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Chapter 1

Computer stereo vision

Computer stereo vision is the extraction of 3D informa-
tion from digital images, such as obtained by a CCD cam-
era. By comparing information about a scene from two
vantage points, 3D information can be extracted by exam-
ination of the relative positions of objects in the two pan-
els. This is similar to the biological process Stereopsis.

1.1 Outline

In traditional stereo vision, two cameras, displaced hori-
zontally from one another are used to obtain two differing
views on a scene, in a manner similar to human binocular
vision. By comparing these two images, the relative depth
information can be obtained, in the form of disparities,
which are inversely proportional to the differences in dis-
tance to the objects.

To compare the images, the two views must be superim-
posed in a stereoscopic device, the image from the right
camera being shown to the observer’s right eye and from
the left one to the left eye.

In real camera systems however, several pre-processing
steps are required.[!!

1. The image must first be removed of distortions, such
as barrel distortion to ensure that the observed image
is purely projectional.

2. The image must be projected back to a common
plane to allow comparison of the image pairs, known
as image rectification.

3. An information measure which compares the two
images is minimized. This gives the best estimate
of the position of features in the two images, and
creates a disparity map.

4. Optionally, the disparity as observed by the common
projection, is converted back to the height map by
inversion. Utilising the correct proportionality con-
stant, the height map can be calibrated to provide
exact distances.

1.2 Active stereo vision

The active stereo vision is a form of stereo vision which
actively employs a light such as a laser or a structured light
to simplify the stereo matching problem. The opposed
term is passive stereo vision.

1.2.1 Conventional structured-light vision
(SLV)

The conventional structured-light vision (SLV) employs
a structured light or laser, and finds projector-camera
correspondences.?13!

1.2.2 Conventional active stereo vision
(ASV)

The conventional active stereo vision (ASV) employs a
structured light or laser, however, the stereo matching is
performed only for camera-camera correspondences, in
the same way as the passive stereo vision.

1.2.3 Structured-light stereo (SLS)¥

There is a hybrid technique, which utilizes both camera-
camera and projector-camera correspondences.*!

1.3 Applications

3D stereo displays finds many applications in enter-
tainment, information transfer and automated systems.
Stereo vision is highly important in fields such as robotics,
to extract information about the relative position of 3D
objects in the vicinity of autonomous systems. Other ap-
plications for robotics include object recognition, where
depth information allows for the system to separate oc-
cluding image components, such as one chair in front of
another, which the robot may otherwise not be able to
distinguish as a separate object by any other criteria.
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Scientific applications for digital stereo vision include the
extraction of information from aerial surveys, for calcu-
lation of contour maps or even geometry extraction for
3D building mapping, or calculation of 3D heliographical
information such as obtained by the NASA STEREO
project.

1.4 Detailed definition

Main article: Triangulation (computer vision)
A pixel records color at a position. The position is iden-

Diagram describing relationship of image displacement to depth
with stereoscopic images, assuming flat co-planar images.

tified by position in the grid of pixels (x, y) and depth to
the pixel z.

Stereoscopic vision gives two images of the same scene,
from different positions. In the diagram on the right light
from the point A is transmitted through the entry points
of a pinhole cameras at B and D, onto image screens at E
and H.

In the attached diagram the distance between the centers
of the two camera lens is BD = BC + CD. The triangles
are similar,

e ACB and BFE

e ACD and DGH
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displacement Therefored = EF + GH

EF GH
BF * BF)
EF GH
BF " DG’

— BF(

= BF(

e k=BD BF

e 7z = AC is the distance from the camera plane to the
object.

So assuming the cameras are level, and image planes are
flat on the same plane, the displacement in the y axis be-
tween the same pixel in the two images is,

d=—
z

Where k is the distance between the two cameras times
the distance from the lens to the image.

The depth component in the two images are z; and zo ,

gl\/en by,
21(:[ Y y)

o))

These formulas allow for the occlusion of voxels, seen in
one image on the surface of the object, by closer voxels
seen in the other image, on the surface of the object.

zo(x,y) :min{v cv =z (z,y —

z1(z,y) = min{v cv = zo(x,y +

1.4.1 Image Rectification

Where the image planes are not co-planar image recti-
fication is required to adjust the images as if they were
co-planar. This may be achieved by a linear transforma-
tion.

The images may also need rectification to make each im-
age equivalent to the image taken from a pinhole camera
projecting to a flat plane.

1.4.2 Least squares information measure

The normal distribution is

1 _(z=w)?

e 202
oV 2

P(x,p,0) =
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1.4. DETAILED DEFINITION

Probability is related to information content described by
message length L,

P(z)=27t®
L(z) = —log, P(z)
SO,

2
L(z, p,0) = logy(ov2m) + (7) log, e

For the purposes of comparing stereoscopic images, only
the relative message length matters. Based on this, the
information measure /7, called the Sum of Squares of Dif-
ferences (SSD) is,

(x — p)?
I(z,p,0) = —
where,
1
L(l‘,u, U) = 10&(0\/%) =+ I(I, H?U)%

1.4.3 Other measures of information con-
tent

Because of the cost in processing time of squaring num-
bers in SSD, many implementations use Sum of Abso-
lute Difference (SAD) as the basis for computing the in-
formation measure. Other methods use normalized cross
correlation (NCC).

1.4.4 Information measure for stereo-
scopic images

The least squares measure may be used to measure the
information content of the stereoscopic images 1! given
depths at each point z(z,y) . Firstly the information
needed to express one image in terms of the other is de-
rived. This is called I,

A color difference function should be used to fairly mea-
sure the difference between colors. The color difference
function is written cd in the following. The measure of
the information needed to record the color matching be-
tween the two images is,

= ch colory (x, y+————

mry

I (21722

An assumption is made about the smoothness of the im-
age. Assume that two pixels are more likely to be the

same color, the closer the voxels they represent are. This
measure is intended to favor colors that are similar be-
ing grouped at the same depth. For example if an object
in front occludes an area of sky behind, the measure of
smoothness favors the blue pixels all being grouped to-
gether at the same depth.

The total measure of smoothness uses the distance be-
tween voxels as an estimate of the expected standard de-
viation of the color difference,

I (21,22

:{1,2} T1,y1 11273/2

The total information content is then the sum,

I (21, 22) = L (21, 22) + Is(21, 22)

The z component of each pixel must be chosen to give
the minimum value for the information content. This will
give the most likely depths at each pixel. The minimum
total information measure is,

Iyin = min {i : i = L;(z1, 22) }}

The depth functions for the left and right images are the
pair,

(21,22) € {(21,22) : It(#1,22) = Imin}

1.4.5 Smoothness

Smoothness is a measure of how similar colors that are
close together are. There is an assumption that objects are
more likely to be colored with a small number of colors.
So if we detect two pixels with the same color they most
likely belong to the same object.

The method described above for evaluating smoothness
is based on information theory, and an assumption that
the influence of the color of a voxel influencing the color
of nearby voxels according to the normal distribution on
the distance between points. The model is based on ap-
proximate assumptions about the world.

Another method based on prior assumptions of smooth-
ness is auto-correlation.

Smoothness is a property of the world. It is not inher-
ently a property of an image. For example an image con-
structed of random dots would have no smoothness, and

2 (z,y) ), colors (Tirdfbkences about neighboring points would be useless.

Theoretically smoothness, along with other properties of
the world should be learnt. This appears to be what the
human vision system does.

cd (color;(z1,y1 ), color; (x2,
LYY oo

+ (1 —y2)?2 + (zi(z1, 11
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1.5 Methods of implementation

The minimization problem is NP-complete. This means
a general solution to this problem will take a long time
to reach a solution. However methods exist for comput-
ers based on heuristics that approximate the result in a
reasonable amount of time. Also methods exist based
on neural networks.[®! Efficient implementation of stereo-
scopic vision is an area of active research.

1.6 See also

3D scanner

Autostereoscopy

Epipolar geometry

Computer vision

Stereo camera

Stereoscopic Depth Rendition
Stereopsis
Stereophotogrammetry

3D reconstruction from multiple images
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1.8 External links

e Tutorial on uncalibrated stereo vision
e [ earn about stereo vision with MATLAB

e Stereo Vision and Rover Navigation Software for
Planetary Exploration
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Chapter 2

Projective space

In graphical perspective, parallel lines in the plane intersect in a
vanishing point on the horizon.

In mathematics, a projective space can be thought of as
the set of lines through the origin of a vector space V. The
cases when V =R? and V = R? are the real projective line
and the real projective plane, respectively, where R de-
notes the field of real numbers, R2 denotes ordered pairs
of real numbers, and R3 denotes ordered triplets of real
numbers.

The idea of a projective space relates to perspective, more
precisely to the way an eye or a camera projects a 3D
scene to a 2D image. All points that lie on a projection
line (i.e., a “line-of -sight™), intersecting with the entrance
pupil of the camera, are projected onto a common image
point. In this case, the vector space is R? with the cam-
era entrance pupil at the origin, and the projective space
corresponds to the image points.

Projective spaces can be studied as a separate field in
mathematics, but are also used in various applied fields,

geometry in particular. Geometric objects, such as
points, lines, or planes, can be given a representation as
elements in projective spaces based on homogeneous co-
ordinates. As a result, various relations between these ob-
jects can be described in a simpler way than is possible
without homogeneous coordinates. Furthermore, various
statements in geometry can be made more consistent and
without exceptions. For example, in the standard Euclid-
ian geometry for the plane, two lines always intersect at
a point except when the lines are parallel. In a projective
representation of lines and points, however, such an inter-
section point exists even for parallel lines, and it can be
computed in the same way as other intersection points.

Other mathematical fields where projective spaces play a
significant role are topology, the theory of Lie groups and
algebraic groups, and their representation theories.

2.1 Introduction

Z

projective space

As outlined above, projective space is a geometric object
which formalizes statements like “Parallel lines intersect
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at infinity”. For concreteness, we will give the construc-
tion of the real projective plane P2(R) in some detail.
There are three equivalent definitions:

1. The set of all lines in R? passing through the origin
(0, 0, 0). Every such line meets the sphere of radius
one centered in the origin exactly twice, say in P =
(x, y, z) and its antipodal point (—x, —y, —2).

