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Abstract

Thisthesisaddressestheissuesof combiningcameracalibrationconstraintsfromvarioussources
andreconstructingscenegeometryfrom singleandmultiple views. A geometricapproachis taken,
associatingbothstructurerecovery andcalibrationwith geometricentities.

Threesourcesof calibrationconstraintsareconsidered:sceneconstraints,suchas the paral-
lelism andorthogonalityof lines, constraintsfrom partial knowledgeof cameraparameters,and
constraintsderivedfrom themotionbetweenviews.

First, methodsof rectifying theprojective distortionin an imagedplaneareexamined.Metric
rectificationconstraintsaredevelopedby constrainingtheimagedplanecircularpoints.

Theinternalcameraparametersareassociatedwith theabsoluteconic. It is shown how imaged
planecircular pointsconstrainthe imageof the absoluteconic, andareconstrainedby a known
absoluteconic in return. A methodof usingplaneswith known metric structureasa calibration
objectis developed.

Next, calibrationandreconstructionfrom singleviewsis addressed.A well known configuration
of the vanishingpointsof threeorthogonaldirectionsandknowledgethat the camerahassquare
pixels is expressedgeometricallyandsubjectedto degeneracy anderroranalysis.Thesquarepixel
constraintis shown to be geometricallyequivalent to treatingthe imageplaneas a metric scene
plane.

Useof thevanishingpointconfigurationis extendedto two views,wherethreevanishingpoints
and known epipolargeometrydefinea threedimensionalaffine reconstruction.Calibrationand
metricreconstructionfollows similarly to thesingleview case,with theadditionof auto-calibration
constraintsfrom themotionbetweenviews. Theauto-calibrationconstraintsarederived from the
geometricrepresentationof the squarepixel constraints,by transferringthe imageplanecircular
points betweenviews. Degeneratecasesfor constraintsfrom squarepixels and camerashaving
identicalinternalparametersaredescribed.

Finally, a constrainton the metric rectificationof an affine reconstructionfrom the relative
lengthsof a pair of 3D line segmentsis developed. The constraintis appliedto humanmotion
capturefrom apairof affine cameras.
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Chapter 1

Intr oduction

A camerais an extraordinarilyusefulmeasuringdevice – it not only producesa realisticpicture

of a scene,but also provides information from which geometricpropertiesof the scenecan be

measured.Reconstructingscenegeometryfrom imagesis oneof themostactive areasin computer

vision. It hasa wide rangeof applicationin suchdiversefields asarchitecture,archaeology, art

history, andforensicscience.In addition,theexpansionof theInternethasfueleddemandfor greater

realismin theinformationcommunicatedonline.Virtual realityenvironmentsandthreedimensional

productcatalogueshave becomefeasibleand commerciallyattractive. Evolving standardssuch

asJava, VRML andthe humanoidanimationstandardHAnim supportthis trendby servingasa

technologicalsubstratefor theexplosionin theusesof vision technology.

Reconstructiontechniquesall requiresomeform of calibration.This thesisaddresses(mostly)

thecasewherethereis rich, regularscenegeometryto provide calibrationinformation. Thenovel

contributions of the thesiswill be addressedmore preciselyin the conclusion. In broadterms,

however, the methodsdescribedintegrateconstraintson calibrationand reconstructionof world

geometryfrom differentsourcesinto a singleframework. Therearethreesourcesof information

considered:

1. sceneconstraints,suchasthe parallelismandorthogonalityof lines andtheknown relative

lengthsof line segments,

2. internal parameterconstraints,obtainedwhen someof the internal cameraparametersare
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known, and

3. motionconstraints,derivedfrom themotionbetweenviews.

The objective is both to develop new calibrationconstraintsandmethods,and to do so in a

mannerwhich makes them easyto combine. Reconstructionmethodsfrom single and multiple

views will bedescribedandappliedto a rangeof differentsceneandcamerascenarios.

1.1 An overview

Visualperceptionof threedimensionalinformationfrom a singleimageis a well understoodphe-

nomenon– photographs,evenpaintings,accuratelyconvey depthinformationabouttheworld on a

two dimensionalsurface.As earlyas1436therenownedAlberti describeda methodof producing

a paintingwith correctperspective effects: an artist views a scenemonocularlythrougha piece

of glass,draws on theglassandthentransfersthedrawing to anothermedium[77].1 Shortlyafter

the inventionof Alberti’s window, LeonardodaVinci produceddetailedinstructionsfor artistsex-

poundingon perspective effects[60]. Leonardowentbeyondtheprojectionof geometry, including

descriptionsof the shadingandcolour effectsan artist needsto take into accountto realistically

convey depthinformation.Koenderink[61] relatesthat,despitethisknowledge,therewasuntil rela-

tively recentlyacompletedenialin thescientificcommunitythatdepthperceptionfrom monocular

imageswas possible. It is now known that it is not only possible,but canalso be very strong.

Monoculardepthperceptionis accomplishedby the integrationof numeroussources[77] suchas

shading,castshadows, atmosphericperspective andgeometricperspective effects.

Geometricperspective hasreceivedthemostattentionin thephotogrammetryandvision litera-

ture,althoughshapefrom contour[8], texture[111] andshading[53] havebeenstudiedandtherehas

evenbeenpreliminarywork ondepthfrom atmosphericeffects[74]. Geometricperspectiveprovides

verypowerful depthcues,particularlytheperspective effectsinherentin whatthevisualperception

literaturerefersto asthecarpenteredworld: aspacedominatedby parallellinesin orthogonaldirec-

1In fact, theearliestperspectively correctpaintingis generallyacknowedgedto beMassacio’s la Trinita, completed
in 1427[59].
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tions. In thefamousAmesroomillusion in figure1.1, for example,otherdepthcuesanddistorted

parallelismandorthogonalitycreateasizeillusion[55].

Figure1.1: The Amesroom illusion, wherethreemenappearto have remarkablydifferentsizes
(from Palmer[77]). TheAmesroomappearsto beacuboid,but is in factnot. Theleft cornerof the
room,wherethesmallestfigureappears,is furtherfrom theviewer thantheright corner, andlower.
Thevaryingheightof thefloor of the roomcreatesthe illusion thatall threemenarestandingthe
samedistancefrom theviewer. Theperceptionis reinforcedby thefeatureson thewalls,whichare
distortedto appearto theviewer to berectangular.

Theparallelismandorthogonalityinherentin theway humansconstructthebuilt environment

meansthat thereareplentiful constraintson calibrationandreconstructionto be hadfrom images

of buildingsor takeninsidebuildings.This informationwill beusedherein anumberof ways.

Thefirst is correctionof perspective warpingin imagedplanes.Thedistortionthatplanegeom-

etryundergoeswhenphotographedcanberecoveredup to anambiguitydependingontheavailable

constraints.Suchrectificationhasapplicationto objectrecognition,imagemosaicingandgraphics,

andalsoprovidesconstraintsin thecalibrationof thecameraitself.

With a singleview of threemutuallyorthogonalplanesandsomeknowledgeof thecamerapa-

rameters,completeinternalcameracalibrationcanbeachieved. This calibrationtogetherwith the

planerectificationtechniquesallow 3D reconstructionof objectssuchasbuildings from a single

view without scenemeasurements.Thecourtyardshown in figure1.2,for example,canbeapprox-

imatedby a setof planes.Eachof theplanesmayberectifiedandrelative orientations,wherenot
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assumedorthogonal,computed.Theresultis a 3D modelof thebuilding from which novel views

canbecreated.

(a) (b) (c)

Figure1.2: 3D reconstructionfrom a singleimage.(a) Fellows quad,MertonCollege,Oxford. (b)
(c) Viewsof thetextured3D modelcreatedfrom thesingleimagein (a).

Suchplanebasedsingleview reconstructionhasusefulapplications.It may, for example,be

appliedto caseswhereit is not possibleto take measurementsof a sceneor capturemany views

of an objectin orderto usestereotechniques.Reconstructingbuildings from photographsto cre-

atemodelsof valuablearchitecturalsitesis onesuchcase,particularlywherebuildings have been

destroyedandonly archive imagesareavailable(see,for example,figure4.26in chapter4).

Monocularreconstructionis not limited to planes,but canbe accomplishedfor any geometry

for which theparameterscanbe recoveredfrom a singleview. TheFacadesystemof Debevec et

al.[25] andthecommercialpackageCanoma,for instance,allow inclusionof anumberof geometric

primitives in a reconstruction. Thereis, however, a substantialdifferencebetweensingle view

reconstructionandwhatcanbeobtainedfrom multiple views.

A singleview reconstructionis restrictedin the sensethat knowledgeof the 3D geometryis

limited to thegeometricprimitives. In thecaseof sceneplanes,for example,thegeometryon the

planesandtherelationshipsbetweenplanescanbecomputed.A complete3D reconstructionof the

scene,however, is only possiblefrom two or moreviews, wherein principle a densereconstruc-

tion of anarbitraryshapecanbecomputed.With multiple views theaccuracy of reconstructionis

improvedandocclusionof partsof thescenecanbedealtwith. In addition,geometrichypotheses

suchastheco-planarityof asetof 3D pointscanbetested.

Model andstereobasedmethodscanbe combined.The modelbasedsingleview calibration

approachis accordinglyextendedto two views with the additionof constraintsfrom the motion
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betweenviews. Suchconstraintstake the form of the transferof internalcalibrationinformation

betweenviews.

Scenestructureconstraintsarealsonot restrictedto built environments.Calibrationandrecon-

structioninformationcanbeobtainedfrom dynamichumanmotion.

Motion capturefrom imagesequencesis an establishedindustrywith numerousapplications.

Themostprominentof theseis in theentertainmentsector, wheremotioncapturefrom liveactorsis

usedto realisticallyanimategraphicscharactersin films andgames.Motioncapturedataisalsoused

in clinical gait analysisandathleticperformanceevaluation.A detailedexaminationof movement

aidsrehabilitationof peoplewith mobility impairmentor helpsathletesimprove their techniques.

Motion capturesystemsareusuallycarefullycalibratedto ensureaccurate3D measurement.An

uncalibratedapproachwill be describedherewherethebody itself is usedto generatecalibration

constraints.Theconstraintmechanismexploits thefactthatpartsof thebodysuchastheupperand

lower armsandlegs have a fixed lengththroughoutthe sequence.Figure1.3 shows an example

of a pair of framesfrom a sequenceof anathletedoinga triplejumpanda framefrom themotion

reconstructionobtainedwith this approach.Uncalibratedmotioncaptureis particularlyapplicable

to sportscenariosbecauseof thedifficulty of settingup systemsof calibratedcameras.

(a) (b) (c)

Figure1.3: (a)and(b) Two views from apairof sequencesof anathleteperformingthetriplejump.
(c) A view from thereconstructedmotionsequence.

