawn thatit is oftenconvenientto recover theseparameters
in two stages.

2.2. Stratified metric rectification

In this sectionit is shavn thatrectificationcanbe achieved
withoutknowledgeof four pointcorrespondencegroviding
atechniquefor thosecasesvherecoordinatemeasurements
on a world plane cannotbe obtained.Geometricrelation-
shipson the world plane,suchas parallelismand orthog-
onality, are emplo/ed to computethe projective and affine
component®f thehomography

The non-metriccomponent of the rectificationhomog-
raphycanbefurtherdecomposethto two matrices:

N =AP
The first of theseis an affine transformatiorwhich en-

(© TheEurographicsssociatiorandBlackwell Publishers1999.

codeswo of thefour rectificationparameters:

1 _a 9
B B

A=l 0 1 o0 %)
0 0 1

Theseconccomponenbf N is aprojective transformation

1.0 0
P=| 0 1 0 (6)
i 1 1

Thevectorl s = (I1,12,1) " isthevanishindine of theworld
plane.This is the imageof theline at infinity of the world
plane.lt is homogeneousnd hastwo degreesof freedom
which encodeall thepureprojective distortionof the plane.

Undera stratifiedrectificationschemehe two projective
componentsencodeddy the vanishingline of theplane,are
recoveredfirst. The two affine componentscorresponding
to the co-ordinate®f theimagedcircularpointson thevan-
ishing line, are then computed.The term ‘stratified’ orig-
inatesin the computervision literature with the work of
Koenderink” andFaugera®.

From Projective to Affine

Thefirst stageis to determineP, which requiresidentifying
thevanishingine |, of theplane Parallellinesontheworld
planeintersecttvanishingpointsin theimage,andthevan-
ishing pointslie onls. Two or moresuchpointsdetermine
loo, asshavn in figure4. OnceP is determinedheimagecan
beaffinerectified,asin figure5. Note, thelinesusedto com-
putethevanishingpointsmustbeparallelto theworld plane,
but neednotlie onthatplane . Many otherconstraintsnaybe
usedto determinethe vanishingline. For example,a single
setof equallyspacedarallellineson the planeis suficient
to determiné »,2%; andvanishingpointscanbe determined
from aknown lengthratioonaline.

Affine rectificationis necessaryf texturesareto be ac-
quired from imagesand usedin imagedbasedmodelling.
Formatssuchas VRML specify the map betweena plane
andtextureimageby threepoints(anaffine map).If thetex-
tureis projectiely distortedthenthe resultingrenderingof
thetexture mappedplaneswill beincorrect.

From Affine to Metric

Having recoveredthe planegeometryup to an affine trans-
formation by applying the matrix P, the final stageis the
recovery of metric geometry This requiresan affine trans-
formationof theplane,A, thatwill restoreanglesandlength
ratiosfor non-parallelines.

We aremostconcernedn this paperwith rectificationof
building facades whererectangularstructuresexist, such
asthefacadeoutlineor windows (asin figure1). Suchstruc-
turesgenerallyuniquely determinethe projective rectifica-
tion parametershut only provide oneconstrainton the two
affine parameters andp. Specifically rectangle®r two or-
thogonaldirectionssuchas vertical and horizontal (on the
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Figure 4: Theimagesof parallel world linesdeterminevan-
ishing points: Theblack lines are parallel in the world and
intersectin the vanishingpoint u. Thewhite parallel lines
intersectin a vanishingpoint not shownbecausat is far
fromtheimage boundariesThetwo vanishingpointsdeter
minethe vanishingline | , andthe projectiverectification
parametes.

Figure 5: Theaffinerectifiedimage. Noticethat parallelism
is restoed, but anglesand ratios of lengthsare still incor-
rect.

world plane)provide a pair of vanishingpointsin orthogonal
directions.This single orthogonalityconstraintdetermines
the metric rectificationup to a one parameterffamily - the
ambiguitycorrespondingo therelative scaleof verticaland
horizontaldirections Figure6 shavstwo of thepossiblerec-
tifications. Thefirst is computedwith anarbitraryselection
of relative scaleof awindow onthefacadeThis ambiguityis
removedif the aspectatio (width to height)of the window
is known. Alternatively, in section4.6 it is shavn that the
one parameteambiguity canalso be resohed from partial
knowledgeof theinternalcamergparametersThe stratified
rectificationmethodis summarizedn Algorithm 1.

(b)

Figure6: Theaspectatio ambiguityin relativescaleof ver
tical andhorizontaldirections.(a) Anincorrectlyscaledim-
age. (b) Thecorrectly scaledimage, fromthe knownlength
ratio of thesidesof a window A methodo resolvetheambi-
guity withoutscenemeasuements givenin sectior4.6

More generally single constraintson the affine parame-
ters may be obtainedfrom: a knowvn angle betweenlines;

equalityof two (unknavn) anglesand,aknown lengthratio
(detailsof theseappearrlsavheré®). The affine parameters
arealsoboth determinedrom the imageof a circle on the
world plane— acircleintersectgheline atinfinity in thetwo
circularpoints(hencetheir names)a circle is generallyim-
agedas an ellipse, and the ellipse intersectsthe vanishing
line in two points,theimagesof the circularpoints.