2. P?(R) can also be described to be the points on the
sphere S2, where every point P and its antipodal
point are not distinguished. For example, the point
(1, 0, 0) (red point in the image) is identified with
(-1, 0, 0) (light red point), etc.

3. Finally, yet another equivalent definition is the set
of equivalence classes of R3\ (0,0, 0), i.e. 3-space
without the origin, where two points P = (x, y, z) and
P =(x", y*, ") are equivalent iff there is a nonzero
real number A such that P = A-P*,i.e. x = Ax", y =
Ay*, z = AZ". The usual way to write an element of
the projective plane, i.e. the equivalence class cor-
responding to an honest point (x, y, z) in R3, is [x :
y:zl

The last formula goes under the name of homogeneous
coordinates.

In homogeneous coordinates, any point [x : y : z] with
z # 0 is equivalent to [x/z : y/z : 1]. So there are two
disjoint subsets of the projective plane: that consisting of
the points [x : y: z] = [x/z : y/z: 1] for z # 0, and that
consisting of the remaining points [x : y : 0]. The latter
set can be subdivided similarly into two disjoint subsets,
with points [x/y: 1 : 0] and [x : O : O]. In the last case, x
is necessarily nonzero, because the origin was not part of
P?(R). This last point is equivalent to [1: 0: 0]. Geomet-
rically, the first subset, which is isomorphic (not only as
a set, but also as a manifold, as will be seen later) to R2,
is in the image the yellow upper hemisphere (without the
equator), or equivalently the lower hemisphere. The sec-
ond subset, isomorphic to R!, corresponds to the green
line (without the two marked points), or, again, equiva-
lently the light green line. Finally we have the red point
or the equivalent light red point. We thus have a disjoint
decomposition

P2(R) = R? u R! u point.

Intuitively, and made precise below, R! U point is itself
the real projective line P'(R). Considered as a subset of
P2(R), it is called line at infinity, whereas R? ¢ P2(R) is
called affine plane, i.e. just the usual plane.

The next objective is to make the saying “parallel lines
meet at infinity” precise. A natural bijection between the
plane z = 1 (which meets the sphere at the north pole N
= (0, 0, 1)) and the sphere of the projective plane is ac-
complished by the gnomonic projection. Each point P
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on this plane is mapped to the two intersection points of
the sphere with the line through its center and P. These
two points are identified in the projective plane. Lines
(blue) in the plane are mapped to great circles if one
also includes one pair of antipodal points on the equator.
Any two great circles intersect precisely in two antipodal
points (identified in the projective plane). Great circles
corresponding to parallel lines intersect on the equator.
So any two lines have exactly one intersection point inside
P2(R). This phenomenon is axiomatized in projective ge-
ometry.

2.2 Definition of projective space

The real projective space of dimension n or projective
n-space, P*(R), is roughly speaking the set of the lines
in R™! passing through the origin. For defining it as a
topological space and as an algebraic variety it is better to
define it as the quotient space of R"*! by the equivalence
relation “to be aligned with the origin”. More precisely,

P"(R) := (R™'\ {0})/ ~,

where ~ is the equivalence relation defined by: (x, ..., x1)
~ (o, ..., yn) if there is a non-zero real number A such that

(xgy «eer xn) = (A0, ..., Ayn).

The elements of the projective space are commonly called
points. The projective coordinates of a point P are xy, ...,
xn, where (xo, ..., xn) is any element of the corresponding
equivalence class. This is denoted P = [xg : ... : xn], the
colons and the brackets emphasizing that the right-hand
side is an equivalence class, which is defined up to the
multiplication by a non zero constant.

Instead of R, one may take any field, or even a division
ring, K. In these cases it is common!!! to use the nota-
tion PG(n, K) for P*(K). If K is a finite field of order
g, the notation is further simplified to PG(n, g). Taking
the complex numbers or the quaternions, one obtains the
complex projective space P"(C) and quaternionic projec-
tive space P"(H).

If n is one or two, it is also called projective line or

projective plane, respectively. The complex projective
line is also called the Riemann sphere.


https://en.wikipedia.org/wiki/Real_projective_plane
https://en.wikipedia.org/wiki/Sphere
https://en.wikipedia.org/wiki/Antipodal_point
https://en.wikipedia.org/wiki/Equivalence_classes
https://en.wikipedia.org/wiki/Iff
https://en.wikipedia.org/wiki/Homogeneous_coordinates
https://en.wikipedia.org/wiki/Homogeneous_coordinates
https://en.wikipedia.org/wiki/Real_projective_line
https://en.wikipedia.org/wiki/North_pole
https://en.wikipedia.org/wiki/Gnomonic_projection
https://en.wikipedia.org/wiki/Great_circles
https://en.wikipedia.org/wiki/Projective_geometry
https://en.wikipedia.org/wiki/Projective_geometry
https://en.wikipedia.org/wiki/Real_projective_space
https://en.wikipedia.org/wiki/Topological_space
https://en.wikipedia.org/wiki/Algebraic_variety
https://en.wikipedia.org/wiki/Quotient_space_(topology)
https://en.wikipedia.org/wiki/Equivalence_relation
https://en.wikipedia.org/wiki/Equivalence_relation
https://en.wikipedia.org/wiki/Point_(geometry)
https://en.wikipedia.org/wiki/Projective_coordinates
https://en.wikipedia.org/wiki/Up_to
https://en.wikipedia.org/wiki/Division_ring
https://en.wikipedia.org/wiki/Division_ring
https://en.wikipedia.org/wiki/Quaternions
https://en.wikipedia.org/wiki/Complex_projective_space
https://en.wikipedia.org/wiki/Quaternionic_projective_space
https://en.wikipedia.org/wiki/Quaternionic_projective_space
https://en.wikipedia.org/wiki/Projective_line
https://en.wikipedia.org/wiki/Projective_plane
https://en.wikipedia.org/wiki/Riemann_sphere

2.4. PROJECTIVE SPACES IN ALGEBRAIC GEOMETRY

Slightly more generally, for a vector space V (over some
field k, or even more generally a module V over some
division ring), P(V) is defined to be (V \ {0}) / ~, where
two non-zero vectors vi, ve in V are equivalent if they
differ by a non-zero scalar 4, i.e., vi = Avy. The vector
space need not be finite-dimensional; thus, for example,
there is the theory of projective Hilbert spaces.

2.3 Projective space as a manifold

We first define a topology on projective space by declar-
ing that these maps shall be homeomorphisms, that is, a
subset of Ui is open iff its image under the above isomor-
phism is an open subset (in the usual sense) of R”. An
arbitrary subset A of P"(R) is open if all intersections A
N Ui are open. This defines a topological space.

The manifold structure is given by the above maps, too.
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Manifold structure of the real projective line

The above definition of projective space gives a set.
For purposes of differential geometry, which deals with
manifolds, it is useful to endow this set with a (real or
complex) manifold structure.

Namely, identifying a point of the projective space with
its homogeneous coordinates, let us consider the follow-
ing subsets of the projective space:

Ui:{[$02~.~:l‘n]’$i7é0}7 7/:0,,7’1

By the definition of projective space, their union is the

whole projective space. Furthermore, Ui is in bijection
with R” (or C") via the following maps:

o zi Ty,
Zmn}i—> T ey Ty ey T

[yo: - :yim1:Ll:yivr: - yn] + (Yo,---

g ¢ -

T
(the hat means that the i-th entry is missing).

The example image shows P!(R). (Antipodal points are
identified in P*(R), though). It is covered by two copies

of the real line R, each of which covers the projective line
except one point, which is “the” (or “a”) point at infinity.

Yn)

Different visualization of the projective line

Another way to think about the projective line is the fol-
lowing: take two copies of the affine line with coordinates
x and y, respectively, and glue them together along the
subsets x # 0 and y # 0 via the maps

1 1
T =,y —.
z Y
The resulting manifold is the projective line. The charts
given by this construction are the same as the ones above.
Similar presentations exist for higher-dimensional pro-
jective spaces.

The above decomposition in disjoint subsets reads in this
generality:

P'R)=R*uR" " u--- uR'LURY,

this so-called cell-decomposition can be used to calculate
the singular cohomology of projective space.

All of the above holds for complex projective space, too.
The complex projective line P1(C) is an example of a
Riemann surface.

2.4 Projective spaces in algebraic
geometry

Main article: Algebraic geometry of projective spaces

The covering by the above open subsets also shows that
projective space is an algebraic variety (or scheme), it is
covered by n + 1 affine n-spaces. The construction of
projective scheme is an instance of the Proj construction.
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2.5 Projective spaces in algebraic
topology

Real projective n-space has a quite straightforward CW
complex structure. That is, each n-dimensional real pro-
jective space has only one n-dimensional cell.

2.6 Projective space and affine

space
}"2 — IB —X+1
3
e
-1 1 2
P e
-3

Example for Bézout's theorem

There are some advantages of the projective space com-
pared with affine space (e.g. P"(R) vs. A”(R)). For these
reasons it is important to know when a given manifold or
variety is projective, i.e. embeds into (is a closed subset
of) projective space. (Very) ample line bundles are de-
signed to tackle this question.

Note that a projective space can be formed by the projec-
tivization of a vector space, as lines through the origin, but
cannot be formed from an affine space without a choice
of basepoint. That is, affine spaces are open subspaces of
projective spaces, which are quotients of vector spaces.