All the constraintsused,whetherfrom structure,motion or known parameters,aredescribed

geometrically. Theconsequentrelationshipsbetweenconstraintsandwaysof combiningthemare

themesexploredthroughoutthethesis.
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1.2 Thinking in pictur es

Theapproachtakenin this thesisis determinedlygeometricthroughout,associatingalgebraiccon-

straintswith geometricentitiesthatcanbecomputedto effect reconstructionandcalibration.

Thespecificuseof geometryhastheanalyticaladvantageof linearizingmany of theconstraints

thatareused.Anothermotivation,andonethatshouldnot be underestimated,is thata geometric

understandingof a problemprovidesan extremelyusefulway of thinking aboutit. Being ableto

visualizeanddraw picturesis apowerful aidto understanding.In theirbookonastatisticalapproach

to geometricmethods,Saville and Wood[88] statethat when R.A. Fisherdevelopedanalysisof

varianceand regressionmethods,he did so geometricallyand “derived his inventive inspiration

from thinking in pictures”. It hassincebecomethenorm to expresstheseideasonly in algebraic

form which, in the opinion of this author, makes themfar moredifficult to understand.Indeed,

given a cleargeometricrepresentationof a problem,it shouldbe muchsimpler to dealwith (see

figure1.4).

Figure1.4: With a sufficiently geometricunderstanding,it becomeschild’s play or: the author’s
cunningplan to includea picture of his sonis his thesis.

Fortunately, themathematicsof calibrationandreconstructionlendsitself verywell togeometric

analysisandinterpretation.Thespatialconfigurationof cameras,modelsof projective spacesand

aninternalmodelof thecameraitself have accessiblegeometricmeaning.In particular, themodel

of camerainternalparametersthatis usedfor apinholecameracanbeassociatedwith averyspecial

conic: the absoluteconic. Much of this thesisis concernedwith methodsof finding the absolute
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conic.

1.3 Thesisstructur e

Theoverall layoutof subsequentchaptersis asfollows. Chapter2 briefly describesthenecessary

backgroundmaterial. The cameramodel and the relevant mathematicsof projective spacesare

introducedandtheconceptsof uncalibratedreconstructionpresented.A broadsurvey of thecali-

brationliteratureconcludesthechapter. Specificreferenceto morecloselyrelatedwork is delayed

until laterchapters,whereit canbedescribedin context.

The theoryof planerectificationfrom scenegeometryis presentedin chapter3. Earlierwork

on recovering the affine geometryby computingthe vanishingline of the plane is extendedto

metric geometryby obtainingconstraintsfrom the anglesbetweenlines in the planeandknown

relative lengthsof line segments.Specificattentionis paid to thecomputationof vanishingpoints

from parallel lines sincesuchcomputationsoccur frequentlythroughoutthe thesis. A maximum

likelihoodestimateof vanishingpointsis describedandafirst ordererroranalysisperformed.

Chapter4 movesto computingthecalibrationof acamerafrom asingleview usingacombina-

tionof constraints.Sourcesof informationconsideredincludeparallellinesin orthogonaldirections,

sceneplanesandpartialprior knowledgeof cameraparameters.It is shown how calibrationis used

to rectify previously partially rectifiedplanesandcomputetherelative orientationof planes.This

information is thenusedto compute3D reconstructions.A thoroughdegeneracy analysisof the

particularcaseof viewing a cuboidobjectwith a squarepixel camerais performed.Error analysis

of this configurationsupportsthedegeneracy analysis.It is subsequentlyshown how knowledgeof

theprincipal point of thecameracanbe usedin degeneratecases.Theuseof planeswith known

metricstructureto calibrateacamerais describedandanerroranalysisperformed.

Chapter5 appliesthecalibrationtechniquesdevelopedin chapter4 to thetwo view case,where

the motion betweenviews provides further calibration information. A stratified reconstruction

methodfor two views is presentedandameasurementsystemdescribed.

Motion captureusingrigid links is describedin chapter6. A generalconstrainton calibration

from theknown ratio of lengthsof a pair of line segmentsis derived. A motioncaptureapplication
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reconstructingthemovementof athletesfrom broadcastvideofootageusinganaffinecameramodel

is thendemonstrated.

Chapter7 draws the thesisto a close,summingup thecontributionsmadein the researchand

outliningareasof furtherinvestigation.

Thework in this thesisis basedon five paperspublishedover thecourseof theresearch.Four

of these[67, 117, 66, 68] make up thebulk of thematerial,anddescribework donewith Professor

Andrew Zisserman.The fifth[65], the subjectof chapter6, waswritten in collaborationwith Dr

StefanCarlssonwhile aguestat theRoyal Instituteof Technologyin Stockholm.



Chapter 2

Background

2.1 Intr oduction

Thematerialin thischapterintroducesthreebackgroundareasrelevantto thethesis.Thefirst section

presentsnotationandresultsin thealgebraicdescriptionof theprojectivegeometryof theline,plane

andthreedimensionalspace.Particularlyimportantarethemetricandaffine specializationsof the

2D and3D projectivespacesandthegeometricinvariantswith whichthey areassociated.Properties

of planeconicsareenumeratedin somedetail,sincethey will beusedfrequently.

Thesecondsubjectis thepinholecameramodelandfundamentalresultsin uncalibratedrecon-

structionfrom perspective cameras.This includesepipolargeometryandthestratifiedreconstruc-

tion scheme.

Thethird sectionis abrief overview of thecameracalibrationandreconstructionliterature.The

sectionis intendedto remindthe readerof the wide rangeof methodsfor cameracalibrationand

auto-calibration,andthusto placethematerialin the following chaptersin context. Referenceto

directly relevantwork is delayeduntil laterchapters.

Throughoutthethesis,scalarquantitieswill bewritten in italics,suchas 
 . Vectorquantitiesare

representedascolumnvectorsindicatedby aboldfaceRomanfont, for examplea2D point � or 3D

point � . Matricesappearin asansserif font, asin theperspective camera
 .
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2.2 Projectivespacesand transformations

Projectivegeometryis anindispensabletool in themodelingandanalysisof visionproblems.Using

projectivenotationandconceptshasnumerousadvantages,amongwhichis thatpointsatinfinity in a

projectivespacemaybedealtwith in thesamemannerasotherpoints,avoiding limiting procedures

andspecialcases.Projective geometryalsoallows for compactlinear algebradescriptionsof the

geometricentitiesandrelationshipswhichareencounteredin visionproblems.

A general� dimensionalprojective spaceis definedby �	��� basispoints,anda point in the

spaceis representedby an ����� dimensionalhomogeneousvectordefinedup to anarbitrarynon-

zeroscalefactor. Projective transformationsof the spaceare representedby ���������������������
homogeneousmatrices,similarly definedupto scale.Specificrepresentationsfor geometricentities

in one,two andthreedimensionsaredescribedbelow. Notethat,in equationsrelatinghomogeneous

entities,‘=’ is usedto indicateequalityup to scale.

Most of the material in this sectionis taken from the now classictextbook of Sempleand

Kneebone[91]. The treatmentis not meantto be rigorous,but to presentthe working tools that

will be met in later chapters.The original text shouldbe consultedfor a thoroughdescriptionof

algebraicprojective geometry.

2.2.1 The projective line

A pointontheprojective line, � ��� , is representedby ahomogeneoustwo-vector  "!#�%$ �'& $)(*� T, with

thescalarprojectiveparameterdefinedto be $+!-,/.,�0 .
A homographyof � ��� is representedby �1�	� matrix

�
thattransformsapoint  as

 324! �  
An importantresultdefinedon � � � , andonethatwill beusedin laterchapters,is theinvariance

of thecrossratio. Thecrossratioof two pairsof points  35 ,  76 and  38 ,  39 with projectiveparameters
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: , ; , < and = is definedas

>3?  75 &  76A@B 38 &  79/CD! :FE <:FE =HG ; E <; E =
The crossratio is invariant to projective transformationsof � �I� : given homography

�
andpoints 2 5 ! �  35 andsimilarly for  2 6 &  2 8 and  2 9 , with projective parameters: 2 , ; 2 , < 2 and = 2 , thecross

ratio remainsconstant:

:JE <:KE = G ; E <; E = ! : 2 E < 2: 2 E = 2 G ; 2 E < 2; 2 E = 2
Thepairsof points  35 ,  36 and  78 ,  79 arecalledharmonicif

>3?  75 &  76L@B 38 &  39MCD! E �
The harmonicrelation is associatedwith the orthogonalityof directionsin higher dimensional

spaces.

Notethatit ispermissible,with thecrossratiodefinedasabove,to write theprojectiveparameter

of point �N� &PO � T as Q , andto usethis in crossratio computations.

2.2.2 The projective plane

Points and lines

A pointontheprojectiveplane� � ( is representedby ahomogeneousthree-vector: �R!���S �*& S)( & SUT*� T.
Theinhomogeneousfinite point V� is foundfrom theeliminationof thescalefactorandis givenby

thetwo-vector

V�R!#� VS � & VS ( � T !#� S �S)T & SU(SUT � T
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A line on theplaneis definedby a three-vectorsuchthat,for line WX!Y�[Z �*& Z\( & Z\T*� T andpoint on the

line �
� T W]! O

Thepoint of intersectionof two lines W � and W�( is givenby

�R!^W � �	W�(
andtheline passingthroughtwo points � � and � ( is

W]!_� � �`�a(
Theseequationsare an exampleof the duality that exists for points and lines in the plane: any

theoremof � � ( hasadualresultobtainedby switchingtherolesof pointsandlines.

The crossratio is definedfor four co-linearpointson the plane,anddually for four concur-

rent lines on theplane. Thecrossratio of a pencil of four lines canbe viewed geometrically(see

figure2.1) asthecrossratio of the four pointson any line intersectingall four lines of the pencil

(exceptat thepoint of concurrency). Thecrossratio is invariantto thechoiceof intersectingline.
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Figure2.1: The crossratio of four concurrentlines. Four lines W � to W\| intersectin point } . The
crossratio of the four lines is thecrossratio of the four pointsof intersectionof W � to W | with any
line not through} . Thatis

>3? W �'& W~(/@�W�T & W~|/CD! >7?�� &B� @B� &B� C�! >3?�� 2 &B� 2 @B� 2 &B� 2 C .
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A projective transformationof theplaneis representedby a ����� homogeneousmatrix which

transformsapoint � to

�]24! � �
Thecorrespondingtransformationof a line W is givenby

W 2 ! ��� T W
Conics

The curvesdescribedby conic sectionsfeatureprominentlyin the discussionsthat follow. Such

curvescanbewritten

� � S ( � � � (AS � SU(�� � TLS (( � � |AS � SUT�� ��� S)(ASUT�� ��� S (T ! O
More conveniently, aconiccanberepresentedby a ���	� symmetricmatrixwith theform[73]

� !
�����
�

� � � (*�/� � |��/�� ( �/� � T � � �/�� |��/� ��� �/� ���
�'����
�

for whichall pointson theconicsatisfy

� T � �R! O
Underapoint transformation� 2 ! � � , aconic

�
transformsas

� 24! � � T � � � � (2.1)
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A conicis thelocusof thesetof pointslying ontheconiccurve. A dualrepresentationis to consider

theenvelopeof asetof tangentlinesto theconic.All linestangentto
�

satisfy

W T � � � W]! O
and

� � � is referredto asthedualof
�

.