Algorithm 1: Computing metric planerectification.

1. Intersectparallel line sggmentsin two orthogonaldirec-
tionsto obtainthe vanishingpointsu, v.

2. Computethevanishingline for theplane:

loo = (I1, I2, l)T =UuxV

3. Rectify the vanishingpointsby the homographyp to give
affine planegeometryasin (6)

ua=Pu, va=PVv

up andvp arepointsatinfinity, andrepresentlirection.

4. Rotateby R sothatup is alignedwith the horizontalaxis.
Theanglebetweerthedirectionsof up andva is 6.

5. Theaffine transformation

1 —cot®) O
A = 0 1 0
0 0 1

restoresnetricgeometryup to theunknavn aspectatio.
6. The aspectratio is correctedby a secondaffine transfor

mation
pu 0 O
Ay = 0O 1 0
0 0 1

where | is the correctionrequired. The correctioncan be
found from a ratio of lengthsin the directionsof us andvp
or usingthe methodof sectiord.6.

7. Rectify the image with the composedtransformation
AoA RP

3. Singleview reconstructionl

We shaw in this sectionhow, given affine calibrationof a
referenceplane,metricmeasurementsrthogonato theref-
erenceplane can be computed.This allows reconstruction
of agroundplaneandverticalwalls from a singleview. No
explicit calibrationof the camerds necessary

3.1. Measuring distancesof points from planesusing
oneview

We describethefollowing result:Giventhevanishingine of
areferenceplane,the vanishingpoint for directionsorthog-
onalto the planeanda referencedistanceorthogonalo the
plane,the orthogonaldistanceof ary point from the plane
canbe computedrom theimageof the pointandtheimage
of theverticalintersectiorwith thegroundplane 6 19,

Notethatno knowledgeof the camerds necessaryo ap-
ply the aborve techniqueln fact, the positionof the camera
relative to thereferenceplanecanalsobe computed.

(© TheEurographicsssociationrandBlackwell Publishers1999.
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(b)

Figure 7: An exampleof measuringheightsfrom a single
image. (a) Thefour pillarshavethesameheightin theworld,
althoughtheir imagesclearly are not of the sameengthdue
to perspectiveeffects.(b) Asshown however, all pillars are
correctlymeasuedto havethe sameheight.

Considerfor exampletheimagein figure 7(a). Sufficient
parallellines are presento determinethe vanishingline of
the groundplaneandthe vertical vanishingpoint (seefig-
ure 14(c)). The heightof ary objectin the scenecanthen
be computedrelative to a referenceusing the geometryof
figure 8. In this casethe measuredheightof the top of the
window is usedasreferenceandthe heightof the pillarsis
computedTheheightsarecorrectlyfoundto all bethesame,
asshavnin figure 7(b). Themethodis summarizedn Algo-
rithm 2.

Furthermorejf the referenceplane can be metric recti-
fied, thenthe 3D positionof pointsin spaceandthereforea
complete3D modelcanbe computed.

2V

reference plane
(b)

Figure 8: Notation for Algorithm 2. (a) Real image. (b)
Sdematic.Basepointsb and by for vertical distancedie
on the ground(refelence)plane Top point tr is at a known
(or refeence)istanceDr fromtherefeenceplane Thefour
alignedpointsb, t, r, v andtheir correspondingvorld points
definea line-to-line homaraphy DistanceD fromt to the
groundis computedisingAlgorithm2.

An example of this techniqueis presentedn figure 9,
which shavs animageof the painting“La Flagellazioneli
Cristo” by PierodellaFrancesc$1416- 1492).Figures9(b-
d) shaw renderedriews of the 3D modelreconstructedtom
thescene.

The reconstructionis possibleas a result of strict ad-
herenceto Renaissancperspectie rulesby the artist. The

(© TheEurographicdssociationrandBlackwell Publishers1999.

painting representsscene geometry almost exactly as it
would be capturedby a perspectie camera,so the tech-
nigueswe have describedare valid. The ground plane is
chosenasreferenceandis metric rectifiedfrom the square
floor patternsasdescribedn section2. Thevertical vanish-
ing point follows from the intersectionof the vertical lines
andconsequentlyhe heightsof peopleandcolumnscanbe
computedelative to a choserheightin the sceneOncethe
positionon the groundof eachvertical objectis estimated
the3D modelis complete.

Figure9(b)shavsaview of thereconstructechodel.Note
that the peopleare representecsimply as flat silhouettes
sinceit is not possibleto recover volume from oneimage.
Thecolumnshave beenapproximatedvith cylinders.

A significantareaof the floor is occludedby the fore-
groundfigures. However, the patternon the floor exhibits
considerablesymmetrywhich is apparentin the rectified
view, andtherefordt is possibleto touchupthetexturemap,
aswe have donein figures9(c) and9(d).

Algorithm 2: Computing distancesof points from a plane:

1. Computethereferenceplanevanishingline | o .

2. Computethe orthogonalanishingpointv.

3. Notationfrom hereonrefersto figure 8. Selecthetopand
basereferencepoints.Thetop referencepointt, is theimage
of apoint T, off thereferenceplane;thebasereferencepoint
by is imageof the point By, the orthogonalprojectionof T

ontothereferenceplane.