CHAPTER 2. PROJECTIVE SPACE

e Projective space is a compact topological space,
affine space is not. Therefore, Liouville’s theorem
applies to show that every holomorphic function on
P"(C) is constant. Another consequence is, for ex-
ample, that integration of functions or differential
forms on P" does not cause convergence issues.

e On a projective complex manifold X, cohomology
groups of coherent sheaves are finitely generated.
(The above example is HO(P"(C), 0), the zeroth
cohomology of the sheaf of holomorphic functions
0). In the parlance of algebraic geometry, projec-
tive space is proper. The above results hold in this
context, too.

e For complex projective space, every complex sub-
manifold X c P*(C) (i.e., a manifold cut out by
holomorphic equations) is necessarily an algebraic
variety (i.e., given by polynomial equations). This
is Chow’s theorem, it allows the direct use of
algebraic—geometric methods for these ad hoc an-
alytically defined objects.

e As outlined above, lines in P? or more generally
hyperplanes in P" always do intersect. This extends
to non-linear objects, as well: appropriately defining
the degree of an algebraic curve, which is roughly
the degree of the polynomials needed to define the
curve (see Hilbert polynomial), it is true (over an
algebraically closed field k) that any two projective
curves C1, Co C P*(k) of degree e and f intersect in
exactly ef points, counting them with multiplicities
(see Bézout’s theorem). This is applied, for exam-
ple, in defining a group structure on the points of an
elliptic curve, like y? = x3 — x + 1. The degree of an
elliptic curve is 3. Consider the line x = 1, which in-
tersects the curve (inside affine space) exactly twice,
namely in (1, 1) and (1, —1). However, inside P?,
the projective closure of the curve is given by the
homogeneous equation

yz=x3-x72 + 25,

which intersects the line (given inside P? by x = z)
in three points: [1: 1: 1], [1: —1: 1] (corresponding
to the two points mentioned above), and [0: 1: O].

e Any projective group variety, i.e. a projective vari-
ety, whose points form an abstract group, is neces-
sarily an abelian variety. Elliptic curves are exam-
ples for abelian varieties. The commutativity fails
for non-projective group varieties, as the example
GLn(k) (the general linear group) shows.

2.7 Axioms for projective space

A projective space S can be defined axiomatically as a
set P (the set of points), together with a set L of subsets
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2.7. AXIOMS FOR PROJECTIVE SPACE

of P (the set of lines), satisfying these axioms:(?!

e Each two distinct points p and ¢ are in exactly one
line.

e Veblen's axiom:[*! If a, b, ¢, d are distinct points and
the lines through ab and cd meet, then so do the lines
through ac and bd.

e Any line has at least 3 points on it.

The last axiom eliminates reducible cases that can be
written as a disjoint union of projective spaces together
with 2-point lines joining any two points in distinct pro-
jective spaces. More abstractly, it can be defined as an
incidence structure (P, L, I) consisting of a set P of points,
a set L of lines, and an incidence relation / stating which
points lie on which lines.

The structures defined by these axioms are more general
than those obtained from the vector space construction
given above. If the (projective) dimension is at least three
then, by the Veblen—Young theorem, there is no differ-
ence. However, for dimension two there are examples
which satisfy these axioms that can not be constructed
from vector spaces (or even modules over division rings).
These examples do not satisfy the Theorem of Desargues
and are known as Non-Desarguesian planes. In dimen-
sion one, any set with at least three elements satisfies the
axioms, so it is usual to assume additional structure for
projective lines defined axiomatically.!

It is possible to avoid the troublesome cases in low di-
mensions by adding or modifying axioms that define a
projective space. Coxeter (1969, p. 231) gives such an
extension due to Bachmann.! To ensure that the dimen-
sion is at least two, replace the three point per line axiom
above by;

e There exist four points, no three of which are
collinear.

To avoid the non-Desarguesian planes, include Pappus’s
theorem as an axiom;'®!

o If the six vertices of a hexagon lie alternately on two
lines, the three points of intersection of pairs of op-
posite sides are collinear.

And, to ensure that the vector space is defined over a field
that does not have even characteristic include Fano’s ax-
iy -L7]

iom;

e The three diagonal points of a complete quadrangle
are never collinear.

A subspace of the projective space is a subset X, such
that any line containing two points of X is a subset of X

(that is, completely contained in X). The full space and
the empty space are always subspaces.

The geometric dimension of the space is said to be n if
that is the largest number for which there is a strictly as-
cending chain of subspaces of this form:

g=X_1CXgC---X,=P.

A subspace X; in such a chain is said to have (geometric)
dimension ¢ . Subspaces of dimension 0 are called points,
those of dimension 1 are called /ines and so on. If the full
space has dimension n then any subspace of dimension
n — 11is called a hyperplane.

2.7.1 Classification

e Dimension O (no lines): The space is a single point.

e Dimension 1 (exactly one line): All points lie on the
unique line.

e Dimension 2: There are at least 2 lines, and any two
lines meet. A projective space for n =2 is equivalent
to a projective plane. These are much harder to clas-
sify, as not all of them are isomorphic with a PG(d,
K). The Desarguesian planes (those which are iso-
morphic with a PG(2, K)) satisfy Desargues’s the-
orem and are projective planes over division rings,
but there are many non-Desarguesian planes.

e Dimension at least 3: Two non-intersecting lines ex-
ist. Veblen & Young (1965) proved the Veblen—
Young theorem that every projective space of di-
mension n = 3 is isomorphic with a PG(n, K), the
n-dimensional projective space over some division
ring K.

2.7.2 Finite projective spaces and planes

For more details on finite projective planes, see Projective
plane § Finite projective planes.

A finite projective space is a projective space where P is
a finite set of points. In any finite projective space, each
line contains the same number of points and the order of
the space is defined as one less than this common number.
For finite projective spaces of dimension at least three,
Wedderburn’s theorem implies that the division ring over
which the projective space is defined must be a finite field,
GF(g), whose order (that is, number of elements) is g
(a prime power). A finite projective space defined over
such a finite field will have g + 1 points on a line, so the
two concepts of order will coincide. Notationally, PG(n,
GF(g)) is usually written as PG(n, q).

All finite fields of the same order are isomorphic, so, up
to isomorphism, there is only one finite projective space
for each dimension greater than or equal to three, over a
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The Fano plane

given finite field. However, in dimension two there are
non-Desarguesian planes. Up to isomorphism there are

1,1,1,1,0,1, 1,4, 0, ... (sequence A001231
in OEIS)

finite projective planes of orders 2, 3, 4, ..., 10, respec-
tively. The numbers beyond this are very difficult to cal-
culate and are not determined except for some zero values
due to the Bruck—Ryser theorem.

The smallest projective plane is the Fano plane, PG(2, 2)
with 7 points and 7 lines.

2.8 Morphisms

Injective linear maps 7 € L(V, W) between two vector
spaces V and W over the same field k induce mappings
of the corresponding projective spaces P(V) — P(W) via:

vl = [TW)],

where v is a non-zero element of V and [...] denotes the
equivalence classes of a vector under the defining identi-
fication of the respective projective spaces. Since mem-
bers of the equivalence class differ by a scalar factor, and
linear maps preserve scalar factors, this induced map is
well-defined. (If T is not injective, it will have a null space
larger than {0}; in this case the meaning of the class of
T(v) is problematic if v is non-zero and in the null space.
In this case one obtains a so-called rational map, see also
birational geometry).

Two linear maps S and 7 in L(V, W) induce the same
map between P(V) and P(W) if and only if they differ by
a scalar multiple, that is if 7' = AS for some A # 0. Thus

CHAPTER 2. PROJECTIVE SPACE

if one identifies the scalar multiples of the identity map
with the underlying field K, the set of K-linear morphisms
from P(V) to P(W) is simply P(L(V, W)).

The automorphisms P(V) — P(V) can be described more
concretely. (We deal only with automorphisms preserv-
ing the base field K). Using the notion of sheaves gener-
ated by global sections, it can be shown that any algebraic
(not necessarily linear) automorphism has to be linear,
i.e. coming from a (linear) automorphism of the vector
space V. The latter form the group GL(V). By identifying
maps that differ by a scalar, one concludes that

Aut(P(V)) = Aut(V)/K* = GL(V)/KX =
PGL(V),

the quotient group of GL(V) modulo the matrices which
are scalar multiples of the identity. (These matrices
form the center of Aut(V).) The groups PGL are called
projective linear groups. The automorphisms of the com-
plex projective line P*(C) are called Mobius transforma-
tions.

2.9 Dual projective space

When the construction above is applied to the dual space
V* rather than V, one obtains the dual projective space,
which can be canonically identified with the space of hy-
perplanes through the origin of V. Thatis, if V isn dimen-
sional, then P(V") is the Grassmannian of n — 1 planes in
V.

In algebraic geometry, this construction allows for greater
flexibility in the construction of projective bundles. One
would like to be able associate a projective space to ev-
ery quasi-coherent sheaf E over a scheme Y, not just the
locally free ones. See EGAII, Chap. II, par. 4 for more
details.

2.10 Generalizations

dimension The projective space, being the “space” of
all one-dimensional linear subspaces of a given vec-
tor space V is generalized to Grassmannian man-
ifold, which is parametrizing higher-dimensional
subspaces (of some fixed dimension) of V.

sequence of subspaces More generally flag manifold is
the space of flags, i.e. chains of linear subspaces of
V.

other subvarieties Even more generally, moduli spaces
parametrize objects such as elliptic curves of a given
kind.

other rings Generalizing to associative rings (rather
than fields) yields the projective line over a ring
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patching Patching projective spaces together yields
projective space bundles.

Severi—Brauer varieties are algebraic varieties over a field
k which become isomorphic to projective spaces after an
extension of the base field k.

Another generalization of projective spaces are weighted
projective spaces; these are themselves special cases of
toric varieties.[®!

2.11 See also

2.11.1 Generalizations

e Grassmannian manifold
e Projective line over a ring

e Space (mathematics)

2.11.2 Projective geometry

e projective transformation

e projective representation

2.11.3 Related

e Geometric algebra

2.12 Notes

[1] Mauro Biliotti, Vikram Jha, Norman L. Johnson (2001)
Foundations of Translation Planes, p 506, Marcel Dekker
ISBN 0-8247-0609-9

[2] Beutelspacher & Rosenbaum 1998, pgs. 6-7

[3] also referred to as the Veblen—Young axiom and mistak-
enly as the axiom of Pasch (Beutelspacher & Rosenbaum
1998, pgs. 6-7). Pasch was concerned with real projec-
tive space and was attempting to introduce order, which is
not a concern of the Veblen—Young axiom.

[4] Baer 2005, p. 71

[5] Bachmann, F. (1959), Aufbau der Geometrie aus dem
Spiegelsbegriff, Grundlehren der mathematischen Wis-
senschaftern, 96, Berlin: Springer, pp. 7677

[6] As Pappus’s theorem implies Desargues’s theorem this
eliminates the non-Desarguesian planes and also implies
that the space is defined over a field (and not a division
ring).