Degenerateconics

Conicmatricesdescribingcircles,ellipses,hyperbolaeandparabolasarerankthree.It is, however,

alsopossibleto form rankdeficientconicmatricesto describelines,andrankdeficientdualconics

to representpoints.

A line W � canbeconsideredasarank1 degenerateconic.Writing theconic � � !^W � W T� , all points

on W � satisfy

� T W � W T� �R!_� T � � �R! O
A pairof linesdefinearanktwo degenerateconic,written � � (�!^W � W T( �+W~('W T� . All pointsoneither

line satisfy

� T ��W � W T( ��W ( W T� ����!�� T � � ( �R! O
Similarly, a dual conic is definedfor a singlepoint � � . The pencil of all lines incidentwith � �
form the envelopeof the dual conic � � !�� � � T� . For a pair of points � � and �a( , the dual conic� � (�!_� � � T( ���a(L� T� hasasenvelopethepencilsof linesthrougheachof thepoints.

Polarity and conjugacy

Thepolarof a point � with respectto a conic
�

is theline W~��! � � . Geometrically, thepolar is the

line throughthe pointsof tangency to
�

of a pair of lines through � , asin figure 2.2 (a). Dually,�R! � � � W~� is thepoleof W\� with respectto
�

.
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A pair of points � and   areconjugatewith respectto a conic
�

if � lies on thepolar W~¡ of  
with respectto

�
and   lies on thepolar W\� of � with respectto

�
(figure2.2 (b)). Theconjugate

pointsandlinessatisfy

� T �  �! O and W T� �3� � W ¡ ! O
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Figure2.2: (a) Thepolarof � with respectto
�

is W\� . (b) Points� and   areconjugatewith respect
to conic

�
.

To computethepointsof intersectionof a line anda conic theJoachimsthalequationis used.

Supposetheintersectionof W ¡ with
�

is required.Any pointon W ¡ canbeparametrizedasthesumof

two pointson theline, say � � and �a( . Pointson theline � � �µ´¶�a( whichalsolie on · mustsatisfy

��� � �µ´¸�a(�� T � ��� � �µ´¶�a(���! O
The resultingquadraticin ´ hastwo solutions. If

�
is a real conic, two distinct real solutions

describethetwo pointsof intersection,a singlerealsolutionindicatesthattheline is tangentto the

conicandcomplex solutionsindicatethattheline andconicdo not intersect.

Polarityandconjugacy arealsodefinedfor degenerateconics.For example,thepolarof apoint� with respectto the rank two degenerateconic � � ( is the line W~�_!¹� � (A� throughthe point of

intersectionof }�!^W � �ºW�( suchthatthetwo pairsof lines W � , W~( and W~� , �����+}P� areharmonic.This

impliesthatpoints � and   conjugatewith respectto � � ( areharmonicwith respectto thepointsof
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intersectionof W � and W�( with line �H�+  (seefigure2.3).
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Figure2.3: Thepolarof � with respectto a degenerateconic � � ( is W\� , andsimilarly for   . With �
and   conjugatewith respectto � � ( , thepoint pairs � ,   and

�
, � areharmonic.

Specializationsof the plane

Affine andmetricpropertiesof theprojective planearedefinedby specializinga line anda pair of

pointsrespectively. Theaffine specializationof theplaneis obtainedwhena line is selectedasthe

line at infinity. Affine propertiesarethendefined.For example,setof concurrentlinesaredefined

to beparallelif they intersecton theline at infinity.

The metric specializationof the planeis obtainedfrom the affine planeby selectinga pair of

complex conjugatepointson W � . Thesepointsareknown asthecircularpoints1 andaredenotedÎ
and Ï . Oncethecircularpointsareselected,metricpropertiesof theplanesuchasangleandrelative

lengtharedefined.

Theanglebetweenapairof lines,for example,is definedby their relationshipto Î and Ï . Given

a pair of lines W�5 and W�6 intersectingat � , definethe lines W�Ð�!Ñ�Ò��Î and W\Ó+!Ñ�Ò�RÏ . Theangle Ô
betweenW�5 and W~6 is givenby Laguerre’s formula: [31] as

ÕAÖØ× ���/ÔÂ�a�ÒÙ ×�ÚÜÛ ���/ÔÂ��! >7? W~5 & W�6A@�W~Ð & W\Ó¸C (2.2)

1Thecircularpointsderive their namefrom thepropertythatthey aretheintersectionof every realcircle in theplane
with theline at infinity.
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Choosingto observe the crossratio of the two line pairsas the crossratio of the four pointsof

intersectionof theselineswith W � , (2.2)becomes

ÕAÖØ× ���/ÔÂ�a��Ù ×BÚÜÛ ���/ÔÂ��! >7?�� &B� @BÎ & Ï7C (2.3)

where
�

and � aretheintersectionsof W�5 and W�6 with W � . If W�5 and W�6 areorthogonal,(2.3)becomes

>3?�� &B� @BÎ & Ï7CÝ! E �
andthe pairs

�
, � and Î , Ï areharmonic. The identificationof orthogonalitywith the harmonic

crossratio is usefulin chapter4.

By choosingtheco-ordinatesfor the line at infinity andcircularpointsto be W � !�� OÞ&�OÞ& ��� T
and Îß!à�N� & Ù &�O � T, ÏH!à�N� & E Ù &áO � T, theaffine andmetricspecializationsof theplanecorrespond

to the familiar algebraof Euclideangeometry. Note that the canonicalline at infinity is invariant

to affine transformationsof the plane,andthe canonicalcircular pointsareinvariant to similarity

transformationsof theplane.

Specializationsof the planein the context of imagerectificationis the subjectof chapter3,

whereit will alsobe shown how the line at infinity andthe circular pointscanbe consideredand

manipulatedasasingleentity.

2.2.3 The threedimensionalprojective space

Thefinal projective spacethat is significanthereis � � T , thespaceof threedimensions.A point in� � T is definedby ahomogeneousfour-vector

�â!���ã � & ã ( & ã T & ã | � T
with associatedinhomogeneouspoint V�ä!#�Lå .å7æ & å 0åPæ & åPçåPæ � . A planeis describedby

è !��[é �*& é4( & é4T & é4|�� T
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with pointson plane è satisfying

è T �ä! O
Theprincipleof duality appliesto pointsandplanesin � � T .

Threepointsdefineaplaneandthreeplanesapoint. Observingthat�����
�
� T�� T(� TT

�'����
� è !�ê�ë è !^ì

è canbe computedasthe null vectorof ê�ë or in termsof the crossproductsof inhomogeneous

forms of � � , � ( and � T [49]. A point canbe computedfrom the intersectionof threeplanesin

exactly thesameway.

Two pointsor two planesdefinealine. Linesoccupy anotationallylessconvenientplacein 3D,

andcanberepresentedin severalways:astheintersectionof planes,asthespanof co-linearpoints,

by anantisymmetricmatrixor usingthePlückerco-ordinates[49]. Computationsusinglinesarenot

consideredfurtherhere.

A homographyin 3D is representedby í��`í homogeneousmatrixwhich transformpointsas

��2¸! � �
andplanesas

è 2 ! � � T è
Quadrics

Quadricsurfacesin 3D, suchasspheres,paraboloidsandcones,arelargely analogousto conicsin

2D. A quadricis representedby a í��Rí symmetrichomogeneousmatrix î suchthatpointson the
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quadricsatisfy

� T î��ï! O
Thedualrepresentationof aquadricis definedby tangentplanessatisfying

è T î � � è ! O
As with conics,degeneratequadrics,with rank lessthan four, can representa plane,pair of

planesor a cone.Similarly, a point, point pair anddiskquadriccanbewritten asdegeneratedual

quadrics.Disk quadricshave particularrelevanceto calibrationsincea particulardisk quadricen-

codesthespecializationsof � � T .
A diskquadricis a rankthreedegeneratedualquadric.TheplaneèIð which is thenull vectorof

thequadricmatrix is in its envelope.Theremainingplanesin theenvelopeform asystemof pencils

of planeswith axeson èIð , andthe linesof intersectionof all theseplaneswith èIð aretangentto

a conicon èIð (seefigure2.4). It is helpful to visualizea disk quadricby consideringthe tangent

planesto anellipsoidthatcollapsesinto oneof its planesof symmetry.

Polarityandconjugacy of quadricswill notbeencounteredexplicitly in this thesis.For thesake

of completeness,however, notethata point hasa polar planewith respectto a quadric,while the

polarof a line is a line.

Specializationsof � � T
Analogouslyto theplane,specializationsof � � T aredefinedwhenparticulargeometricentitiesare

distinguished.Theaffinespaceis definedwhenaplaneis selectedastheplaneat infinity, andaffine

propertiesof thespacearesubsequentlymeasurable.Themetricspecializationof 3D spaceoccurs

whentheabsoluteconicon theplaneat infinity is selected.

Theabsoluteconicwasintroducedto visionby Faugeras[34], andplaysanimportantconceptual

role in cameracalibrationandscenereconstruction.Theuseof theabsoluteconicwill bediscussed

in thefollowing section,soit is worthwhileexaminingit morecloselyhere.
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πQ

Figure2.4: A diskquadric.

Thecanonicalabsoluteconic ñ � is oftenexpressedby theequation

ã (� ��ã (( ��ã (T ��ã (| ! OÞ& ã1|ò! O
It canthusbeconsideredasa circle on thecanonicalplaneat infinity è � !�� OÞ&�OÞ&�OÞ& ��� T, albeit

with radiusÙ [31].

Thecorrespondingsymmetricmatrix representationis

ñ � !
�����
�
� O OO � OO O �

�'����
� !-ó

Everyplanein spaceintersectsè � in aline,andeachof theselinesintersectsñ � in thecircular

pointsof theplane.This is illustratedin figure4.2,chapter4, wherethepropertyinducescalibration

constraintsonacamera.

As with the line at infinity andcircularpointsin theplane, ñI� is invariantto similarity trans-

formationsof 3D andtheplaneat infinity is invariantto 3D affine transformations.
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The absoluteconic and the planeat infinity areencodedin a singleentity, the absolutedisk

quadric î � [105] (alsoknown asthe absolutedual quadric). This disk quadrichasthe planeat

infinity in its envelope,andtheabsoluteconicastheconic formedby thetangentlinesdefinedby

theotherplanesin theenvelope.Thecanonicaldiskquadricmatrix representationis

î � !
��������
�
� O O OO � O OO O � OO O O O

�'�������
�

2.3 Camerasand reconstruction

Knowing the internalandexternalcameraparametersassociatedwith a sequenceof two or more

imagesof a scene,it is possibleto reconstructgeometryby back-projectingmatchedpointsin the

imagesto threedimensionalpointsin theworld co-ordinatesystem.In fact,with only theinternal

parametersof eachcamera,metric reconstructionis possible[96]. In theabsenceof this or equiv-

alentknowledge,however, reconstructionof geometryis only possibleup to projective ambiguity.