4. Measurethe world referencalistanceD; betweertheref-
erencepointsT, andBy.

5. Selectthe pointt, imageof the point T whosedistanceD
from the planehasto bemeasured.

6. Selectthecorrespondindpasepointb.

7. Computethe pointr

r=(vxb)x(tr X (leo X (br x b)))
8. Computethe 2 x 2 line-to-linehomographyl as

/Dy (d(v,b) —d(r,b)) 0
0= ( —d(r,b) d(v,b)d(r,b) )

whered(p1,p2) is distancebetweertwo imagepointsp; and

p2.
9. Computethe world distanceD of the input point T from
thereferenceplaneas

D=si/s

wheres; ands, arecomponentsf the 2-vectors definedby

s:Q( d(tl,b) )

4, Cameracalibration

Thereare several reasonswhy cameracalibration,i.e. de-
terminingthe internal parameterginterior orientation)of a
camerajs animportantstepin singleview reconstruction.
The first is that it allows completerectification of planes
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(a) (b)

© (d)

Figure 9: La Flagellazionedi Cristo. (a) The painting (1460, Urbino, Galleria Nazionaledelle Marche). (b) A view of the
reconstructe@®D modelwhele theroofhasbeenremaredandthefloor is partly occludedby theforegroundfigures.Peopleare
representedasflat silhouettesand the columnshavebeenapproximatedwith cylindess. (c) A view of the 3D modelwheee the
floor hasbeentouchedup by makinguseof the symmetnyof its pattern.Thepartially seenceiling hasbeenreconstructedoo.
(d) Anotherview of the modelwith theroof remavedto showthe relative positionsof peopleand columnsin the sceneNotice
therepeatedjeometricpatternon thefloor in the area delimitedby the columnsThesefiguresappearin the colour sectionas

figures20and21.

given only their vanishingline. Secondly with known in-

ternal parametersand vanishingline, the orientationof a
planerelative to the cameramay be computed;andthirdly

from two vanishinglines the relative orientationbetween
two planescanbe computed.

Furthermorewe will shav that a cameramay be cali-
bratedusing the type of rectification constraints(parallel
lines, orthogonality)describedin the previous sectionfor
planesAgain, it is notnecessarjor scenameasurements
be available. Thusin contrastto standardohotogrammetry
methodsfor cameracalibratior#? 25, where 3D pointsin a
world co-ordinatesystemare required,we will emplg/ the
constraintswhich are plentifully available in architectural
scenesindeed,it will be shavn thata cameracanbe cali-
brateddirectly from the rectificationparametersf a setof
planesFirstwe definethecameranodelandnotation.

4.1. Cameramodel

The cameracalibrationmatrix is specifiedby a five parame-
ter uppertriangularmatrix

f k u
K=| 0 rf v @)
0 0 1

An imagepointx is relatedto a pointin the cameras coor
dinatesystenxc asx = KXc.

Parameterf is thefocal lengthof thecameraThe aspect
ratio of the camerar dependsn the relative scalingof the
verticalandhorizontalcameraaxes. Theline from the cam-
eracentreperpendiculato theimageintersectgsheimageat
theprincipal pointwith co-ordinateiuo,vo)T. Theskew, k,
is afactordependenbn the physicalangle® betweertheu
andv axesin the sensorarray givenby k = f cot(8). Note

thatradiallensdistortionis ignored,but canbe correctedn
caseswvhereit is significang.

In mary casesa simplifiedcameranodelmaybeused A
CCDcamerafor example haszeroskew (k= 0) andunitas-
pectratio (r = 1). Theresultansimplifiedor natural camen
is

f O Uo
K= 0 f w 8)
0 0 1

Themoregeneralcameramodel(7) doesapplyin certain
situationshowever. For exampleif a photographimegative
is enlaged,andthe paperis not parallelto the planeof the
negative. In mary situationsthe principal point is located
nearthe centreof theimage,andoftencanbeapproximated
by the image centre.However, it cannotbe assumedhat
this is always the casebecausghotographgand images)
aresometimegroppecbeforedisplay

Before describingthe methodof computinginternal pa-
rametersfrom orthogonalvanishing points and rectified
planes,we require one more shot of projectve geometry
whichis anunderstandingf theimageof theabsoluteconic.
Theapplicationsareexploredin the sectionghatfollow.

4.2. The imageof the absoluteconic

The absoluteconic is an esotericentity lying on the plane
atinfinity in 3D. Its imageis importantherebecausdt pro-
videsa simple objectfor reasoningaboutorthogonalityin
theimageandis simply relatedto the camerecalibration.

Theimageof theabsoluteconicis a conicw definedas®

w=K 'K ! 9)

(© TheEurographicdssociationrandBlackwell Publishers1999.
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It is ahomogeneou8 x 3 symmetricmatrix with 5 degrees
of freedom- the 6 independenelementof the matrix less
onefor overall scale A pointx lying ontheconicsatisfie8!

xTwx=0

Pointson w arecomple, but this presentso difficulty since
the matrix itself is real valued.A conicis definedby five
points.