[7] This restriction allows the real and complex fields to be
used (zero characteristic) but removes the Fano plane and
other planes that exhibit atypical behavior.

[8] Mukai 2003, example 3.72
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Chapter 3

Cardinal point (optics)

For other uses, see Cardinal point (disambiguation).

In Gaussian optics, the cardinal points consist of three
pairs of points located on the optical axis of a rotationally
symmetric, focal, optical system. These are the focal
points, the principal points, and the nodal points.!!
For ideal systems, the basic imaging properties such as
image size, location, and orientation are completely de-
termined by the locations of the cardinal points; in fact
only four points are necessary: the focal points and either
the principal or nodal points. The only ideal system that
has been achieved in practice is the plane mirror,'?! how-
ever the cardinal points are widely used to approximate
the behavior of real optical systems. Cardinal points pro-
vide a way to analytically simplify a system with many
components, allowing the imaging characteristics of the
system to be approximately determined with simple cal-
culations.

3.1 Explanation

The cardinal points lie on the optical axis of the optical
system. Each point is defined by the effect the optical
system has on rays that pass through that point, in the
paraxial approximation. The paraxial approximation as-
sumes that rays travel at shallow angles with respect to the
optical axis, so that sinf =~ 6 and cos ~ 1 .}/ Aper-
ture effects are ignored: rays that do not pass through the
aperture stop of the system are not considered in the dis-
cussion below.

3.1.1 Focal planes

See also: Focus (optics) and Focal length

The front focal point of an optical system, by definition,
has the property that any ray that passes through it will
emerge from the system parallel to the optical axis. The
rear (or back) focal point of the system has the reverse
property: rays that enter the system parallel to the optical
axis are focused such that they pass through the rear focal
point.
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The cardinal points of a thick lens in air.
F, F' front and rear focal points,

P, P’ front and rear principal points,

V, V' front and rear surface vertices.

The front and rear (or back) focal planes are defined as
the planes, perpendicular to the optic axis, which pass
through the front and rear focal points. An object in-
finitely far from the optical system forms an image at the
rear focal plane. For objects a finite distance away, the
image is formed at a different location, but rays that leave
the object parallel to one another cross at the rear focal
plane.

A diaphragm or “stop” at the rear focal plane can be used
to filter rays by angle, since:
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3.1. EXPLANATION

object

convergent lens

back focal plane

image plane

Rays that leave the object with the same angle cross at the back
focal plane.

object

convergent lens

aperture

image plane

Angle filtering with an aperture at the rear focal plane.

1. It only allows rays to pass that are emitted at an angle
(relative to the optical axis) that is sufficiently small.
(An infinitely small aperture would only allow rays
that are emitted along the optical axis to pass.)

2. No matter where on the object the ray comes from,
the ray will pass through the aperture as long as the
angle at which it is emitted from the object is small
enough.

Note that the aperture must be centered on the optical axis
for this to work as indicated. Using a sufficiently small
aperture in the focal plane will make the lens telecentric.

Similarly, the allowed range of angles on the output side
of the lens can be filtered by putting an aperture at the
front focal plane of the lens (or a lens group within the
overall lens). This is important for DSLR cameras having
CCD sensors. The pixels in these sensors are more sen-
sitive to rays that hit them straight on than to those that
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strike at an angle. A lens that does not control the angle
of incidence at the detector will produce pixel vignetting
in the images.

3.1.2 Principal planes and points

Various lens shapes, and the location of the principal planes.

The two principal planes have the property that a ray
emerging from the lens appears to have crossed the rear
principal plane at the same distance from the axis that
that ray appeared to cross the front principal plane, as
viewed from the front of the lens. This means that the
lens can be treated as if all of the refraction happened at
the principal planes. The principal planes are crucial in
defining the optical properties of the system, since it is
the distance of the object and image from the front and
rear principal planes that determines the magnification of
the system. The principal points are the points where the
principal planes cross the optical axis.

If the medium surrounding the optical system has a
refractive index of 1 (e.g., air or vacuum), then the dis-
tance from the principal planes to their corresponding
focal points is just the focal length of the system. In
the more general case, the distance to the foci is the fo-
cal length multiplied by the index of refraction of the
medium.

For a thin lens in air, the principal planes both lie at the lo-
cation of the lens. The point where they cross the optical
axis is sometimes misleadingly called the optical centre
of the lens. Note, however, that for a real lens the prin-
cipal planes do not necessarily pass through the centre of
the lens, and in general may not lie inside the lens at all.

3.1.3 Nodal points

The front and rear nodal points have the property that a
ray aimed at one of them will be refracted by the lens such
that it appears to have come from the other, and with the
same angle with respect to the optical axis. The nodal
points therefore do for angles what the principal planes do
for transverse distance. If the medium on both sides of


https://en.wikipedia.org/wiki/Optical_axis
https://en.wikipedia.org/wiki/Telecentric_lens
https://en.wikipedia.org/wiki/DSLR_camera
https://en.wikipedia.org/wiki/Charge-coupled_device
https://en.wikipedia.org/wiki/Pixel_vignetting
https://en.wikipedia.org/wiki/Magnification
https://en.wikipedia.org/wiki/Refractive_index
https://en.wikipedia.org/wiki/Vacuum
https://en.wikipedia.org/wiki/Focal_length
https://en.wikipedia.org/wiki/Thin_lens

14

N, N' The front and rear nodal points of a thick lens.

the optical system is the same (e.g., air), then the front and
rear nodal points coincide with the front and rear principal
points, respectively.

The nodal points are widely misunderstood in
photography, where it is commonly asserted that
the light rays “intersect” at “the nodal point”, that the iris
diaphragm of the lens is located there, and that this is the
correct pivot point for panoramic photography, so as to
avoid parallax error.¥31®] These claims generally arise
from confusion about the optics of camera lenses, as
well as confusion between the nodal points and the other
cardinal points of the system. (A better choice of the
point about which to pivot a camera for panoramic pho-
tography can be shown to be the centre of the system’s
entrance pupil.“IPM%1 On the other hand, swing-lens
cameras with fixed film position rotate the lens about the
rear nodal point to stabilize the image on the film.[*17)

3.1.4 Surface vertices

The surface vertices are the points where each optical sur-
face crosses the optical axis. They are important primar-
ily because they are the physically measurable parameters
for the position of the optical elements, and so the posi-
tions of the cardinal points must be known with respect
to the vertices to describe the physical system.

In anatomy, the surface vertices of the eye’s lens are called
the anterior and posterior poles of the lens.®!

3.2 Modeling optical systems as
mathematical transformations

In geometrical optics for each ray entering an optical sys-
tem a single, unique, ray exits. In mathematical terms,
the optical system performs a transformation that maps

CHAPTER 3. CARDINAL POINT (OPTICS)

every object ray to an image ray.!!! The object ray and
its associated image ray are said to be conjugate to each
other. This term also applies to corresponding pairs of
object and image points and planes. The object and im-
age rays and points are considered to be in two distinct
optical spaces, object space and image space; additional
intermediate optical spaces may be used as well.

3.2.1 Rotationally symmetric optical sys-
tems; Optical axis, axial points, and
meridional planes

An optical system is rotationally symmetric if its imaging
properties are unchanged by any rotation about some axis.
This (unique) axis of rotational symmetry is the optical
axis of the system. Optical systems can be folded using
plane mirrors; the system is still considered to be rotation-
ally symmetric if it possesses rotational symmetry when
unfolded. Any point on the optical axis (in any space) is
an axial point.

Rotational symmetry greatly simplifies the analysis of op-
tical systems, which otherwise must be analyzed in three
dimensions. Rotational symmetry allows the system to
be analyzed by considering only rays confined to a single
transverse plane containing the optical axis. Such a plane
is called a meridional plane; it is a cross-section through
the system.

3.2.2 Ideal, rotationally symmetric, optical
imaging system

An ideal, rotationally symmetric, optical imaging system
must meet three criteria:

1. All rays “originating” from any object point con-
verge to a single image point (Imaging is stigmatic).

2. Object planes perpendicular to the optical axis are
conjugate to image planes perpendicular to the axis.

3. The image of an object confined to a plane normal
to the axis is geometrically similar to the object.

In some optical systems imaging is stigmatic for one or
perhaps a few object points, but to be an ideal system
imaging must be stigmatic for every object point.

Unlike rays in mathematics, optical rays extend to infinity
in both directions. Rays are real when they are in the part
of the optical system to which they apply, and are virtual
elsewhere. For example, object rays are real on the ob-
ject side of the optical system. In stigmatic imaging an
object ray intersecting any specific point in object space
must be conjugate to an image ray intersecting the con-
jugate point in image space. A consequence is that every
point on an object ray is conjugate to some point on the
conjugate image ray.
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3.5. EXTERNAL LINKS

Geometrical similarity implies the image is a scale model
of the object. There is no restriction on the image’s ori-
entation. The image may be inverted or otherwise rotated
with respect to the object.

3.2.3 Focal and afocal systems, focal points

In afocal systems an object ray parallel to the optical axis
is conjugate to an image ray parallel to the optical axis.
Such systems have no focal points (hence afocal) and also
lack principal and nodal points. The system is focal if an
object ray parallel to the axis is conjugate to an image
ray that intersects the optical axis. The intersection of
the image ray with the optical axis is the focal point F' in
image space. Focal systems also have an axial object point
F such that any ray through F is conjugate to an image
ray parallel to the optical axis. F is the object space focal
point of the system.

3.2.4 Transformation

The transformation between object space and image
space is completely defined by the cardinal points of the
system, and these points can be used to map any point on
the object to its conjugate image point.

3.3 See also

e Film plane
e Pinhole camera model
e Radius of curvature (optics)

e Vergence (optics)
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Chapter 4

Triangulation (computer vision)

For a broader coverage related to this topic, see
Computer stereo vision.
For other uses, see Triangulation (disambiguation).

In computer vision triangulation refers to the process
of determining a point in 3D space given its projections
onto two, or more, images. In order to solve this prob-
lem it is necessary to know the parameters of the camera
projection function from 3D to 2D for the cameras in-
volved, in the simplest case represented by the camera
matrices. Triangulation is sometimes also referred to as
reconstruction.