Thenotionof reconstructionwithout calibrationwasoriginally developedin thecontext of ortho-

graphicprojectionby KoenderinkandvanDoorn[62]. Theirpapershows thatuncalibratedviewsof

ascenecapturedwith affinecameraspermitanaffinereconstruction.This ideawasextendedto pro-

jectivecamerasby Faugeras[29] andHartley et. al.[47], whereaminimumof sevenmatchedpoints

in two views determinea reconstructionup to a projective transformationof thetrueworld points.

Calibrationor auto-calibrationof thecamerasis thetaskof computingthisprojective transformation

to rectify thereconstruction.

Thissectiondescribesthepinholemodelbasedcamera,its usein projective reconstructionfrom

imagecorrespondenceswithout calibrationandanapproachto subsequentmetricreconstruction.
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2.3.1 The pinhole camera

Thepinholecameramodelstheprocessof projectinga 3D world point � to animagepoint � and

is representedby a �F�ºí projectionmatrix 
 :

� ! 
)�
! ���BôRõ'ö/�Þ�

Rotation ô andtranslationö describethepositionandorientationof thecamerarelative to theworld

co-ordinatesystem.Matrix � encodesthe internal parameters of the camera;the focal length ÷ ,

skew ø , aspectratio ù andprincipalpoint ��úUû &3ü û�� T:

�ý!
�����
�
÷ ø ú)û
O ùØ÷ ü ûO O �

�'����
� (2.4)

Theprincipalpoint is theintersectionof theopticaxisof thecamerawith theimageplane.Skewø is afactordependentonthephysicalangleÔ betweentheverticalandhorizontalaxesin thesensor

array, given by øÒ!ï÷ ÕAÖÿþ �[ÔÂ� , andis often consideredto be zero. The aspectratio ù refersto the

relative verticalandhorizontalscalingin theimage.Althoughoftenassumedto beone,it maytake

on a differentvalueasa resultof thephysicalconstructionof thecameraor digitisationhardware.

A camerawith zeroskew andunit aspectratiowill bereferredto asasquare pixel camera.

The projective cameramodeldescribesa pinholecamerawith the additionof internalparam-

etersto accountfor real cameracharacteristicsandan imagebasedco-ordinatesystem.Physical

lenses,however, introducedistortionin theimage.This distortionis mostoftenmodeledby radial

distortion[107], andsometimesby an additionaltangentialdistortioncomponent[99]. Distortion

will be ignoredin this thesis– it is insignificantin the examplesthat will appear, but canbe cor-

rectedwherenecessary[27].
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2.3.2 Epipolar geometryand reconstructionfr om uncalibrated cameras

Epipolargeometrydescribestheessentialrelationshipbetweentwo camerasandtheir images.Con-

sidertheimageof theopticcentresof eachof two camerasseenby theother, referringto figure2.5.

The optic centreof the first camera,� , is imagedby the secondcamerain a point known asthe

epipole,� 2 . Thefirst view in turn imagestheopticcentreof thesecondcamera� 2 asepipole� . The

line segmentjoining � and � 2 , intersectingthe imageplanesin � and � 2 , is thebaselinebetween

cameras.Now, world point � togetherwith � and � 2 definea plane è�� . The intersectionof è��
with theimageplanesdefinestwo lines, W � and W 2� in thetwo images,theepipolarlines.Theimages

of � , � and � 2 , lie on theepipolarlines.Theserelationsaresummarizedin thefundamentalmatrix�
[29], amappingbetweenapoint in oneview andits correspondingepipolarline in theotherview.

Specifically,

W 2� ! � � and W � ! � T � 2
whence

W 2 T� �R!�� 2 T � �R! O
F

F

/

e e/

x/
xl = 

/

X

x /
T

l = e

e

x

O O

Figure2.5: Epipolargeometry.
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Epipolargeometry, methodsof computing
�

andits implicationshave beenextensively studied

in vision.
�

canbecomputednon-linearlyfrom sevenpoints,linearlyfrom eight,andaleast-squares

solutionfound from morethaneight[49]. Figure2.6 shows the pair of imagesof a building with

threematchedpointsandtheirepipolarlines.(Thefundamentalmatrix for thisview pair is obtained

by aprocessdescribedin section5.3.)

Figure2.6: Two views of abuilding showing threecorrespondingpointsandtheir epipolarlines.

A reconstructionof thematchedpointsfollows from
�
. A pairof uncalibratedprojectionmatri-

ces, 
�� and 
 2 � , aredefinedwith 
�� locatedat theorigin of thereconstructionco-ordinatesystem:


��I!-�Nó¸õ�ìU� (2.5)

It hasbeenshown thatthesecondprojectioncanbewritten [69]


42 � !��	�Hõ
�Â2 � (2.6)

where � is a3 � 3 homographygivenby��!�� � 2�
�� � E � 2 Vè T5
Vector è 5 !��MVè T5 & ��� T is a referenceplane,thechoiceof whichprovidesdifferentprojective recon-

structions.An exampleprojective reconstructionappearsin figure2.7.

A projective reconstructionis a representationof thegeometryof thescenein � � T . Thegeomet-
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Figure2.7: Two views of a projective reconstructionof thebuilding of figure2.6. Notethataffine
andmetricpropertiesof thestructurearedistorted– parallellinesin theworld donotappearparallel
andrelative lengthsandanglesareincorrect.

ric entities,suchaspoints,linesandplanes,areassignedco-ordinatesby thechoiceof Vè 5 , andare

relatedto world structureby a generalprojective transformation
�

suchthat, for world point ���
andprojective reconstructionpoint ���

� � ! � � � (2.7)

Thegoalof a reconstructionalgorithmis usuallyto obtainat leasta metricreconstruction,one

relatedto the sceneby a similarity transformation.To accomplishthis requiresthat the internal

calibrationof thecamerasandtheir relative posebecomputed.The following sectionsdescribea

stratifiedapproachto metricreconstructionby wayof anaffine reconstruction.

2.3.3 Stratified metric rectification

The homographyrelatinga projective reconstructionto world geometrycanbe decomposedinto

similarity, affineandprojective transformations[32]. Formally, therectifyinghomography
�

, which

has15degreesof freedom,canbedecomposedinitially into metricandnon-metrictransformations:

� !���� (2.8)
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Themetricpart � is asimilarity transformationof 3D of theform

��!
��
� 
Âô öì T �

�'�
�

where 
 is anisotropicscaling, ô a rotationof 3D with threedegreesof freedomand ö a translation

with threedegreesof freedom. � thushassevendegreesof freedom.Thenon-metriccomponentof�
encodestheremainingeightdegreesof freedom,andcanin turnbedecomposedin pureprojective

andaffine transformations
� � and

���
respectively:�H! � � � � (2.9)

To obtaina metric reconstruction,only � needbe computed.The geometricnatureof the eight

degreesof freedomin � will now bedescribedin termsof specializationsof � � T .
2.3.4 Specializationin reconstruction

Givena particularprojective reconstructionof a scene,anaffine reconstructioncanbeobtainedby

specializingtheprojective space.Affinepropertiesof thescenecanthenbemeasuredif thechoice

of planeat infinity è � is the trueplaneat infinity in theworld. Similarly, metricsceneproperties

canbeobtainedafterselectionof thetrueabsoluteconic.

Transformationof the structureand camerasby � to transformthe planeat infinity and the

absoluteconicto theircanonicalrepresentationsresultsin ametricreconstruction.Thecomponents

of � in (2.9),
� � and

���
, areresponsiblefor theplaneat infinity andabsoluteconic respectively.

The first step is to define
� � as the transformationthat maps è � to its affine canonicalvalue� OÞ&�OÞ&�OÞ& ��� T. It is simpleto verify thatthis is accomplishedby

� � ! ��
� ó�ìè T�

�'�
� (2.10)

Following transformationby
� � , theabsoluteconic ñ � mustbetransformedto the3 � 3 identity
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matrix ó . Noting thattheupperleft 3 � 3 matrixof a4 � 4 homographyof 3D is aplanehomography

of thecanonicalplaneat infinity,
���

is theaffine transformationof 3D

��� ! ��
� � ì T

ì T �
�'�
� (2.11)

From(2.1) for conictransformation,
�

is definedby therequirementthat� � T ñ � � � � !#ó
whence

ñ � ! � T � (2.12)�
is in fact the inverseof the internalparametermatrix of the referencecamera,aswill now be

described.

2.3.5 The imageof the absoluteconic

Theabsoluteconicis imagedin any photographasaconicdependentonlyontheinternalparameters

of thecamera.This resultdemonstratesthesimilarity invarianceof ñ � (its imageis independent

of theposeof thecamera)andcanbeobserved by notingfirst that for any camera
Ò!ï���Nôáõ/ö/� a

point �ä!#� V� &7O � T on è � is imagedas

�R!-� �Nô�õ*öM�
��
� V� O

�'�
� !-��ô V�

Pointson theimageplaneandtheplaneat infinity arethusrelatedby aplanehomography��ô . The

imageof theabsoluteconic,or IAC, is obtainedfrom transformationof ñ � by (2.1) to give

�Ò!#�N��ôa� � T ñ � �N��ôa� � � ! � � T ô � T ô � � � � � !-� � T � � �
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whichexpandsto

��� ���� !#"%$&" ')(*!#$ '+!,$.-/!,$10123'4(65#287')(6!,$ $&":9;(*" (<-/!,$10 2 '�(65 2 7.'4$&"=5 2'+!,$.-/!,$10 2 '�(65 2 7>(?-/!,$10 2 '4(65 2 7.'4$ " 5 2 ! " $1@�9;$ " 5 "2 9A-B!#$10 2 '4(65 2 7 "
CEDDDF (2.13)

� canberecoveredfrom � by Cholesky decomposition[40]. Notethatthereis anambiguityin the

Cholesky decomposition,since,for any reflectionmatrix G of theform

Gº! �����
�
H � O OO H � OO O H �

�'����
� & G T GR! ó and

� !à� � T � � � !ä�IG�� � �L� T Gá� � � . In practicethis signscalingof any row of � canbechosento be

consistentwith theimageaxes.