The calibration matrix K may be computedfrom w by
Cholesl decompositio¥?, a factorisationmethodthat de-
composesa symmetricmatrix into the productof a lower
triangularanduppertriangulamatrix of theform of (9). De-
terminingw in animage,then,is equivalentto knowing the
cameranternalparameters.

There are two important propertiesof w: first, the im-
agedcircularpointsof ary planelie on w — thuseachrec-
tified planeprovidestwo pointson w and so providestwo
of the five constraintecessaryo determinew; secondw
determine®rthogonalityof raysbackprojectedrom image
points. A pair of vanishingpointsu andv arisingfrom or-
thogonaldirectionsin theworld satisfy

u'ewv=0 (10)
andaresaidto be conjugatewith respecto o?’.

We now have a geometricentity with which to reason
aboutthe internal parameter®f the cameraandtheir rela-
tionshipto constraintdetweerscenebjectssuchasplanes.
It will be seenthattheserelationshipsarerepresentedon-
ciselyandarelinear

4.3. Calibration from orthogonal vanishing points

Theimageof theabsoluteconicis a matrix with elements

W W Wy
W= wp w3 s (11)
wp W5 W

Writing u = (Ug, W, Uz) | andv = (vq, Vo, v3) |, (10)takes
theform
Uv16 + (UgVo 4 UaV )0 4 UaVoux 12)
+(u1v3 + Usvy )Wy + (U2V3 + U3V2) s + UsVawg = O
Writing the elementf w asavector
Wy = (W1, Wy, W3, W4, Ws, Wg) |

and the coeficients of the elementsof wy in (12) as
Kuv = (UpVy, Upva + UpVi, UpVa, UpVa + UgVi, UpV +
UsVa, U3V3)T; then(12) becomes

KuvT(A)\/ =0 (13)

Thisis alinear constrainbnthe5 parametersf w. Foreach
pair of orthogonalanishingpoints,anadditionalconstraint
of this form is obtained Five suchconstraintsletermineso

andthenceX. Thefive constraintareasimplelinearsystem

(© TheEurographicsssociationrandBlackwell Publishers1999.

thatmay be written asa 5 x 6 matrix, andwy, computedas
thenull-vectorof this matrix.K follows from w by Cholesly
decomposition.

A typical real world applicationsuchas an imageof a
building providesthreeorthogonabirections andthusthree
constrainton w. Thereforethereareinsuficient constraints
to solve for thefull five parametemodel,but therearesufi-
cientto determinghethreeparametenaturalcameranodel
(8) if thisis applicable The extra cameraconstraintof zero
skew andunit aspectatio provide additionalconstraintson
.

The constraintsprovided by the fact that the camerais
naturalarethattheknown circularpointsof theimageplane
lie on w. Theimageplaneis thustreatedasa rectifiedplane
(seesectiond.4). Equivalently if we expandthe elementf
w in termsof the parameter®f K, it is apparenthat zero
skew andunit aspectatioimply

w=0 and w;—w3=0 (14)

The cameracomputationalgorithm applicableto threeor-

thogonalvanishingpointsis summarizedn Algorithm 3. As

shavn by CaprileandTorre?, theorthogonalityequationgor

anaturalcameraareequialentto asimpleconstructionthe
triangle with the three orthogonalvanishingpoints asver-

ticeshasthe principal point asits orthocentreFigure 10 (a)

shavs animageof a building with linesin threeorthogonal
directions.Thevanishingpointsof eachof thesethreedirec-
tions,shavnin figure10(b), provide thethreeconstraint®n

theinternalparametersnddefinethetrianglewith principal
pointatits orthocentre.

Algorithm 3: Computing the internal parameters from
threeorthogonal vanishing points:
1. Intersectparallelline segmentsin threeorthogonaldirec-

tionsto obtainthe vanishingpointsu, v andw.
2. Computethe coeficient matrix A from (13) and(14):

upvy U Wy ViWg 0 1
UiVo +UpVp  UgWo 4+ UpWy  ViWo +Vowg 1 0

AT = UpVo UpWo VoWy 0o -1
- ujvz+Ugvy  UiWg+Ugwy  viwg+vawg O 0
Upv3+UgVp  UpW3+UgWp  Vowz+Vvawp O 0
uzgv3 UgWs V3Wg 0 0

3. Computewy, asanull vector:
Aw, =0

4. Formthe symmetricmatrix « from wy, asin (11).

5. Computethe Cholesly decompositionw = GG T
6.K=G6"T

Note:if wis negatve definite,it mustberescaledy -1 before
Cholesk decompositionlf it is neitherpositve definite or
negative definite,it will not decomposéo a real matrix, and
indicatesanerror

Notethatin casesvhereparallelline sggmentsareimaged
parallel thatis thevanishingpointis atinfinity, degeneracies
occur Thenatureof thesedegeneraciess regrettablybeyond
the scopeof this paperandawarningwill have to sufice.



Liebowitz,Criminisi and Zissermarl CreatingArchitectual ModelsfromImages

(b)

Figure 10: Internal parameterestimation.(a) Image of the
Radclife ObservatoryOxford, with setsof parallel line sey-
mentsdefiningvanishingpoints of three orthogonal direc-
tions. (b) Thetriangle with the vanishingpointsasvertices.
Theprincipal point of the camea lies at the orthocente of
thetriangle. f = 1041.3,up = 384.1and vy = 543.3.The
image sizeis 768by 1024.