The triangulation problem is in theory trivial. Since each
point in an image corresponds to a line in 3D space, all
points on the line are projected to the point in the image.
If a pair of corresponding points in two, or more images,
can be found it must be the case that they are the projec-
tion of a common 3D point x. The set of lines generated
by the image points must intersect at x and the algebraic
formulation of the coordinates of x can be computed in
a variety of ways, as is presented below.

In practice, however, the coordinates of image points can-
not be measured with arbitrary accuracy. Instead, various
types of noise, such as geometric noise from lens distor-
tion or interest point detection error, lead to inaccuracies
in the measured image coordinates. As a consequence,
the lines generated by the corresponding image points do
not always intersect in 3D space. The problem, then, is to
find a 3D point which optimally fits the measured image
points. In the literature there are multiple proposals for
how to define optimality and how to find the optimal 3D
point. Since they are based on different optimality cri-
teria, the various methods produce different estimates of
the 3D point x when noise is involved.

4.1 Introduction

In the following, it is assumed that triangulation is made
on corresponding image points from two views generated
by pinhole cameras. Generalization from these assump-
tions are discussed here.

The image to the left illustrates the epipolar geometry of a
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The ideal case of epipolar geometry. A 3D point x is projected
onto two camera images through lines (green) which intersect
with each camera’s focal point, O1 and Os. The resulting im-
age points are y1 and y2. The green lines intersect at x.

In practice, the image points y1 and y> cannot be measured with
arbitrary accuracy. Instead points y'1 and y's are detected and
used for the triangulation. The corresponding projection lines
(blue) do not, in general, intersect in 3D space and may also not
intersect with point x.

pair of stereo cameras of pinhole model. A point x in 3D
space is projected onto the respective image plane along a
line (green) which goes through the camera’s focal point,
0; and O, , resulting in the two corresponding image
points y; and ys . If y; and ys are given and the geom-
etry of the two cameras are known, the two projection
lines can be determined and it must be the case that they
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4.2. PROPERTIES OF TRIANGULATION METHODS

intersect at point X. Using basic linear algebra that in-
tersection point can be determined in a straightforward
way.

The image to the right shows the real case. The position
of the image points y; and y, cannot be measured exactly.
The reason is a combination of factors such as

e Geometric distortion, for example lens distortion,
which means that the 3D to 2D mapping of the cam-
era deviates from the pinhole camera model. To
some extent these errors can be compensated for,
leaving a residual geometric error.

e A single ray of light from x is dispersed in the lens
system of the cameras according to a point spread
function. The recovery of the corresponding image
point from measurements of the dispersed intensity
function in the images gives errors.

o In digital camera the image intensity function is only
measured in discrete sensor elements. Inexact inter-
polation of the discrete intensity function have to be
used to recover the true one.

e The image points used for triangulation are often
found using various types of feature extractors, for
example of corners or interest points in general.
There is an inherent localization error for any type
of feature extraction based on neighborhood opera-
tions.

As a consequence, the measured image points are y; and
y5 instead of y; and yo . However, their projection lines
(blue) do not have to intersect in 3D space or come close
to x. In fact, these lines intersect if and only if y} and y},
satisfy the epipolar constraint defined by the fundamental
matrix. Given the measurement noise in y; and y} it is
rather likely that the epipolar constraint is not satisfied
and the projection lines do not intersect.

This observation leads to the problem which is solved in
triangulation. Which 3D point X, is the best estimate
of x given y} and y} and the geometry of the cameras?
The answer is often found by defining an error measure
which depends on X,y and then minimize this error. In
the following some of the various methods for computing
Xest presented in the literature are briefly described.

All triangulation methods produce X = X in the case
that y; = y} and yo = y} , that is, when the epipo-
lar constraint is satisfied (except for singular points, see
below). It is what happens when the constraint is not sat-
isfied which differs between the methods.

4.2 Properties of

methods

triangulation

A triangulation method can be described in terms of a
function 7 such that
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X~ T(yllayl25C17C2)

where y/ , y5 are the homogeneous coordinates of the de-
tected image points and C;, Co are the camera matrices.
x is the homogeneous representation of the resulting 3D
point. The ~ sign implies that 7 is only required to pro-
duce a vector which is equal to x up to a multiplication
by a non-zero scalar since homogeneous vectors are in-
volved.

Before looking at the specific methods, that is, specific
functions 7 , there are some general concepts related to
the methods that need to be explained. Which triangula-
tion method is chosen for a particular problem depends
to some extent on these characteristics.

4.2.1 Singularities

Some of the methods fail to correctly compute an esti-
mate of x if it lies in a certain subset of the 3D space,
corresponding to some combination of y},y5,C1,Cs .
A point in this subset is then a singularity of the trian-
gulation method. The reason for the failure can be that
some equation system to be solved is under-determined
or that the projective representation of X becomes the
zero vector for the singular points.

4.2.2 Invariance

In some applications, it is desirable that the triangulation
is independent of the coordinate system used to represent
3D points; if the triangulation problem is formulated in
one coordinate system and then transformed into another
the resulting estimate Xes should transform in the same
way. This property is commonly referred to as invari-
ance. Not every triangulation method assures invariance,
at least not for general types of coordinate transforma-
tions.

For a homogeneous representation of 3D coordinates, the
most general transformation is a projective transforma-
tion, represented by a 4 x 4 matrix T . If the homoge-
neous coordinates are transformed according to

R~ Tx

then the camera matrices must transform as

@k ~ Cg T !

to produce the same homogeneous image coordinates

Y N@k@:Ckx
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If the triangulation function 7 is invariant to T then the
following relation must be valid

Igest ~ T Xes

from which follows that

T(yllay/27cl7c2) ~
T_l T(y/17 y/2) Cl T_la C2 T_l), for all
Y1, ¥a

For each triangulation method, it can be determined if
this last relation is valid. If it is, it may be satisfied only for
a subset of the projective transformations, for example,
rigid or affine transformations.

4.2.3 Computational complexity

The function 7 is only an abstract representation of a
computation which, in practice, may be relatively com-
plex. Some methods result in a 7 which is a closed-form
continuous function while others need to be decomposed
into a series of computational steps involving, for exam-
ple, SVD or finding the roots of a polynomial. Yet an-
other class of methods results in 7 which must rely on
iterative estimation of some parameters. This means that
both the computation time and the complexity of the op-
erations involved may vary between the different meth-
ods.

4.3 Some triangulation methods
found in the literature

4.3.1 Mid-point method

Each of the two image points y; and y) has a correspond-
ing projection line (blue in the right image above), here
denoted as L and L/, , which can be determined given
the camera matrices C1,C, . Let d be a distance func-
tion between a 3D line and a 3D point such that

d(L,x) = the Euclidean distance between L
and X .

The midpoint method finds the point Xy which mini-
mizes

d(Ly,x)* + d(L, x)*

It turns out that X. lies exactly at the middle of the short-
est line segment which joins the two projection lines.
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4.3.2 Direct linear transformation

Main article: Direct linear transformation

4.3.3 Via the essential matrix

4.3.4 Optimal triangulation

4.4 References

e Richard Hartley and Andrew Zisserman (2003).
Multiple View Geometry in computer vision. Cam-
bridge University Press. ISBN 978-0-521-54051-3.


https://en.wikipedia.org/wiki/Singular_value_decomposition
https://en.wikipedia.org/wiki/Direct_linear_transformation
https://en.wikipedia.org/wiki/International_Standard_Book_Number
https://en.wikipedia.org/wiki/Special:BookSources/978-0-521-54051-3

Chapter 5

Pinhole camera model

For a broader coverage related to this topic, see Epipolar
geometry.
The pinhole camera model describes the mathematical

A diagram of a pinhole camera.

relationship between the coordinates of a 3D point and its
projection onto the image plane of an ideal pinhole cam-
era, where the camera aperture is described as a point and
no lenses are used to focus light. The model does not in-
clude, for example, geometric distortions or blurring of
unfocused objects caused by lenses and finite sized aper-
tures. It also does not take into account that most prac-
tical cameras have only discrete image coordinates. This
means that the pinhole camera model can only be used
as a first order approximation of the mapping from a 3D
scene to a 2D image. Its validity depends on the quality of
the camera and, in general, decreases from the center of
the image to the edges as lens distortion effects increase.

Some of the effects that the pinhole camera model does
not take into account can be compensated, for example by
applying suitable coordinate transformations on the im-
age coordinates, and other effects are sufficiently small to
be neglected if a high quality camera is used. This means
that the pinhole camera model often can be used as a rea-
sonable description of how a camera depicts a 3D scene,
for example in computer vision and computer graphics.

19

5.1

The geometry and mathematics
of the pinhole camera

Image plane

The geometry of a pinhole camera

NOTE: The x1x2x3 coordinate system in the figure is left-
handed, that is the direction of the OZ axis is in reverse to
the system the reader may be used to.

The geometry related to the mapping of a pinhole camera
is illustrated in the figure. The figure contains the follow-
ing basic objects:

e A 3D orthogonal coordinate system with its origin
at O. This is also where the camera aperture is lo-
cated. The three axes of the coordinate system are
referred to as X1, X2, X3. Axis X3 is pointing in
the viewing direction of the camera and is referred
to as the optical axis, principal axis, or principal ray.
The 3D plane which intersects with axes X1 and X2
is the front side of the camera, or principal plane.

An image plane where the 3D world is projected
through the aperture of the camera. The image
plane is parallel to axes X1 and X2 and is located
at distance f from the origin O in the negative di-
rection of the X3 axis. A practical implementation
of a pinhole camera implies that the image plane is
located such that it intersects the X3 axis at coordi-
nate -f where f > 0. f is also referred to as the focal
length of the pinhole camera.
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e A point R at the intersection of the optical axis and
the image plane. This point is referred to as the prin-
cipal point or image center.

e A point P somewhere in the world at coordinate
(21,22, x3) relative to the axes X1,X2,X3.

o The projection line of point P into the camera. This
is the green line which passes through point P and
the point O.

e The projection of point P onto the image plane, de-
noted Q. This point is given by the intersection of
the projection line (green) and the image plane. In
any practical situation we can assume that x3 > 0
which means that the intersection point is well de-
fined.

e There is also a 2D coordinate system in the image
plane, with origin at R and with axes Y1 and Y2
which are parallel to X1 and X2, respectively. The
coordinates of point Q relative to this coordinate
system is (y1, y2) -

The pinhole aperture of the camera, through which all
projection lines must pass, is assumed to be infinitely
small, a point. In the literature this point in 3D space
is referred to as the optical (or lens or camera) center.I!]