The IAC playsan importantrole in calibrationandreconstruction.It encodesthe internalpa-

rametersof thecamerain a form thatallows linearconstraintsto beexpressed– apropertythatwill

beexploredin somedepthin this thesis– anddoessoin aform amenableto geometricmanipulation

andvisualization.Notethatis is sometimesconvenientto usethedualform of � : thedualimageof

theabsoluteconicor DIAC, � � � .
The IAC definestheaffine transformation

���
asfollows. Given that 
.�1! �Nó\õ O � , thehomog-

raphybetweentheplaneat infinity andtheimageplaneis theidentity. Hence,� !-ñ � and,from

(2.12) � T � !^ñ � !-� � T � � �
andthusthechoiceof � !#� � �
achievestheobjective that

� �
mapstheabsoluteconicto its canonicalvalue.Thepoint transforma-
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tion thatachievesmetricstructurefrom affine is thus

��� ! ��
� � � � ìì T �

�'�
�

2.3.6 Rectifiedcameramatricesand the infinite homography

Projective structureis upgradedto affine by thepoint transformation
� � . That is, point � � in the

affine reconstructionandpoint � � in theprojective reconstructionarerelatedby

� � ! � �A���
Sinceanimagepoint

��!-
��L���I!-
 � � �
is thesamefor bothaffineandprojective camera/reconstructionpairs,theaccompanying projection

matricesfor theaffine reconstructionare


 � !-
.� � � �� and 
 2 � !-
 2 � � � ��
Writing è � !#�MVè T� & ��� T


 � !#�NóÞõ�ì)� ��� ó ìE Vè � �
�'�
� !-
 �

and


 2 � !��	�Hõ
� 2 � ��� ó ìE Vè � �
�'�
� !��	� E � 2 Vè T� õ
� 2 ��!#� � � õ,� 2 � (2.14)

Theleft 3 � 3 sub-matrixof 
 2 � , � � , is known astheinfinite homography.
� � is thetransforma-
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tion mappingtheprojectionsof idealpointsbetweenviews: for any ideal3D point �ä!#� V� T &PO � T
��!-
 � �ä! V� and �]24!-
)2 � �â! � � V�ï! � � �

Theprojectionmatricesfor themetricreconstructionfollow from theaffineas


�Jý!-
 ��� � �� !-� �Nó\õMì)� and 
 2 J !-
 2 � � � �� !#� � � � õ
� 2 �á!#� 2 �NôLKMõ'ö
K �
with � 2 the internal parametermatrix of the secondcamera, ôLK and ö,K the relative rotation and

translationof thetwo camerasand
� ��!-� 2 ô K � � � .

The generaltask of uncalibratedmetric reconstructioninvolves finding the eight degreesof

freedomof � ; threedegreesof freedomfor è � andfive for � . Undervariousconditionson the

numberandvariation in cameras,motion betweenviews andscenegeometry, constraintscanbe

obtainedon theseparameters.Thefollowing sectiondescribesanumberof calibrationapproaches,

rangingfrom theuseof known world geometryto multiple views with arbitrarycameras.

2.4 Calibration and auto-calibration literatur e

Early cameracalibrationtechniquesweredesignedto identify the calibrationparametersto allow

measurementof world featuresor relative threedimensionalrelationships.Thetechniquesof pho-

togrammetryreflect the immenselydetailedcalibrationnecessaryto make measurementsin such

contexts astopographicmappingfrom aerialphotographs[96]. Thephotogrammetricapproachis

apparentin early vision calibrationmethods,wherean objectwith known characteristicsis used

to infer the internalandexternalparametersfrom images. The advent of structurefrom motion

andprojective reconstructionwithout knowledgeof cameraparametershasmadethisunnecessary;

scenereconstructionis attemptedwherenocalibrationobjectsarepresent.Auto-calibration,then,is

concernedwith estimatingthecameraparametersin orderto improve thereconstructionto thelevel

necessaryfor a task,beit affineor metric.To thisend,constraintsontheparametersareto befound

in theidentificationof invariantentities,thecharacteristicsof typesmotionandtherelationshipsbe-

tweentheprojectionsof correspondingimagepoints. A numberof approachesarediscussedhere,
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with descriptionsdividedinto four categories:

1. Classicalcalibration:usingthegeometryof known objectsin theworld.

2. Auto-calibrationassumingfixed internalparameters:assumingthat thesameor an identical

camerais usedfor eachview of ascene.

3. Auto-calibrationwith varyinginternalparameters:relaxing(partially)theassumptionof iden-

tical cameras.

4. Specialor constrainedcameramotion: solving thespecialcaseswherethemotion between

camerasis known to beof aparticularform.

2.4.1 Classicalcalibration

Classicalcalibrationusingknown objectsoriginatedwith photogrammetry, aimedat extremelyac-

curatecameracalibrationand making useof speciallydesignedcalibrationdevices. The Direct

LinearTransformation(DLT) of Abdel-Aziz[1] andthemethodsof Ganapathy[37] aresomeof the

first attemptsto applythecalibrationfrom objectsto commontypesof camerasin acomputationally

directmanner. Thecalibrationgridsof Tsai[107] representa move towardsautomatedcalibration

from images.Tsaiusesa planarcalibrationpattern(which hascometo beknown astheTsaigrid)

consistingof a grid of black andwhite squares.An imageof grid pointswith known world co-

ordinatesallowscalibrationfrom asingleview by computingtheprojectionmatrix from theimages

of pointsandtheir known world co-ordinates.

The useof cuboidcalibrationobjectsexploiting the vanishingpointsof orthogonaldirections

appearsin thephotogrammetryliteratureof the1960s,developedby Gracie[41], andintroducedto

visionby CaprileandTorre[11]. Moreonthissubjectappearsin chapters4 and5,wherethemethod

is examinedin somedetail.

2.4.2 Auto-calibration with constantinternal parameters

Auto-calibrationwasfirst exploredby Faugerasetal.[33] usingtheKruppaequations.TheKruppa

equationsembodythe constraintthat the epipolarplanestangentto the absoluteconic project to
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correspondingepipolarlinestangentto theIAC in eachview. Two independentquadraticconstraints

on theDIAC canthenbewritten for eachview pair, sothreeviews arerequiredto obtainsufficient

constraintsto solve for the internalparameters.Solutionof the resultingsix quadraticequations

hasbeenapproachedusingcontinuation[33] andnumericalminimization[113], and is in general

difficult. However, in thesimplifiedcasewherethecamerahassquarepixelsandaknown principal

point, a quadraticexpressionfor focal lengthin termsof the fundamentalmatrix canbe obtained

directly from theKruppaequations[46, 7].

Hartley [44] proposesamethodof auto-calibrationbasedon thestructureof theprojectionma-

trix. The methodusesconstraintsderived from the observation that the QR decompositionof a

metric rectified cameramustyield an uppertriangular � andorthonormal ô . An iterative mini-

mizationontheparametersof � in (2.9)is performed,with theinitialization for theplaneat infinity

obtainedby consideringthecheiralityof images,theconditionthatthey aretheprojectionsof points

in front of thecamera.Linear programmingis usedto obtainthe estimatefrom thesetof cheiral

inequalities.

HeydenandÅström[51] derive a constrainton theDIAC from a formulationthat is recognised

by Triggs[105] astheprojectionof theabsolutediskquadric:


.�'î � 
 T� !�� � �
Since � is thesamein all views, five non-linearequationson theeight calibrationparametersare

obtainedfrom eachadditionalcameraafterthefirst one.

The modulusconstraint, developedby Pollefeys et al.[81, 80] is an explicit constrainton the

planeat infinity. With two identicalcamerastheinfinity homography

� � !-��ôP� � �
is conjugateto a rotationandthushaseigenvaluesof equalmodulus,whenceaquarticconstraintin

theparametersof theplaneat infinity is derived. Completesolutionis possiblefrom threeviews,

giving theplaneat infinity andaffine reconstruction,althoughthis requiressolvinga setof trivari-
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atequartics.A subsequentalternative derivation by Schaffalitzky[89] alsoclassifiesthesolutions,

reducingthenumberof valid solutionsfrom 64 to 21.

If theinfinity homographybetweentwo views is known, LuongandViéville[71] show that the

IAC is constrainedby thefactthatit is thesamein bothviews. Writing

�NM]! � T� �.O � �
for theIAC’s in views Ù and P providesfour independentlinearconstraintson theelementsof �:Ma!�LO . Thisconstraintis revisitedin chapter5, whereageometricdescriptionof thefour constraintsis

given.

Triggs[106] describesan auto-calibrationalgorithmfrom a planegiven the homographiesbe-

tweenthe imageof theplanein thefirst view andits imagein all otherviews. Eachhomography

mapstheimagedcircularpointsof theplaneto thefirst view. Theimagedcircularpointslie on the

IAC (this will beexpandedon in chapter4), leadingto two non-linearconstraintson � from each

imagedplane.

2.4.3 Auto-calibration with varying internal parameters

The constantinternalparameterlimitation of many auto-calibrationtechniquesis impracticalfor

someimagesequences.Theassumptionthata singlecameraor cameraswith identicalparameters

areusedfor theentiresequenceis ofteninvalid, althoughsomeof theparametersmayremaincon-

stant.It is oftenreasonableto assume,for example,thata camerahasa fixedaspectratio andzero

skew throughouta sequence,but that the focal lengthandprincipal point change.This is the ap-

proachtakenby HeydenandÅström[52], allowing for thevarying,unknown focal lengthandprin-

cipalpointof squarepixel cameras.An iterativeminimizationwith thesquarepixel parametrization

of thecamerais usedto computemetricrectifiedcameras.

The projectionof the absolutedisk quadricto the DIAC is usedby by Pollefeys et al.[79] in

anauto-calibrationalgorithmfor squarepixel but otherwisevaryinginternalparameters.Assuming

initially that theprincipalpoint is known, linear constraintson î � areusedto computean initial

estimatefrom threeor moreviews. A minimizationallowing focal lengthandprincipal point to
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vary follows.

Hartley[43] proposesa methodof finding thefocal lengthsof two camerasfor which theother

internalparametersareknown. Themethodusesasingularvaluedecompositionof thefundamental

matrixwritten in termsof theinternalcameraparameters.

Nistér[75] modifiesthe cheirality constraintsto computea reconstructionthat is quasi-affine

with respectto thecameracentresratherthanthereconstructedpoints.Thequasi-affine reconstruc-

tion is importantfor thesubsequentauto-calibrationminimization,asa qualitative comparisonof

methodsshows.

2.4.4 Specialmotion auto-calibration

Certaincameramotions,or restrictionsonmotion,reducethenumberof ambiguitiesin acalibration

problemor allow simplifiedsolution.Thecasesmentionedhereincludepuretranslationor rotation

of camerasandtheplanartranslationof a camerawith rotationaboutanaxisperpendicularto the

motionplane.