4.4, Rectified planes

If the four rectification parameterdor a sceneplane are
computedthentheimagedcircularpointsfor thatplaneare
known. Thesepointslie on w and,for | = (a —if,1,—l>—
aly+ilaB) "

1Twl =0
Therealandimaginarypartsof | give

(B% — a®)wy — 2000 — w + 2(11 (0 — B2) + atl2) g

+2(aly +12)es + (12B% — (aly +12)%)ws = 0
20wy 4 2Buyp — 2(Bl2 + 20Bl1 ) s — 2Bl ws
+2(aBlf +Plil2)ws = 0

Eachrectified planethus providestwo linear constraints
on w. We may, of coursewrite the constraintsn the matrix
form usedfor orthogonalvanishingpointsabove, andcom-
bine constraintdrom bothsources.

With threerectified planesthereare six pointson w and
the camerainternal parametersre over constrainedWith
only two rectifiedplanes four pointson w areknown, and
thustherearefour constrainton w. Additional constraints
on aspectatio or skew may thenbe includedexactly asin
the previous section Notethattheworld planesneednot be
orthogonal.

4.5. Rectification with known internal parameters

Giventheinternalparametersf the camer&, ary planefor
whichthevanishingline is known canberectified®. Thisis
becauséhevanishindine of agivenplaneintersectsoin the
circular pointscorrespondingdo that plane.So, the circular
pointscanbe computedirom the intersectionof w andl

asshavn below, andthencethe metricrectificationis deter
minedasin section2. Therectificationambiguitydescribed
in section2.2 canthusberesohed if the camerais known.
Note, thatthe rectificationis a simplelinear procedureand
doesnotrequirecomputatiorof rotationmatrices.

Thecircularpointsattheintersectiorof wandls, maybe
calculatedfrom the first componenbf | = (4, I, |3)T
(a—iB,1,—l,—al; +il18) T by solvingthequadratic

(14 2ugly + 13 (U8 + VB + £2))12 (15)
+2(13u0 +11Vo + l1lo(Ug + V6 + £%))1a
+2vo+ 155 +v5+ %) +1 = 0

for the caseof a naturalcameraThe affine parameterare
thentherealandimaginarypartsof |;.

The vanishingline and cameraalsodeterminethe orien-
tationof theworld planerelative to thecamerd. Thenormal
to theplanein cameracentredco-ordinatexc is

n=K"ls
wherel is thevanishingline of theplane.

Therelative orientationof two planesmay be computed
from theirvanishinglinesas

(loolT(*)_llool) 1/2(|002T(*)_1| 002)1/2

with 8 theanglebetweertheplanes.

cog6) =

4.6. Singleplanerectification with partial internal
parameters

It is commonto requirethe rectificationof a planewhere
theaspectatio ambiguityof section2.2 exists,but thereare
no otherconstraintsavailablefrom the scenedrom which to
computehecameraalibrationusingatechniquesuchasthe
vanishingpoint methodabore. However, the ambiguitycan
beresolhedfor anaturalcamerdor whichtheprincipalpoint
is knovn approximatelyfor example asthe imagecentre.
Theonly remaininginternalparameteris thenf.

Consideffigurel1l. Thebuilding facadehastwo dominant
directionswhich areorthogonal Theseprovide threeof the
four planerectificationparameterandresultin a rectifica-
tion with anaspectatio ambiguity Theinternalparameters
of the cameraarealsonotfully constrainedsinceonly one
orthogonalbpair of vanishingpointsis presento apply (10).
However, usinga naturalcamerawith principal point atthe
centreof theimage,f canbecomputedrom thesinglecon-
straint,and hencex is also fully determined A complete
rectificationfor the planescanbe computedandis shavn
in figure11 (b).

5. Singleview reconstructionll

Thegoalof this sectionis to build 3D modelswhichrequire
therectificationof 2 or moreplanesin generalthetaskis to

(© TheEurographicsssociationrandBlackwell Publishers1999.
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(©

Figure 12: 3D reconstructiorfroma singleimage. (a) Fellowsquad,MertonCollege, Oxford. (b) and(c) Viewsofthe3D model
createdfromthesingleimage. Thevanishingline of theroofplanesis computedromtherepetitionof the texture patterr9. The

figuresappearin the colour sectionasfigure 22.

@ (b)

Figure 11: Planerectificationvia partial internal param-
eters. (a) Original image. (b) Rectificationwheee the rela-
tive scalingof vertical and horizontaldirectionsassumes
natural camea with the principal point at the cente of the
image. Thefocallengthis computedromthesingleorthag-
onal vanishingpoint pair. Measuementof the aspectratio
of a windowindicatesa differenceof 3.7%betweerirue and
computedralues.Notethat the two parallel planes,the up-
per building facadeand the lower shopfont, are both cor-
rectlyrectified but sceneplanesnotparallel to thesetwo are
distortedby therectificationhomaraphy Thisdistortionis
visibleontheareaof overhangof theupperfacade

reconstruct scengrom recognisablesceneprimitivessuch
aslines, planesandspheresy computingtheir spatiallay-
out. Theplanerectificationtechniquesve have presentedre
idealfor the taskof reconstructingnodelsof buildingsthat
have planarsurfaces,so we will restrictthe discussionto
planes.