Next we want to understand how the coordinates (y1, y2)
of point Q depend on the coordinates (x1,x2,x3) of
point P. This can be done with the help of the follow-
ing figure which shows the same scene as the previous
figure but now from above, looking down in the negative
direction of the X2 axis.

X1

The geometry of a pinhole camera as seen from the X2 axis

In this figure we see two similar triangles, both having
parts of the projection line (green) as their hypotenuses.
The catheti of the left triangle are —y; and f and the
catheti of the right triangle are x; and z3 . Since the
two triangles are similar it follows that

Y1 _ ® _ _fm
=Zory; =—
f z3 b z3

A similar investigation, looking in the negative direction
of the X1 axis gives
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—Y2 _ T2 _ _J=
F @ OTY2 z3

This can be summarized as

(m)=-4(2)

which is an expression that describes the relation between
the 3D coordinates (1, z2, z3) of point P and its image
coordinates (y1,y2) given by point Q in the image plane.

5.1.1 Rotated image and the virtual image
plane

The mapping from 3D to 2D coordinates described by
a pinhole camera is a perspective projection followed by
a 180° rotation in the image plane. This corresponds to
how a real pinhole camera operates; the resulting image
is rotated 180° and the relative size of projected objects
depends on their distance to the focal point and the overall
size of the image depends on the distance f between the
image plane and the focal point. In order to produce an
unrotated image, which is what we expect from a camera,
there are two possibilities:

e Rotate the coordinate system in the image plane
180° (in either direction). This is the way any practi-
cal implementation of a pinhole camera would solve
the problem; for a photographic camera we rotate
the image before looking at it, and for a digital cam-
era we read out the pixels in such an order that it
becomes rotated.

e Place the image plane so that it intersects the X3 axis
at f instead of at -f and rework the previous calcula-
tions. This would generate a virtual (or front) image
plane which cannot be implemented in practice, but
provides a theoretical camera which may be simpler
to analyse than the real one.

In both cases the resulting mapping from 3D coordinates
to 2D image coordinates is given by

()= =)

(same as before except no minus sign)

5.2 Homogeneous coordinates

Main article: Camera matrix

The mapping from 3D coordinates of points in space
to 2D image coordinates can also be represented in
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5.5. BIBLIOGRAPHY

homogeneous coordinates. Let x be a representation of a
3D point in homogeneous coordinates (a 4-dimensional
vector), and let y be a representation of the image of
this point in the pinhole camera (a 3-dimensional vector).
Then the following relation holds

y~Cx

where C is the 3 x 4 camera matrix and the ~ means
equality between elements of projective spaces. This im-
plies that the left and right hand sides are equal up to a
non-zero scalar multiplication. A consequence of this
relation is that also C can be seen as an element of a
projective space; two camera matrices are equivalent if
they are equal up to a scalar multiplication. This descrip-
tion of the pinhole camera mapping, as a linear transfor-
mation C instead of as a fraction of two linear expres-
sions, makes it possible to simplify many derivations of
relations between 3D and 2D coordinates.

5.3 See also

e Entrance pupil, the equivalent location of the pin-
hole in relation to object space in a real camera.

o Exit pupil, the equivalent location of the pinhole in
relation to the image plane in a real camera.

e Pinhole camera, the practical implementation of the
mathematical model described in this article.

5.4 References

[1] Andrea Fusiello (2005-12-27). “Elements of Geometric
Computer Vision”. Homepages.inf.ed.ac.uk. Retrieved
2013-12-18.
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Chapter 6

Camera matrix

In computer vision a camera matrix or (camera) pro-
jection matrix is a 3 x 4 matrix which describes the map-
ping of a pinhole camera from 3D points in the world to
2D points in an image.

Let x be a representation of a 3D point in homogeneous
coordinates (a 4-dimensional vector), and let y be a rep-
resentation of the image of this point in the pinhole cam-
era (a 3-dimensional vector). Then the following relation
holds

y~Cx

where C is the camera matrix and the ~ sign implies that
the left and right hand sides are equal up to a non-zero
scalar multiplication.

Since the camera matrix C is involved in the mapping
between elements of two projective spaces, it too can be
regarded as a projective element. This means that it has
only 11 degrees of freedom since any multiplication by a
non-zero scalar results in an equivalent camera matrix.

6.1 Derivation

The mapping from the coordinates of a 3D point P to the
2D image coordinates of the point’s projection onto the
image plane, according to the pinhole camera model is

()= =)

where (1, z2,x3) are the 3D coordinates of P relative
to a camera centered coordinate system, (y1,y2) are the
resulting image coordinates, and f is the camera’s focal
length for which we assume f > 0. Furthermore, we also
assume that x3 > 0.

I

zs3

T
T2

Y1
Y2

To derive the camera matrix this expression is rewritten
in terms of homogeneous coordinates. Instead of the 2D
vector (1, y2) we consider the projective element (a 3D
vector) y = (y1,y2, 1) and instead of equality we con-
sider equality up to scaling by a non-zero number, de-

noted ~ . First, we write the homogeneous image coor-
dinates as expressions in the usual 3D coordinates.

U f L1 T
Ya | = —— | T2 ) ~ | 22
1 T3\ z3 z3

f i

Finally, also the 3D coordinates are expressed in a ho-
mogeneous representation x and this is how the camera
matrix appears:

n 10 0 0\ ("
y2~0100i20ry~
1 3
1 00 5 o/ \¥
Cx

where C is the camera matrix, which here is given by

1 0 0 0
c=[01 0 0
00;0

and the corresponding camera matrix now becomes

1 0 0 0
c=(01 0 0]~
oo;o

The last step is a consequence of
tive element.

f 0 0 O
0 f 0 0
0 010
C itself being a projec-

The camera matrix derived here may appear trivial in the
sense that it contains very few non-zero elements. This
depends to a large extent on the particular coordinate sys-
tems which have been chosen for the 3D and 2D points.
In practice, however, other forms of camera matrices are
common, as will be shown below.

6.2 Camera position

The camera matrix C derived in the previous section has
a null space which is spanned by the vector
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This is also the homogeneous representation of the 3D
point which has coordinates (0,0,0), that is, the “camera
center” (aka the entrance pupil; the position of the pinhole
of a pinhole camera) is at O. This means that the camera
center (and only this point) cannot be mapped to a point
in the image plane by the camera (or equivalently, it maps
to all points on the image as every ray on the image goes
through this point).

For any other 3D point with z3 = 0, the result y ~
Cx is well-defined and has the form y = (y;120)" .
This corresponds to a point at infinity in the projective
image plane (even though, if the image plane is taken to
be a Euclidean plane, no corresponding intersection point
exists).

6.3 Normalized camera matrix and
normalized image coordinates

The camera matrix derived above can be simplified even
further if we assume that f = I:

1 0 0 O
Co=[0 10 0f|=(1]0)
0 010
where I here denotes a 3 x 3 identity matrix. Note that
3 x 4 matrix C here is divided into a concatenation of

a 3 X 3 matrix and a 3-dimensional vector. The camera
matrix Cy is sometimes referred to as a canonical form.

So far all points in the 3D world have been represented
in a camera centered coordinate system, that is, a coordi-
nate system which has its origin at the camera center (the
location of the pinhole of a pinhole camera). In prac-
tice however, the 3D points may be represented in terms
of coordinates relative to an arbitrary coordinate system
(X1',X2',X3"). Assuming that the camera coordinate axes
(X1,X2,X3) and the axes (X1',X2',X3") are of Euclidean
type (orthogonal and isotropic), there is a unique Eu-
clidean 3D transformation (rotation and translation) be-
tween the two coordinate systems. In other words, the
camera is not necessarily at the origin looking along the
z axis.

The two operations of rotation and translation of 3D co-
ordinates can be represented as the two 4 x 4 matrices

(o) (o)

where R is a 3 x 3 rotation matrix and t is a 3-dimensional
translation vector. When the first matrix is multiplied
onto the homogeneous representation of a 3D point, the
result is the homogeneous representation of the rotated
point, and the second matrix performs instead a transla-
tion. Performing the two operations in sequence gives a
combined rotation and translation matrix

Sy

Assuming that R and t are precisely the rotation and

translations which relate the two coordinate system

(X1,X2,X3) and (X1',X2',X3") above, this implies that
R|t

(3

where x’ is the homogeneous representation of the point
P in the coordinate system (X1',X2',X3").

Assuming also that the camera matrix is given by Cy ,
the mapping from the coordinates in the (X1',X2',X3")
system to homogeneous image coordinates becomes

yNCOX:(IO)(l; I)x’:(Rt)x’

Consequently, the camera matrix which relates points in
the coordinate system (X1',X2',X3") to image coordinates
is

Cy=(RJt)

a concatenation of a 3D rotation matrix and a 3-
dimensional translation vector.

This type of camera matrix is referred to as a normalized
camera matrix, it assumes focal length = 1 and that image
coordinates are measured in a coordinate system where
the origin is located at the intersection between axis X3
and the image plane and has the same units as the 3D
coordinate system. The resulting image coordinates are
referred to as normalized image coordinates.

6.3.1 The camera position

Again, the null space of the normalized camera matrix,
Cx described above, is spanned by the 4-dimensional
vector

(%))

This is also, again, the coordinates of the camera cen-
ter, now relative to the (X1',X2',X3") system. This can
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be seen by applying first the rotation and then the trans-
lation to the 3-dimensional vector n and the result is the
homogeneous representation of 3D coordinates (0,0,0).

This implies that the camera center (in its homogeneous
representation) lies in the null space of the camera matrix,
provided that it is represented in terms of 3D coordinates
relative to the same coordinate system as the camera ma-
trix refers to.

The normalized camera matrix Cp can now be written as

Cy=R(I|R't)=R(I|-A)

where n is the 3D coordinates of the camera relative to
the (X1',X2',X3") system.