Whenacamerais rotatingaboutits opticcentreandnot translating,all pointsin apairof images

arerelatedby a homography. Furthermore,this homographyis the infinite homographybetween

thecameras.Hartley[45] usesthis factto write constraintson thefixedcameraparametersfrom the

invarianceof theIAC undertransformationby
� � . Sinceeachview pairprovidesfour independent

constraints,a minimum of threeallows computationof the internal parameters.De Agapito et

al.[24] extendthis to varyinginternalparametersby expressingtheDIAC in view Ù in termsof
� �

andtheDIAC in a referenceview:

� � �M ! � � � � �û � T� (2.15)

Iterative minimizationis thenusedto computethecamerasin all views. A furtherextension[23] re-

turnsto theIAC form of (2.15)andobtainslinearconstraintsontheIACsfrom partialknowledgeof

internalparameters.Zeroskew inducesaconstraintfrom thezeroentryin � , andsimilarconstraints

follow from a known aspectratio or principalpoint. This approachhasbeengeneralizedto include

translationalcameramotionsby Hartley et al.[50]. Cheirality constraintsareusedto provide an
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initial estimateof the infinite homography, andconstraintsfrom the transferof the IAC provide a

measureof errorfor subsequentminimization.

For a pair of cameraswith a pure translationbetweenthem, the infinite homographyis the

identity matrix. Accordingly, Moonset al.[72] show that for a sequencein which thefirst motion

is a puretranslation,affine structurecanbefounddirectly. Armstronget al.[2] usetherequirement

of puretranslationfollowedby rotationto obtainmetricstructure.PajdlaandHlaváQc[76] usesthree

translationsof acamerato obtainmetricstructure.

Auto-calibrationschemesexist for the caseof planarmotion and rotation orthogonalto the

translationplane(typically in the context of robot navigation). Undersuchmotions,a fixed line

(the vanishingline of the translationplane)with fixed imagedcircular pointsanda line of fixed

points(the imageof the screw axis) exist for view pairs. Sincethesefixed entitiesareimagesof

idealentities,their imageco-ordinatesconstraintheplaneat infinity. Armstronget al.[3] usethree

views to computethefixedentitiesandhencetheplaneat infinity andaffine structure.Beardsley

andZisserman[5] demonstrateaffine reconstructionwith astereorig undergoingplanarmotion. In

this casethemappingbetweenthetwo view projective reconstructionsbeforeandafter themotion

induceconstraintson thefixedentities.A generalstereocalibrationschemeusingthefixedentities

canbefoundin Zissermanet al.[116] andDevernayandFaugeras[28].

2.4.5 Where this thesisfits in

Themethodspresentedin subsequentchapterscombineelementsof calibrationobjects,knowledge

of someinternalparametersandauto-calibrationconstraints.

Muchof thematerialturnsfamiliarworld objectsinto calibrationobjects.In chapter3 it will be

seenhow sceneplanegeometrycanbe exploited to achieve metric reconstructionof theplane,as

well asprovideconstraintsontheinternalparametersof thecamera.Chapter4 extendsthenotionof

thevanishingpointsof orthogonaldirectionsproviding constraintsonthecamera,combiningit with

thesquarepixel cameramodel. Constraintsareobtainedfrom imagesof structuredenvironments,

suchasbuildings,wheretheright anglesandparallellinesthatdominatehumanconstructionspro-

videcalibrationinformation.
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In two views (chapter5) thepresenceof matchedvanishingpointsdefinestheplaneat infinity.

Auto-calibrationmethodsof computingthe internalparametersgiven the infinite homographycan

thusbeusedin additionto thesingleview constraintsimposedby thevanishingpoints.Specifically,

the infinite homographywill be shown to transferthe constraintsobtainedfrom knowing that the

camerashave squarepixelsbetweenviews.

Eventhehumanbodywill beusedto calibrateaffinecameras– thefixedlengthsof partsof the

bodyasit movesprovide theconstraintsin chapter6.



Chapter 3

PerspectiveCorr ectionof Imagesof

Planes

3.1 Intr oduction: From perspective distortion to fr onto-parallel im-

agesof planes

The imageof a world planecapturedby a cameraexperiencesperspective distortion. Figure3.1

shows suchan imageof a plane,a photographof an external wall of a building. Observe that

rectangularfeatures,suchas the windows, do not appearas rectanglesin the image: the plane

geometryhasundergonea transformationthat distortsEuclideanpropertiessuchaslength,angle

andparallelism.Figure3.2shows theperspective correctedwall, wheretheplanegeometryis that

which would beseenhadtheoriginal photographbeentakenwith thecamerafronto-parallelto the

wall. Suchperspective correctionor rectificationis thesubjectof this chapter.

Perspective correctionhasa numberof applications,includingimagemosaicing[100] andpla-

narobjectrecognition[87]. Moretopically, rectificationis essentialfor 3D measurementandrecon-

structionof objectsincludingplanes,asubjectwhichwill bedealtwith in thefollowing chapters.

Thenatureof planeperspectivedistortionis well understood– themapbetweentheworld plane

and the perspective imageis a planeprojective transformation,a 2D homography[36, 91, 101].

Correctingperspective distortion is a matterof determiningthe eight degreesof freedomof the
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Figure3.1: A photographof anexternalwall of KebleCollege,Oxford. Theperspective distortion
of thewall planeis clearfrom theshapeof rectangularstructures,suchasthewindows.

Figure3.2: Theperspective distortioncorrectedin theview of thewall of KebleCollege. Sucha
view wouldbeobtainedfrom a fronto-parallelphotograph.
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homography. Theparametersof thehomographydependon therelative positionandorientationof

the world planewith respectto the camera,andthe camerainternalparameters.Often, however,

very little or noneof this informationis available.

Collins andBeveridge[15] developeda techniqueof partial planerectification. They showed

thatoncethevanishingline of a planeis identified,the transformationfrom world to imageplane

canbe reducedto an affine transformation.This result was usedin registeringsatelliteimages,

reducingthe dimensionof the searchspacefrom eight, for a full projective homography, to six,

thedegreesof freedomof anaffine transformation.They showedfurtherthattheorientationof the

planerelative to thecameracanbecomputedprovidedtheinternal calibration is known.

Thework presentedin thischaptergoesfurther, reducingtheworld to imageplanehomography

to asimilarity transformation.Metric measurementsmaythenbemadeon theplane.Therectifying

homography for theplaneis computedfrom scenegeometricinformation,specificallyparallelism

of lines, theanglesbetweenlinesandratiosof lengthsalonglines in differentdirections.Later it

will be shown that a rectifiedplaneprovidesconstraintson unknown internalcameraparameters.

Conversely, aknown internalcalibrationprovidesconstraintsontheplanerectificationhomography.

Thechapterproceedsby examiningtherectificationhomographymorecloselyanddecompos-

ing it into metricandnon-metricparts. Themetricpart is thenfurtherdecomposedinto two parts

associatedwith geometricfeatures,thevanishingline of theplaneandthe imagedcircularpoints.

Variousmethodsof computingtherectificationaredescribed.

Theintersectionof parallelworld lines in a vanishingpoint is a commoncomputationin these

techniques,aswell asin thework of laterchapters.Consequently, amethodis presentedto compute

a MaximumLikelihoodEstimate(MLE) of theintersectionof a numberof (noisy)measuredlines.

Finally, afirst ordererroranalysisof line intersectionis performedandtested.
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3.2 Rectification geometry

3.2.1 The rectification homography

Therectificationhomographythatmapsapointontheimageplane,� , to apointontheworld plane,� 2 , is representedby a �F�	� homogeneousmatrix
�

suchthat

� 2 ! � � (3.1)

�
haseightdegreesof freedom.

Justasfor the 3D homographyrectifying a projective reconstruction,
�

may be decomposed

as[37]

� !R�S� (3.2)

The transformation� is themetricpartof thehomographyandis a similarity transformation,

whichcanbea reflectionor of theform

��!
��
� 
 ô öì T �

�'�
� (3.3)

where ô is arotationmatrix, ö atranslationvector, and 
 anisotropicscaling.Therearefour degrees

of freedomin � .

The remainingfour degreesof freedomin the rectifying homographyareencodedby � , the

non-metriccomponentof
�

. � hasaffineandprojective componentswhichwill bedescribedin the

next section.

The establishedmethodof computing
�

is from the correspondenceof four (or more)points

with knownposition[20]. Givenfour points(3.1)maybewrittenout explicitly for known � and � 2 .
Thefour pointsgiveeightequationsin theeightdegreesof freedomof

�
andtheelementsof

�
may

thenbecomputed.Once
�

is determinedtheimagecanbewarpedontotheworld planeandin this

waya rectifiedimageis obtained.
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T � !����
U �

(a) (b)

Figure3.3: Two metric rectificationsof Keblewall planein (a) appearin (b). The metric rectifi-
cationsdiffer only by a similarity transformation,a rotation, translationandscalingof the plane
co-ordinatesystem.Metric propertieson theplanearethesame.

However, it is not necessaryto determinethe entirehomographyin order to obtaina metric

rectification.Themetricpropertiesof theplane,suchasangleandrelative length,areinvariantto� sinceit is asimilarity transformation.Thecompletemetricrectificationis thusknown when � is

computed.

Consider, for example,figure3.3(a).Thedimensionsof therectangledefinedby thefourcorners

of the window shown areknown. The four cornersof the rectanglethushave known world co-

ordinatesassoonasa co-ordinateframeon the world plane,that is, the building wall, is chosen.

The two imagesin figure3.3(b)show rectificationsfor two differentchoicesof world co-ordinate

frame.Thetwo rectificationsdiffer only by asimilarity transformation.

It will be shown in the following sectionsthat the metric rectificationcanbe computedwith-

out the known co-ordinatesof four points. This is doneby parametrizing� by planegeometric

invariantsthatcanbecomputedfrom geometricfeaturessuchasparallelismandangle.
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3.2.2 The non-metric part of V
Thenon-metricpartof

�
canbedecomposedinto two matrices:�H! ���M� � (3.4)

Four of theeightdegreesof freedomof
�

have beendiscardedwith � , andit will now beshown

how theremainingfour degreesof freedomof � areparametrizedby
���

and
� � andassociatedwith

planegeometry. This in turn leadsto methodsfor computing� from scenegeometry.

Specializationsof the imageplane

The world planeis a Euclideanplane– all the Euclideanpropertiessuchaslengthandangleare

definedon this plane.Theline at infinity hasthecanonicalco-ordinates� OÞ&áOÞ& ��� T andthecircular

pointsare �N� & H Ù &PO � T.
In the absenceof further knowledge,the imageplaneis a projective plane. Nothing may be

saidaboutEuclideanor affinepropertiesof theimageplanegeometry. However, assoonasa line at

infinity W[� ontheimageplaceis chosenaffinepropertiesaredefined.Thechoiceof apairof circular

points Î and Ï for the imageplanein turn definesmetricproperties.Furthermore,it is possibleto

measurebothaffineandmetricproperties.For example,theaffinepropertyof parallelismis defined

sinceparallellinesintersecton W � . Themetricpropertyof anglebetweenlinescanbecomputedby

Laguerre’s formulafrom thecrossratio of thecircularpointsandtheintersectionsof thelineswithW � .