In practiceit is often not possibleto completelyrec-
tify ary planesuntil the cameracalibrationhasbeenesti-
mated,using, for example,the vanishingpoint methodof
section4.3. One commonsituationis wherethereare two
or threemutually orthogonaplaneswith linesin orthogonal
directionson the planesasin figure 12(a). Therearethree
dominantplanesn thescenethebuilding facadesntheleft
andright andthegroundplane.Theparallelline setsin three
orthogonaMdirectionsdefinethreevanishingpointsandthus
the naturalcameramay be computed.From the vanishing
linesof thethreeplanes]ikewise determinedy thevanish-
ing points,and w, we canrectify eachof the planes(from

(© TheEurographicsssociationrandBlackwell Publishers1999.

(15)). Anothersituationthatoftenarisess wheretherectifi-
cationof two planescanbe computedrom the scene This
thendetermineshe naturalcamergasin sectior4.4).

Having computedthe camerathe relative orientation of
planesn the scenghatarenot orthogonalkcanbe computed
if theirvanishinginescanbefound.Theirrelative positions
and dimensionscan be determinedf the intersectionof a
pair of planess visible in theimage,sothattherearepoints
commonto bothplanesRelative sizecanbe computedrom
therectificationof a distancebetweercommonpointsusing
thehomographiesf bothplanes.

Therearetwo waysof proceedingoneis to sequentially
build the modelfrom a referenceplane,muchlike building
astaircasdérom thebottomup. Thereis of courseaproblem
with accumulatee@rrorin this sequentiahpproachasecond
approaclis whereall theplanesntersecthereferenceThen
accumulate@rrorcanbeavoidedbecauseill theplanescan
be specifiedrelative to therectifiedreference.

Takingtheleft facadeasreferencen figure 12(a),its cor
rectly proportionedwidth andheightare determinecby the
rectification.The right facadeandgroundplanesdefine3D
planesorthogonato thereferencgwe have assumedheor-
thogonalityof the planesin computingthe camerasorela-
tive orientationsaredefined) Scalingof theright andground
planesis computedfrom the points commonto the planes
andthis completesa threeorthogonalplanemodel.Recon-
structionof theroof planesis achieved by determiningtheir
orientationfrom theirrespectie vanishindine. Views of the
model,with texture mappedcorrectlyto the planes,appear
in figures12(b)and(c). Themethodis summarizedn Algo-
rithm 4.

A secondexampleappearsn figure 13. Four planesare
visible in the scenethreeof which areorthogonalln addi-
tion, sufiicient parallelline setsare availableto determine
camerainternal parametersand vanishing lines for each
plane.The planescanthusall be rectified,andthe relative
orientationof the non-orthogonaplanedeterminedThere-
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constructiorappearsn planview in figure13(b),andaview
of themodelin 13(c).

(@) (b) (c)

Figure 13: Singleview reconstruction(a) Original image.

(b) Plan view of the 3D model,showingthe four planesre-
constructed(c) A view of the textured reconstructionThe
angle betweenthe non-orthg@onal plane and the facade
planeshasbeencomputedrom (16) to be46°. Thetrue an-
gleis 45°.

Algorithm 4: Computing a 3D reconstruction of a single
view of two or threemutually orthogonal planes:

1. Intersectparallelline segmentsin threeorthogonaldirec-
tionsto obtainthe vanishingpointsu, v andw.

2.Computex asin Algorithm 3.

3. Computevanishinglinesfor eachplanefrom two vanish-
ing points,eg

|00 :(ll, |2, l)T =UuxV

4. Computeaffine rectificationparameterfrom (15) andpla-
narrectificationhomographiesasin (3).

5. Selecta referenceplaneand constructthe corresponding
modelplanesuchthatit is hasrectifieddimensions.

6. Computerelative orientationf rectifiedplanesrom (16).
Fromthe commonpointswith the otherplanesandthe rec-
tification homographiesf the planescomputerelative scale
factors.

6. Reconstructionfr om two views

If the internalparametersind poseof two or morecameras
is unknawvn, areconstructiorirom matchedscendeaturess
possibleup to a homographyof 3D° 14, This meanghatthe
initial reconstructiorexhibits 3D projective deformationso
thatparallellinesdonotappeaparallel,anglesareincorrect,
andsoon. Fromthetwo views in figure 14, for example,a
projective reconstructiorcanbe computedandis shavn as
awireframemodelin figure 15.

Thehomographyelatingthe projectively distortedmodel
of the sceneto a metric reconstructiorcanbe decomposed
in an identical mannerto the planar projective distortion
casedescribedin section2. If the similarity component
is disregardedan eight parameterectificationhomography
remains,three projective parametersorrespondingo the
planeatinfinity andfive affine parametersgescribingheab-
soluteconid?!, Again, we wish to emplo/ paralleland or-

thogonalityrelationshipsn the sceneto computefirst pro-
jective andthenaffine rectificationparametersSpacdimi-
tationsmeanthatthis methodcanonly be sketched.