6.4 General camera matrix

Given the mapping produced by a normalized camera ma-
trix, the resulting normalized image coordinates can be
transformed by means of an arbitrary 2D homography.
This includes 2D translations and rotations as well as scal-
ing (isotropic and anisotropic) but also general 2D per-
spective transformations. Such a transformation can be
represented as a 3 x 3 matrix H which maps the homo-
geneous normalized image coordinates y to the homoge-
neous transformed image coordinates y’ :

y =Hy

Inserting the above expression for the normalized image
coordinates in terms of the 3D coordinates gives

y =HCyX

This produces the most general form of camera matrix

C=HCy=H(R|t)

6.5 See also

e 3D projection

6.6 References

e Richard Hartley and Andrew Zisserman (2003).
Multiple View Geometry in computer vision. Cam-
bridge University Press. ISBN 0-521-54051-8.
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Chapter 7

Epipolar geometry

For a broader coverage related to this topic, see Computer
stereo vision.
Epipolar geometry is the geometry of stereo vision.

© o
‘@

Typical use case for epipolar geometry

Two cameras take a picture of the same scene from different
points of view. The epipolar geometry then describes the relation
between the two resulting views.

When two cameras view a 3D scene from two distinct
positions, there are a number of geometric relations be-
tween the 3D points and their projections onto the 2D
images that lead to constraints between the image points.
These relations are derived based on the assumption that
the cameras can be approximated by the pinhole camera
model.

7.1 Epipolar geometry

The figure below depicts two pinhole cameras looking at
point X. In real cameras, the image plane is actually be-
hind the center of projection, and produces an image that
is rotated 180 degrees. Here, however, the projection
problem is simplified by placing a virtual image plane in
front of the center of projection of each camera to pro-
duce an unrotated image. OL and OR represent the cen-
ters of projection of the two cameras. X represents the
point of interest in both cameras. Points xL. and xR are
the projections of point X onto the image planes.

Each camera captures a 2D image of the 3D world. This
conversion from 3D to 2D is referred to as a perspective
projection and is described by the pinhole camera model.
It is common to model this projection operation by rays
that emanate from the camera, passing through its center
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of projection. Note that each emanating ray corresponds
to a single point in the image.

7.1.1 Epipole or epipolar point

Since the centers of projection of the cameras are dis-
tinct, each center of projection projects onto a distinct
point into the other camera’s image plane. These two
image points are denoted by eL and eR and are called
epipoles or epipolar points. Both epipoles eL and eR in
their respective image planes and both centers of projec-
tion OL and OR lie on a single 3D line.

7.1.2 Epipolar line

The line OL-X is seen by the left camera as a point be-
cause it is directly in line with that camera’s center of pro-
jection. However, the right camera sees this line as a line
in its image plane. That line (eR—xR) in the right camera
is called an epipolar line. Symmetrically, the line OR-X
seen by the right camera as a point is seen as epipolar line
eL—xLby the left camera.

An epipolar line is a function of the 3D point X i.e. there
is a set of epipolar lines in both images if we allow X to
vary over all 3D points. Since the 3D line OL-X passes
through the center of projection OL, the corresponding
epipolar line in the right image must pass through the
epipole eR (and correspondingly for epipolar lines in the
left image). This means that all epipolar lines in one im-
age must intersect the epipolar point of that image. In
fact, any line which intersects with the epipolar point is
an epipolar line since it can be derived from some 3D
point X.

7.1.3 Epipolar plane

As an alternative visualization, consider the points X,
OL & OR that form a plane called the epipolar plane.
The epipolar plane intersects each camera’s image plane
where it forms lines—the epipolar lines. All epipolar
planes and epipolar lines intersect the epipole regardless
of where X is located.
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7.1.4 Epipolar constraint and triangula-
tion
. %
lge
x e
3 e i
X, ;
0.° ‘e,
Left view Right view
Epipolar geometry

If the relative translation and rotation of the two cameras
is known, the corresponding epipolar geometry leads to
two important observations

o If the projection point XL is known, then the epipo-
lar line eR-xR is known and the point X projects
into the right image, on a point XR which must lie
on this particular epipolar line. This means that for
each point observed in one image the same point
must be observed in the other image on a known
epipolar line. This provides an epipolar constraint
which corresponding image points must satisfy and
it means that it is possible to test if two points re-
ally correspond to the same 3D point. Epipolar con-
straints can also be described by the essential matrix
or the fundamental matrix between the two cameras.

o If the points xL. and xR are known, their projection
lines are also known. If the two image points cor-
respond to the same 3D point X the projection lines
must intersect precisely at X. This means that X can
be calculated from the coordinates of the two image
points, a process called triangulation.

7.1.5 Simplified cases

The epipolar geometry is simplified if the two camera im-
age planes coincide. In this case, the epipolar lines also
coincide (EL-PL = ER-PR). Furthermore, the epipolar
lines are parallel to the line OL-OR between the centers
of projection, and can in practice be aligned with the hor-
izontal axes of the two images. This means that for each
point in one image, its corresponding point in the other
image can be found by looking only along a horizontal
line. If the cameras cannot be positioned in this way, the
image coordinates from the cameras may be transformed
to emulate having a common image plane. This process
is called image rectification.
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Example of epipolar geometry. Two cameras, with their re-
spective centers of projection points OL and OR, observe a point
P. The projection of P onto each of the image planes is denoted
PpL and pR. Points EL and ER are the epipoles.

7.1.6 Epipolar geometry of pushbroom
sensor

In contrast to the conventional frame camera which uses a
two-dimensional CCD, pushbroom camera adopts an ar-
ray of one-dimensional CCDs to produce long continuous
image strip which is called “image carpet”. Epipolar ge-
ometry of this sensor is quite different from that of frame
cameras. First, the epipolar line of pushbroom sensor is
not straight, but hyperbola-like curve. Second, epipolar
'curve' pair does not exist.!!]

7.2 See also

3D reconstruction

e 3D reconstruction from multiple images

3D scanner

Binocular disparity

Photogrammetry

7.3 References
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Chapter 8

Fundamental matrix

In computer vision, the fundamental matrix F is a 3x3
matrix which relates corresponding points in stereo im-
ages. In epipolar geometry, with homogeneous image
coordinates, x and x’, of corresponding points in a stereo
image pair, Fx describes a line (an epipolar line) on which
the corresponding point X" on the other image must lie.
That means, for all pairs of corresponding points holds

x'TFx = 0.

Being of rank two and determined only up to scale, the
fundamental matrix can be estimated given at least seven
point correspondences. Its seven parameters represent
the only geometric information about cameras that can
be obtained through point correspondences alone.

The term “fundamental matrix” was coined by QT Luong
in his influential PhD thesis. It is sometimes also referred
to as the "bifocal tensor". As a tensor it is a two-point
tensor in that it is a bilinear form relating points in distinct
coordinate systems.

The above relation which defines the fundamental matrix
was published in 1992 by both Faugeras and Hartley. Al-
though Longuet-Higgins’ essential matrix satisfies a sim-
ilar relationship, the essential matrix is a metric object
pertaining to calibrated cameras, while the fundamental
matrix describes the correspondence in more general and
fundamental terms of projective geometry. This is cap-
tured mathematically by the relationship between a fun-
damental matrix F and its corresponding essential matrix
E , which is

E=K'FK

K and K’ being the intrinsic calibration matrices of the
two images involved.

8.1 Introduction

The fundamental matrix is a relationship between any two
images of the same scene that constrains where the pro-
jection of points from the scene can occur in both im-
ages. Given the projection of a scene point into one of

(computer vision)

the images the corresponding point in the other image is
constrained to a line, helping the search, and allowing for
the detection of wrong correspondences. The relation be-
tween corresponding image points which the fundamen-
tal matrix represents is referred to as epipolar constraint,
matching constraint, discrete matching constraint, or inci-
dence relation.

8.2 Projective reconstruction theo-
rem

The fundamental matrix can be determined by a set of
point correspondences. Additionally, these correspond-
ing image points may be friangulated to world points with
the help of camera matrices derived directly from this
fundamental matrix. The scene composed of these world
points is within a projective transformation of the true
scene.!!!

8.2.1 Proof

Say that the image point correspondence x <> x’ derives
from the world point X under the camera matrices (P, P’)
as

x = PX
x =P'X

Say we transform space by a general homography matrix
H, 4 such that X = HX .

The cameras then transform as

P, = PH!
6 — P/H—l

PoXy = PH 'HX = PX = x and likewise
with Pj, still get us the same image points.
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8.8. TOOLBOXES

8.3 Derivation of fundamental ma-
trix using coplanarity condi-
tion

Fundamental matrix can be derived using the coplanarity
condition. 2!

8.4 Properties

The fundamental matrix is of rank 2. Its kernel defines
the epipole.

8.5 See also

e Epipolar geometry

e Essential matrix

8.6 Notes

[1] Hartley 2003, pp. 266267

[2] Jaehong Oh. “Novel Approach to Epipolar Resampling of
HRSI and Satellite Stereo Imagery-based Georeferencing
of Aerial Images”, 2011, pp. 22-29 accessed 2011-08-05.
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8.9 External links

e Epipolar Geometry and the Fundamental Matrix
(chapter from Hartley & Zisserman)

e Determining the epipolar geometry and its uncer-
tainty: A review (Zhengyou Zhang)

e Visualization of epipolar geometry (originally by
Sylvain Bougnoux of INRIA Robotvis, requires
Java)

e The Fundamental Matrix Song Video demonstrating
laws of epipolar geometry.
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Chapter 9

Essential matrix

In computer vision, the essential matrix is a 3 x 3
matrix, E , with some additional properties described
below, which relates corresponding points in stereo im-
ages assuming that the cameras satisfy the pinhole camera
model.

9.1 Function

More specifically, if y and y are homogeneous
normalized image coordinates in image 1 and 2, respec-
tively, then

¥Y)TEy=0

if y and y’ correspond to the same 3D point in the scene.

The above relation which defines the essential matrix was
published in 1981 by Longuet-Higgins, introducing the
concept to the computer vision community. Hartley &
Zisserman’s book reports that an analogous matrix ap-
peared in photogrammetry long before that. Longuet-
Higgins’ paper includes an algorithm for estimating E
from a set of corresponding normalized image coordi-
nates as well as an algorithm for determining the relative
position and orientation of the two cameras given that E
is known. Finally, it shows how the 3D coordinates of
the image points can be determined with the aid of the
essential matrix.