Now, from (3.1) theworld andimageplanesareprojectively equivalent. The key ideahereis

thatif theparticularline at infinity andcircularpointschosenon theimageplaneareimagesof the

correspondingcanonicalelementson theworld plane,theaffine andmetricpropertiesof theworld

planecanbemeasuredon theimageplane.

So,assumeit is possibleto identify theprojectionsof thecanonicalworld planeline at infinity

andcircular points. Selectingtheseas W � , Î and Ï , the affine andmetric propertiesof the image

planeareidenticalto thoseof theworld plane.Themetricrectificationhomography� cannow be
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W � W � � W ���
Figure3.4: A projectively distortedrectangleon the left is mappedto a parallelogramby

� � , the
transformationthatmapsW � ’ to infinity’, to theEuclideanline at infinity � OÞ&áOÞ& ��� T � . Theparallel-
ogramis in turn mappedto a rectangleby

���
, the transformationthatmapsthecircular pointsto

their canonicalvalues.

seento be a homographythatmapsthesechoicesof W � , Î and Ï to their canonicalvaluesso that

measurementson image planeco-ordinatescan be transformedto agreewith familiar Euclidean

algebra. Thatis, � mapsÎ and Ï to �N� & H Ù &�O � T. Thedecompositionof � in (3.4) is astratification

of thetransformationsuchthat
� � mapsW � to � OÞ&7OÞ& ��� T and

���
maps

� �AÎ and
� �AÏ to �N� & H Ù &3O � T.

Figure3.4shows theeffectof transformations
� � and

� �
on aprojectively distortedrectangle.

Parametrization of
���

and
� �� � is requiredto map W[� to the line � OÞ& OÞ& ��� T. Writing

� � !��[ �  (  T � T andtransformingthe

line by

W � ! � T� � OÞ&�OÞ& ��� T !YX  �  (  T#Z �����
�
OO �

�'����
� !� 7T

So
� � actsasrequiredif  3Tò!�W � !��[Z � �'& Z � ( & Z � T�� T. Therows  � and  3( canbechosensothat� � hastheform

� �I! �����
�
� O OO � OZ � � Z � ( Z � T

�'����
� (3.5)
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� � hastwo degreesof freedomsinceW � is ahomogeneousvector.

Thecircularpointslie ontheline at infinity. Following transformationby
� � , thecircularpoints

of the affine imageplane
� �AÎ and

� �LÏ lie on the canonicalline at infinity and thus have third

co-ordinatezero.Thecircularpointscanthenbewritten as

Î � ! � �AÎ�!#�\[ E Ù^] & � &PO � Tand

Ï � ! � �LÏ	!#�\[`��Ù^] & � &PO � T ! Î � (3.6)

Î � and Ï � mayalsobe treatedashomogeneouspointson theprojective line by simply neglecting

thethird co-ordinate: Ð !à�\[ E Ù^] & ��� T. Thecircularpointsmaythenalsobebenormalisedand

writtenasascalarpair _
!`[ E Ù^] and a�!b[���Ùc]

Theparameters[ and ] aresimply therealandimaginarypartsof

_
and a .���

is requiredto map Î � to �N� & Ù &PO � T. Sparingthereaderthedetails,by writing out� � Î � !#�N� & Ù &�O � T andseparatingrealandimaginaryparts
� �

canbeshown to have theform

��� ! �����
�
�d Efed OO � OO O �

�'����
� (3.7)

Theparameters[ and ] of
���

accountfor thefinal two degreesof freedomof � . Note that there

remainssomeambiguityonthemetricimageplanesincethecircularpointscannotbedistinguished.

Swapping Î � and Ï � or equivalently interchangingthefirst two rows of
���

resultsin a reflectionof

themetricimageplane.

The sequentialapplicationof
� � and

���
to the imageplaneis a stratified rectificationof the

plane. It is analogousto the stratifiedrectificationof a 3D projective reconstructiondescribedin

chapter1. An unstratifiedapproachto planerectification,in which thecircularpointsareidentified

without explicitly computingW � will appearin section3.5
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3.3 Computing stratified metric rectifications

3.3.1 From projective to affine

The first stageis to determine
� � , which requiresidentifying the vanishingline W[� . Once

� � is

computedthe imagegeometrycanbe transformedto affine rectify the image. Imagetexture may

alsobewarpedto produceaview of theplane,asin figure3.5.

(a) (b)

Figure3.5: Thefloor of thechapelof MertonCollege,Oxford. (a)A photographof thefloor. There
areanumberof squaretilesandcirclepatterns.(b) Theaffinerectifiedfloor planeaftertransforma-
tion by

� � . Notethat theparallelismof thetile boundarylines is restored,but theanglesbetween
linesandrelative lengthsdo not appearcorrect.Notethat for aestheticreasonsa rotationhasbeen
appliedto theinitial imagebeforetransformation.Thishasnoeffect on theaffine properties.

Thepropertythatparallellinesintersecton W � providesaconvenientmethodof computing
� � .

A setof parallellinesintersectin avanishingpoint in theimage,with W � thentheline of vanishing

points.Giventwo vanishingpoints } � and }a(
W[��!_} � �º} (

If more than two parallel lines in a particulardirectionare present,the vanishingpoint is over-

constrained.A Maximum LikelihoodEstimate(MLE) of sucha vanishingpoint is describedin

section3.6.An exampleof setsof parallellinesin two directions,showing thevanishingpointsand

vanishingline for theexampleof figure3.5above,appearsin figure3.6.

A secondmethodof determininga vanishingpoint canbefoundfrom a known ratio of lengths

from areferencein onedirection[44]. Considertheconfigurationshown in figure3.7,wherea line
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 v
1

 v
2 l

∞

Figure3.6: Two setsof parallellinesintersectin vanishingpoints } � and }a( . Thevanishingpoints
define W � !#� O&g O �*�Þ� &�O&g�h*h*h*h &ji/OÿO&g ílk6m*mØ� T.

W undergoesaprojective transformationto W 2 . Thepoint from whichdistancesaremeasuredis taken

astheorigin and,with thetwo known distancesandthepoint at infinity, thesedefinea crossratio

of four points,which is a projective invariant. As such,it hasthesamevalueafter transformation

andthevanishingpoint mustbein thesamerelationshipafter theprojectivity asbefore. It will be

shown herethatthevanishingpointcanbecalculatedfrom theknown ratioof lengthsalongtheline

by consideringthehomographyof theline directlyaswell asby writing out thecrossratio.

l
d

d
1

d

d

1

2
/

/

l /

2

Figure3.7: Notationfor computingthevanishingpoint from aknown ratio of lengthslong a line.

Treatingtheprojective transformationof pointsontheline asahomographyon � � � takingpoint
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 to  2 :
 2 !

��
�on � n Tn ( �

�'�
�  

Takingpoints � OÞ& ��� T at theorigin,  � ! �[= �*& ��� T and  7(D! �[=Â( & ��� T, andregardingtheorigin

asfixedimpliesthat n T�! O .
Thepoint at infinity,  P�ä!à�N� &�O � T mapsto  2 � !ä� n � & n ( � T, sothedistanceof thevanishing

point from theorigin is ü ! n � � n ( . It is necessary, then,to determinethe ratio n � � n ( to find the

vanishingpoint.

Points 2 � and  2 ( in inhomogeneousform aregivenby

= 2 � ! n � = �n ('= � ���= 2( ! n � = (n ('=Â(����
beingtwo equationsin n � and n ( . Solvingsimultaneouslygives

ü ! n �n ( ! = 2 � = 2 ( � 9 .9 0 E ���9 .9 0 = 2 ( E = 2 � (3.8)

Only theratio of original lengths= � �M=Â( is required.This resultcanalsobeobtaineddirectly from

thecrossratio by considering

>3? = � & = ( @ OÞ& Q CD! >7? = 2 � & = 2 ( @ OÞ& ü C
Writing out thecrossratiosgives

= �=Â( ! = 2 �= 2 (qp = 2 ( E ü= 2 � E ü
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and

ü ! = 2 � = 2 ( � 9 .9 0 E ���9 .9 0 = 2 ( E = 2 �
An exampleof computingvanishingpointsfrom a lengthratioappearsin figure3.8. Theequal

lengthratiosprovidedby thesidesof thesquaretiles provide thetwo vanishingpoints.Theresults

aremuchthesameasfigure3.6.

 v
1

 v
2 l

∞

Figure3.8: Computingthevanishingline from lengthratios.Thesquaretilesproviderelative length
information:vanishingpoint } � is computedfrom theratioof lengthsof thepointsshown ascircles,
and }a( computedfrom theratio of lengthsof thepointsdepictedby crosses.Thevanishingpoints
define W � !#� O&g O �Þ�*� &�O&g�h*h*h m & ílk/� g �*� O mØ� T. Comparethis to figure3.6.

Otherconstraintsmay be usedto determinethe vanishingline. For example,a singlesetof

equallyspacedparallellineson theplaneis sufficient to determineW � [90].

3.3.2 From affine to metric

Having recoveredtheplanegeometryup to anaffine transformationby applyingthematrix
� � , the

final stageis the recovery of metricgeometry. This requiresanaffine transformationof theplane,� �
, thatwill restoreanglesandlengthratiosfor non-parallellines. Thegoalis thusto determine[

and ] , therealandimaginarypartsof Î and Ï . This fully defines
���

. Once
���

is known, theaffine

rectifiedplanecanbemetricrectified,asin figure3.9.

Threeconstraintson the circular points of the affine rectified planeare derived below. The
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(a) (b)

Figure3.9: Metric rectificationfrom affine of thefloor of thechapelof MertonCollege. (a) Affine
rectificationof theplane. (b) Metric rectifiedplane. Observe thesquarefloor tiles andcircle pat-
terns.

constraintsarequadraticin [ and ] andmayberepresentedascirclesin thecomplex �\[ & ]P� plane,

allowing solutionby simpleintersectionof circles.Theconstraintsarefoundfrom

1. known anglesbetweenlines,

2. equalityof unknown angles,and

3. known ratiosof lengths.