@ (b)

(©)

Figure 14: Images usedin a two view reconstruction(a)
and (b) two views of the scene(c) Someof the parallel line
segmentsn thefirstview. Thesalefinethreevanishingpoints
for which there are correspondingvanishingpointsin the
secondview.

@ (b)

Figure 15: Two views of the projectivereconstructiorcom-
putedfromtheimage pair of figure 14.

A 3D pointontheplaneatinfinity is computedy triangu-
lationfor correspondinganishingpointsin thetwo images.
Threesuchpoints determineghe plane.Oncethe planeat
infinity is computedthe structurecanbe affine rectified,as
shavn in figure 16, whereparallelismis restored.

(@) (b)

Figure 16: Two views (orthagraphic projections) of the
affine rectified structue. The affine rectificationis deter
minedfromthreesetsof parallel linesin thescene

Thefiveaffinerectificationparameterassociatedith the

(© TheEurographicdssociatiorandBlackwell Publishers1999.
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@

(b)

Figure 18: Texture mappedviews of metricrectifiedstructuse.

@ (b)

Figure 17: Two views of the metric rectifiedstructue. The
metricrectificationis determinedrom the orthogonality of
thethreevanishingpointdirections togetherwith theknown
aspectratio andzeio skew of thecamea.

absoluteconicmustnow befound.If thevanishingpointsare
orthogonal,we can apply orthogonalityconstraintson the
absoluteconicin 3D usingthedirectionsdefinedby thevan-
ishingpoints.Theseconstraintareidenticalin formto those
appliedto the imageof the absoluteconic w in section4.3.
With threeorthogonalanishingpointsandthe naturalcam-
eraconstraintof zeroskew andunit aspectatio, the affine
rectified structurecanbe metric rectified. As shavn in fig-

ures17 and 18, parallelism,anglesandrelative lengthsare
all correct.Texture is mappedonto the modelplanesfrom

themostappropriatémage.

7. Implementation details

Line sggmentsaredetectedy: Canry edgedetectioratsub-
pixel accurag?; edgelinking; segmentationof the edgel
chainathigh curvaturepoints;andfinally, straightline fitting
by orthogonaregressiorto theresultingchainsggments.

Dueto ‘noise’ a setof imagedparallelline sgmentswill
generallynotintersectin a point. Oftenthe vanishingpoint
is thencomputedoy finding the closestpointto all the mea-
suredines.However, thisis notoptimal. Themaximumlik e-
lihood estimate(MLE) of the vanishingpoint is found by

(© TheEurographicsssociationrandBlackwell Publishers1999.

fitting a setof lines thatdo intersectin a single point, and
which minimisethe sumof squaredrthogonalerrorsfrom
theendpointof themeasuretine sggmentsasshavnin fig-
ure19.The MLE is computedby non-lineaminimisation.

/[~

Figure 19: MLE vanishingpoint estimation:Thevanishing
point u is estimatedas the intersectionof the fitted lines ;
(in gray), which minimisethe orthogonaldistancegromthe
endpoint®f measuedimagedparallel line sggment{shown
in black).

8. Conclusions

We have demonstratedhethodswhich correctlymodeland
take accounbf perspectie distortion— thoughof coursethe
methodswvork equallywell if thereis little or no perspectie
distortionof the sceneTherearea numberof extensiongo
thiswork:

1. If two or moreviews of anobjectareavailable,but under
conditionswhich prevent computationof corresponding
points matchesgsingle view reconstructiongan be cre-
atedand joined. This might be necessaryfor example,
whentwo views of anobjecthave very limited overlap.

2. Althoughwe have concentratedn planesothersurfaces
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maybereconstructeffom asingleview in asimilarman-
ner, for exampleparametrizesgurfaces suchasquadrics
(e.g.spheredor domesgylindersfor columns).

. Surfacesvhichrepeate.g.by symmetry)n asingleview
may be fully reconstructedThis is becausehe single
view of the surfaceis equialentto two imagesof the
symmetrichalf of the surface,eachimagefrom a differ-
entviewpoint. This meansthattwo view reconstruction
methodscanbeemplg/edin asingleview.

. Oncethecamerds calibratedusingorthogonalityof van-
ishing pointsandrectificationof planes,it may thenbe
usedin thereconstructiorof othersurfaces.

. For anoptimalreconstructiorthe final 3D modelshould
be ‘polished’ by minimizing reprojectionerrorsin the
imagesubijectto the parallelismand orthogonalitycon-
straintsobtainedrom the scene.

Acknowledgements

The authorswould like to thankDr Andrew Fitzgibbon,Dr
lan Reid and FrederickSchafalitzky for their assistancén
the preparatiorof this paper We are gratefulto EU Esprit
projectimproofsfor financialsupport.

References

1.

P. Beardslg, P. Torr, and A. Zisserman. 3D modelacquisi-
tion from extendedimagesequencesin Proc. ECCV, LNCS
1064/1065page$H83-695 SpringefVerlag,1996.

J.Canry. A computationahpproactto edgedetection.|EEE
T-PAMI, 8(6):679-6981986.

B. CaprileandV. Torre. Using vanishingpointsfor camera
calibration.lJCV, pagesl27-140,1990.

R.T. CollinsandJ.R. Beveridge.Matchingperspectie views
of coplanarstructuresisingprojectize unwarpingandsimilar
ity matching.In Proc. CVPR 1993.