9.2 Use

The essential matrix can be seen as a precursor to the
fundamental matrix. Both matrices can be used for estab-
lishing constraints between matching image points, but
the essential matrix can only be used in relation to cali-
brated cameras since the inner camera parameters must
be known in order to achieve the normalization. If, how-
ever, the cameras are calibrated the essential matrix can
be useful for determining both the relative position and
orientation between the cameras and the 3D position of
corresponding image points.
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9.3 Derivation and definition

This derivation follows the paper by Longuet-Higgins.

Two normalized cameras project the 3D world onto their
respective image planes. Let the 3D coordinates of a
point P be (z1, o, 23) and (2}, x4, 2%) relative to each
camera’s coordinate system. Since the cameras are nor-
malized, the corresponding image coordinates are

() =55 e () =% ()

A homogeneous representation of the two image coordi-
nates is then given by
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which also can be written more compactly as

where y and y’ are homogeneous representations of the
2D image coordinates and X and X’ are proper 3D coor-
dinates but in two different coordinate systems.

Another consequence of the normalized cameras is that
their respective coordinate systems are related by means
of a translation and rotation. This implies that the two
sets of 3D coordinates are related as

where R is a 3 x 3 rotation matrix and t is a 3-dimensional
translation vector.

Define the essential matrix as

where [t] « is the matrix representation of the cross prod-
uct with t .
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To see that this definition of the essential matrix describes
a constraint on corresponding image coordinates multiply
E from left and right with the 3D coordinates of point P
in the two different coordinate systems:

@7 ExY G- RTR[ 52 G- 07 [0 xZo

1. Insert the above relations between X’ and X and the
definition of E in terms of Rand t .

2. RT R = Isince R is a rotation matrix.

3. Properties of the matrix representation of the cross
product.

Finally, it can be assumed that both x5 and a4 are > 0,
otherwise they are not visible in both cameras. This gives

- - - 1.
0=F)"Ex=—F)"E—x=(y)'Ey
T3 I3
which is the constraint that the essential matrix defines
between corresponding image points.

9.4 Properties of the essential ma-
trix

Not every arbitrary 3 X 3 matrix can be an essential ma-
trix for some stereo cameras. To see this notice that it
is defined as the matrix product of one rotation matrix
and one skew-symmetric matrix, both 3 x 3 . The skew-
symmetric matrix must have two singular values which
are equal and another which is zero. The multiplication
of the rotation matrix does not change the singular val-
ues which means that also the essential matrix has two
singular values which are equal and one which is zero.
The properties described here are sometimes referred to
as internal constraints of the essential matrix.

If the essential matrix E is multiplied by a non-zero
scalar, the result is again an essential matrix which de-
fines exactly the same constraint as E does. This means
that E can be seen as an element of a projective space, that
is, two such matrices are considered equivalent if one is a
non-zero scalar multiplication of the other. This is a rel-
evant position, for example, if E is estimated from image
data. However, it is also possible to take the position that
E is defined as

E = R[t]«

and then E has a well-defined “scaling”. It depends on the
application which position is the more relevant.

The constraints can also be expressed as
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detE =0

and

2EE”E — tr(EET)E = 0.

Here the last equation is matrix constraint, which can be
seen as 9 constraints, one for each matrix element. These
constraints are often used for determining the essential
matrix from five corresponding point pairs.

The essential matrix has five or six degrees of freedom,
depending on whether or not it is seen as a projective el-
ement. The rotation matrix R and the translation vector t
have three degrees of freedom each, in total six. If the es-
sential matrix is considered as a projective element, how-
ever, one degree of freedom related to scalar multiplica-
tion must be subtracted leaving five degrees of freedom
in total.

9.5 Estimation of the essential ma-
trix

Given a set of corresponding image points it is possible
to estimate an essential matrix which satisfies the defin-
ing epipolar constraint for all the points in the set. How-
ever, if the image points are subject to noise, which is the
common case in any practical situation, it is not possible
to find an essential matrix which satisfies all constraints
exactly.

Depending on how the error related to each constraint
is measured, it is possible to determine or estimate an
essential matrix which optimally satisfies the constraints
for a given set of corresponding image points. The most
straightforward approach is to set up a total least squares
problem, commonly known as the eight-point algorithm.

9.6 Determining R and t from E

Given that the essential matrix has been determined for
a stereo camera pair, for example, using the estimation
method above this information can be used for deter-
mining also the rotation and translation (up to a scaling)
between the two camera’s coordinate systems. In these
derivations E is seen as a projective element rather than
having a well-determined scaling.

The following method for determining R and t is based
on performing a SVD of E , see Hartley & Zisserman’s
book. It is also possible to determine R and t without an
SVD, for example, following Longuet-Higgins’ paper.
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9.6. DETERMINING R AND T FROM E

9.6.1 Finding one solution

An SVD of E gives

E=UfV’

where U and V are orthogonal 3 x 3 matrices and [ is a
3 x 3 diagonal matrix with

o O O

0
s
0

o)
|
cow

The diagonal entries of [2 are the singular values of E
which, according to the internal constraints of the essen-
tial matrix, must consist of two identical and one zero
value. Define

0 -1 0
W= |1 0 0] withW! =W =
0 0 1
0 1 0
-1 0 0
0 01

and make the following ansatz

[t} = UWRUT
R=UW 'V’

Since [ may not completely fulfill the constraints when
dealing with real world data (f.e. camera images), the
alternative

0 1 0
-1 0 0
0 0 0

(] = UZUT with Z =

may help.

9.6.2 Showing that it is valid

First, these expressions for R and [t] . do satisfy the defin-
ing equation for the essential matrix

R[t]x =UW 'V VWRV? =UgV' =E

Second, it must be shown that this [t] x is a matrix repre-
sentation of the cross product for some t . Since

33

it is the case that W 2] is skew-symmetric, i.e., (W) =
—W [ . This is also the case for our [t]« , since

() =uvwR)Tu” = —uwaU? = -]t

According to the general properties of the matrix rep-
resentation of the cross product it then follows that [t]
must be the cross product operator of exactly one vector
t.

Third, it must also need to be shown that the above ex-
pression for R is a rotation matrix. It is the product of
three matrices which all are orthogonal which means that
R, too, is orthogonal or det(R) = +1 . To be a proper
rotation matrix it must also satisfy det(R) = 1. Since,
in this case, E is seen as a projective element this can be
accomplished by reversing the sign of E if necessary.

9.6.3 Finding all solutions

So far one possible solution for R and t has been estab-
lished given E . It is, however, not the only possible solu-
tion and it may not even be a valid solution from a prac-
tical point of view. To begin with, since the scaling of E
is undefined, the scaling of t is also undefined. It must lie
in the null space of E since

Et=R[tf,t=0

For the subsequent analysis of the solutions, however, the
exact scaling of t is not so important as its “sign”, i.e.,
in which direction it points. Let t be normalized vector
in the null space of E . It is then the case that both t
and —t are valid translation vectors relative E . It is also
possible to change W into W' in the derivations of R
and t above. For the translation vector this only causes
a change of sign, which has already been described as a
possibility. For the rotation, on the other hand, this will
produce a different transformation, at least in the general
case.

To summarize, given E there are two opposite directions
which are possible for t and two different rotations which
are compatible with this essential matrix. In total this
gives four classes of solutions for the rotation and trans-
lation between the two camera coordinate systems. On
top of that, there is also an unknown scaling s > 0 for
the chosen translation direction.

It turns out, however, that only one of the four classes of
solutions can be realized in practice. Given a pair of cor-
responding image coordinates, three of the solutions will
always produce a 3D point which lies behind at least one
of the two cameras and therefore cannot be seen. Only
one of the four classes will consistently produce 3D points
which are in front of both cameras. This must then be the
correct solution. Still, however, it has an undetermined
positive scaling related to the translation component.
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It should be noted that the above determination of R and
t assumes that E satisfy the internal constraints of the es-
sential matrix. If this is not the case which, for example,
typically is the case if E has been estimated from real
(and noisy) image data, it has to be assumed that it ap-
proximately satisfy the internal constraints. The vector t
is then chosen as right singular vector of E corresponding
to the smallest singular value.

9.7 3D points from corresponding
image points

The problem to be solved there is how to compute
(21,22, x3) given corresponding normalized image co-
ordinates (y1,y2) and (y},y5) . If the essential ma-
trix is known and the corresponding rotation and trans-
lation transformations have been determined, this algo-
rithm (described in Longuet-Higgins’ paper) provides a
solution.

Let r, denote row k of the rotation matrix R :

R = —I9—

_r3_

Combining the above relations between 3D coordinates
in the two coordinate systems and the mapping between
3D and 2D points described earlier gives

g =t_n (x—t) _r-(y—t/zs)
Pah (Xt - (y—t/am)

(rp —yyrs) -t
(ry —9/11‘3) 'y

Once x3 is determined, the other two coordinates can be
computed as

Ty _ 3 Y1
T2 Y2
The above derivation is not unique. It is also possible to

start with an expression for ¢} and derive an expression
for x5 according to

(ra — ?/2 r3)

-t
I3 = ——F"—
(rg —ypr3) -y

In the ideal case, when the camera maps the 3D points ac-
cording to a perfect pinhole camera and the resulting 2D
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points can be detected without any noise, the two expres-
sions for x3 are equal. In practice, however, they are not
and it may be advantageous to combine the two estimates
of z3 , for example, in terms of some sort of average.

There are also other types of extensions of the above com-
putations which are possible. They started with an ex-
pression of the primed image coordinates and derived 3D
coordinates in the unprimed system. It is also possible to
start with unprimed image coordinates and obtain primed
3D coordinates, which finally can be transformed into un-
primed 3D coordinates. Again, in the ideal case the result
should be equal to the above expressions, but in practice
they may deviate.

A final remark relates to the fact that if the essential ma-
trix is determined from corresponding image coordinate,
which often is the case when 3D points are determined in
this way, the translation vector t is known only up to an
unknown positive scaling. As a consequence, the recon-
structed 3D points, too, are undetermined with respect to
a positive scaling.
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