A. Criminisi, I. Reid,andA. Zisserman.Computing3d eu-
clideandistancefrom a singleview. TechnicalReportOUEL
2158/98,Dept. EngineeringScience,University of Oxford,
ParksRoad,Oxford OX1 3PJ,U.K., 1998.

A. Criminisi, A. Zissermanl. Van Gool, Bramble S., and
D. Compton.A new approacho obtainheightmeasurements
from video. In Proc. of SPIE,Boston,Massabtussets|JSA
volume3576,1-6 Novemberl998.

P. E. Debevec, C. J. Taylor, andJ. Malik. Modelingandren-
deringarchitecturdrom photographsA hybridgeometry-and
image-basedapproach. In ProceedingsACM SIGGRAPH
pagesl1-20,1996.

F. Devernayand O. Faugeras.Automaticcalibrationandre-
moval of distortionfrom scene®f structuredcenvironments.in
SPIE volume2567,SanDiego, CA, July 1995.

O. Faugeras.Whatcanbe seenin threedimensionswith an
uncalibratedstereorig? In Proc. ECCV, LNCS 588, pages
563-578SpringerVerlag,1992.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

26.

27.

O. D. Faugeras. Stratificationof three-dimensionaVision:
projectve, affine,andmetricrepresentation]. Opt. Soc.Am,
A12:465-4841995.

0O.D.FaugerasS.Laveau,L. Robert,G. CsurkaandC. Zeller.
3-D reconstructiomf urbanscene$rom sequencesf images.
Tech.report,INRIA, 1995.

J.D. Foley, A. VanDam,S.K. FeinerandJ.F. Hughes.Com-
puter Graphics: Principles and Practice Addison-W\ésley,
1990.

G. H. GolubandC.FE VanLoan. Matrix Computations The
JohnHopkins University Press Baltimore, MD, secondedi-
tion, 1989.

R. |. Hartley, R. Gupta,and T. Chang. Stereofrom uncali-
bratedcamerasin Proc. CVPR 1992.

Y. Horry, K. Anjyo, andK. Arai. Tourinto thepicture:Usinga
spiderymeshinterfaceto make animatiorfrom asingleimage.
In SIGGRAPH pages225-2321997.

G.E.Karras,P. Patias,andE. Petsa. Experienceswith recti-
fication of non-metricdigital imageswhengroundcontrol is
notavailable. In CIPA XV InternationalSymposiunl993.

J. J. Koenderinkand A. J. van Doorn. Affine structurefrom
motion. J. Opt. Soc.Am.A, 8(2):377-3851991.

D. Liebowitz andA. Zisserman.Metric rectificationfor per
spectve imagesof planes. In Proc. CVPR pages482-488,
Junel998.

M. ProesmansT. Tuytelaars,and L.J. Van Gool. Monoc-
ular image measurements. Technical Report Improofs-
M12T21/1/RK.U.Leuven,1998.

F. Schafalitzky and A. Zisserman. Geometricgroupingfor
automatiovanishingpointandline detetion.To appearin IVC,
1999.

J. SempleandG. Kneebone.Algebraic ProjectiveGeometry
Oxford University Press,1979.

C. Slama. Manual of Photgrammetry AmericanSocietyof
PhotogrammetnFalls Church,VA, USA, 4th edition,1980.

R. SzeliskiandS.Heung-‘eung.Creatingull view panoramic
imagemosaicsaandervironmentmaps.ln SIGGRAPH1997.

C. Tomasiand T. Kanade. Shapeand motion from image
streamaunderorthographyA factorizationapproach.lJCV,
9(2):137-154November1992.

R.Tsai.An efficientandaccurateameraalibrationtechnique
for 3D machinevision. In Proc. CVPR 1986.

C. Zeller Projective Affine and Euclidean Calibration in
ComputeVision and the Application of Three Dimensional
Perception PhD thesis,RobotVis Group, INRIA Sophia-
Antipolis, 1996.

A. ZissermanD. Liebowitz, and M. Armstrong. Resolving
ambiguitiesin auto-calibration.Phil. Trans.R. Soc.Lond. A,
356(1740):1193-1211998.

(© TheEurographicsssociationrandBlackwell Publishers1999.



Liebowitz,Criminisi and Zissermarl CreatingArchitectual ModelsfromImages

(@) (b)

Figure 20: 3D modelreconstructedroma painting (a) “La Flagellazionedi Cristo” by Piero della Francescd1460,Urbino,
Galleria Nazionaledelle Marche). (b) A 3D modelreconstructedromthe painting Theblank areason the groundplaneare
occludedby theforegroundfigures.

(@) (b)

Figure 21: Further views of the modelwith thefloor toudhedup in order to dealwith the occlusionscausedy the foreground
figures. Note the texture map of the ground plane showingthe tile patternbetweerthe pillars barely visible in the original
image.

(@) (b) (c)

Figure 22: 3D modelreconstructedroma singleimage. (a) FellowsQuad,Merton College, Oxfod. (b) and(c) Two views of
the 3D modelreconstructedromthe singleimage.
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