Known angles

Considertwo lines W 5 and W~6 transformedto lines W 2 5 and W 2 6 by someaffine transformationV� � . AngleÔ betweenW~5 and W�6 is known, but thedirectionsof thesetwo linesarenot. The intersectionsof a

line Wá!ï�[Z �*& Z\( & Z\T*� T with W � is thepoint � E Z~( & Z �'&�O � T, which canbeconsideredasa point along

the onedimensionalline, representednon-homogeneouslyas E Z\(*�MZ � . The intersectionsof W 2 5 andW 2 6 with W � arepointsdenoted: and ; . Taking thecrossratio of : and ; with

_
and a , Laguerre’s

formulagives

>3? : & ;�@
_
& a7C�! ÕAÖØ× �/Ô ��Ù ×BÚÜÛ �/Ô
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Writing out thecrossratioandsubstituting[ E Ù^] and [`��Ùc] for

_
and a ,

:JE �\[ E Ùc]7�; E �\[ E Ù^]7� p ; E �\[`��Ù^]P�:JE �\[`��Ù^]7� ! ÕAÖØ× �/Ôò��Ù ×BÚÜÛ �/Ô
Multiplying throughandequatingrealpartsgives

[ ( E � : � ;'�r[`�s] ( E ÕAÖÿþ Ô4� :KE ;'�	]`� : ;�! O (3.9)

which, by completingthe squaretermsin [ and ] , representsa circle in the complex planewith

centre

�[< e & < d ��!#� � : � ;'�� & ÕAÖÿþ Ô4� :KE ;'�� �
andradius

ù�!ut � :JE ;'�� ×BÚ\Û Ô t
Equatingimaginarypartsyieldstheidenticalrelationship.

The complex planecircle representsa family of solutionsfor the circular points. In the case

of a right angle,the circle is centredon the real axis andpassesthroughboth complex conjugate

points

_
and a . Circlesobtainedfrom otheranglesmove off therealaxis,passingthroughoneof

thecircularpoints,in which casethecomplementaryanglebetweenthesamepair of lines results

in a circle throughthecomplex conjugatepoint. Theright anglecaseis by far themostimportant

sinceorthogonalityis ubiquitousin humanconstructions.Thepresenceof orthogonalityalonealso

simplifies the parametrizationof
���

– an algorithm for the caseof buildings is presentedin the

following section.
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Equal unknown angles

An additionalconstraintcanbe found from the knowledgeof two anglesof the samemagnitude.

Taking(3.9) for twopairs of lineswith pointson W � at : �*& ; �*& : ( and ; ( , andsolvingyields] p ÕAÖÿþ ÔK! E�: � E ; � � : ( � ; (: � E ; � E": (�� ;L( [�� E�: � E ; � � : ( � ; (: � ; � E": ('; (
Substitutioninto oneof theinitial equationsdefinesacircle centredon therealaxisat

�[< e & < d �á!�� : � ;L( E ; � : (: � E ; � Eý: ( � ; ( &BO �
with squaredradius

ù ( !#� : � ;L( E ; � : (: � E ; � EH: (�� ;L( � ( � � : � E ; � �A� : � ; � E": (*;L('�: � E ; � E": (�� ;L( E": � ; �
Known length ratio

Considertwo lineswith lengthsW � and W ( whichhaveendpointsasshown in figure3.10,andlengths= � and = ( whichhave known ratio 
D!�= � �M=Â( . Themetriclengthsarerelatedby

��S � � E S � ('� ( � �wv � � E v � (*� ( !^
 ( � ��SU( � E S)( (*� ( �^�wvØ( � E vØ( ('� ( �
Transformingtheendpointsby

� �
, this canbeexpressedas

(

(

(

(
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Figure3.10:Affineconstraintfrom known lengthratio.
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� E S 2 � �] � [:v 2 � �] � S 2 � (] E [xv 2 � (] � ( �^�wv 2 � � E vÂ2� ( � (
!�
 ( � � E S 2 ( �] � [:v 2( �] � S 2 ( (] E [xv 2( (] � ( �^�wv 2( � E vÂ2( ( � ( �

which,writing yFS 2z for S 2z � E S 2z ( andsimilarly for v 2 , becomes

� E �] yFS 2 � � [] yqv 2 � � ( �{yqv 2 � ( !^
 ( � � E �] yFS 2( � [] yqv 2( � ( �{yqv 2( ( �
Squaring,rearrangingandmultiplying throughby ] ( gives

�\yqv 2 � ( E 
 ( yqv 2( ( �r[ ( E �¶�\yFS 2 � y|v 2 � E 
 ( yFS 2( y|v 2( �r[`��\yqv 2 � ( E 
 ( yqvÂ2( ( �	] ( �{yFS42 � ( E 
 ( yFS42( ( ! O
which is acircle with centre

�[< e & < d ��!#� �\yFS 2 � y|v 2 � E 
 ( yFS 2( y|v 2(yqv 2 � (�E 
 ( y|v 2( ( &BO �
andradius

ù�!ut 
Â�\yFS 2( yqv 2 � E yFS 2 � yqv 2( �y|v 2 � ( E 
 ( yqv 2( ( t
Note alsothat this constraintcanbe linearizedby over parametrizingthe affine rectification.1

Thesquaredmetriclengthof a line segment yF� 2 ! ��� y1� is its innerproduct

= ( !#� ��� yF�3� T ��� y1��!}yF� T � � T� ��� �ryF�
Giventwo line segmentsyF� � and yF�a( , with ametriclengthratio 
 , theconstrainty1� T� � � T� ��� �ryF� � !^
 ( y1� T( � � T� ��� �ry1�a(

1This waspointedout by Dr StefanCarlssonin the3D affine reconstructioncontext, andformsthebasisof the3D
affine rectificationconstraintin chapter6.
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providesa singlelinearconstrainton theelementsof

� T� ��� ! �����
�
� E [ OE [ [ ( �s] ( OO O ] (

�'����
�

In theexamplesthat follow, thequadraticform is used,sincethis allows directcombinationof the

differenttypesof constraintson [ and ] .

Exampleconstraints

The threetypesof constraintsdescribedabove aredemonstratedin figure 3.11. Two pairsof or-

thogonallines provide two known angleconstraints,the equalityof the anglesbetweenthe lines

providesa third constraintanda fourth is computedfrom theratioof lengthof thesidesof asquare

tile. Themetric rectifiedimageplaneshown in figure3.9 is obtainedfrom theseconstraints.The

inevitablepresenceof imagenoisemeansthatthecirclesdonotall intersectin asinglepoint,sothe

affineparametersareestimatedby computingthepointon theupperhalf of the �\[ & ]7� planeclosest

to all thecircles.A few commentsarein orderat this stage:

1. All threeconstraintsare functionsof line direction ratherthan line position. Parallel lines

thusprovide identicalconstraintsin theabsenceof noise.

2. Consistentconstraintscanbe obtainedfrom differentmethods.For example,theconstraint

that the sidesof a squarehave the samelengthandthe constraintthat the diagonalsof the

squareareorthogonalareidentical.

3. As a fundamentalproperty, thecircularpointscanalsobecomputeddirectly from the inter-

sectionof theline at infinity andacircleon theplane.

3.4 The caseof buildings

Rectificationfrom scenegeometryis particularlyusefulin thereconstructionof buildings.Suchre-

constructionscommonlyrequirerectificationof building facadeswhererectangularstructuresexist,
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Figure3.11:Constraintson theaffine rectificationparameters.(a) Two pairsof line segmentsfrom
whichconstraintsareobtainedin two ways:(b) two constraintsdefinedby theright anglesbetween
the pairs and (c) a single constraintfrom the equality of the anglesbetweenthe two line pairs.
(d) The lengthratio of the sidesof the squareprovidesa singleconstraint,shown in (e). All the
constraintsarecombinedin (f). Thecomputedaffine parametersare [�! O&g � i*i m and ]Ò! � g �ÿ�*m*m .
Theseparametersareresponsiblefor themetricrectificationof figure3.9.

suchasthefacadeoutlineor windows (asin figure3.1). The typical structurepresentsorthogonal

setsof parallel lines in the vertical andhorizontaldirections. The vertical andhorizontalparallel

linesdefine W � andtheaffine rectificationof theplane(seefigure3.12).

The orthogonalityof the vertical andhorizontaldirectionsprovidesa singleconstrainton the

affine circular pointsandthuson the affine rectification. A oneparameterfamily of affine trans-

formationsremains– the ambiguitycorrespondingto the relative scaleof vertical andhorizontal

directions. Figure3.13shows two of the possiblerectificationsof a building facade.The first is

computedwith anarbitraryselectionof relativescaleof awindow onthefacade.Thesecondshows

therectificationfrom thebeginningof thechapter, wheretheaspectratioof awindow is known from

measurementandtheambiguityis thusremoved.A parametrizationof therectificationhomography
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thatmakesthisambiguityexplicit will now bedescribed.

(a) (b)

Figure3.12:A typicalbuilding facadeshastwo pairsof parallellinesin orthogonaldirections.The
parallellinesdetermineW � andthustheaffine rectificationof theplane.

(a) (b)

Figure3.13:Theaspectratioambiguityin relativescaleof verticalandhorizontaldirections.(a)An
incorrectlyscaledimage.(b) Thecorrectlyscaledimage,from theknown lengthratio of thesides
of a window.

Theprevioussectionshave describedthestratifiedrectificationof a planein two stages;first a

projective andthenanaffine transformation.In thecaseof a pair of orthogonaldirectionsandthe

aspectratio in thesedirectionsit is possibleto furtherstratify therectificationby decomposing
� �

as

��� !^êá(Aê � ô �
Thethreestagesof thedecompositionhave thepurposesof

1. ô � : Rotateadirectionto thehorizontalaxis.

2. ê � : Transforma seconddirectionto theverticalaxiswithout changingtheorientationof the

horizontalaxis.

3. ê ( : Settheaspectratioof verticalandhorizontaldirectionswithoutchangingthedirectionof

either.
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To parametrizeêá( , ê � and ô � , considertwo orthogonalvanishingpoints ~ � and ~M( . � � is

computedaccordingto (3.5). Theeffect of
� � on thevanishingpointsis to transformthemto the

form } �^� ! �A� & � &DO � T, wherethey definedirections. } �^� cancanbe written as a unit norm

directionvector } �^� !�� ÕAÖØ× �^�U� & ×BÚÜÛ �^� � & O � T, where � is theangle } �^� makeswith thehorizontal

axis.Now ô � is a rotationmatrix thatrotates} �^� to thehorizontalaxis: ô)} �^� !#�N� &�OÞ&7O � T:

ô � ! �����
�
ÕAÖØ× �^�U� ×BÚÜÛ �^� � OE ×BÚÜÛ �^� � ÕAÖØ× �^� � OO O �

�'����
�

If theanglebetween} �^� and } ( � is Ô , } ( � now makesanangleof é E Ô with theverticalaxis

andthetransformation

ê � !
�����
�
� E ÕAÖÿþ �[ÔÂ� OO � OO O �

�'����
�

meetscriterion2 above.

Thefinal transformationêá( is simply

ê ( !
�����
�
� O OO � OO O �

�'����
�

where� correctstherelative scalein horizontalandverticaldirections.

Therelative scaling� is theunknown parameterdefiningtheambiguityabove. It maybedeter-

minedfrom measurement,asin theexample,but it is alsopossibleto computeit usingtheinternal

parametersof thecamera.In chapter4 it will beshown how therelationshipbetweenplanerectifi-

cationandcamerainternalparameterscanbeusedto resolve theambiguitywithoutmeasurement.
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3.5 Unstratified rectification

Thestratifiedapproachto planerectificationconsideredthusfar in thischapterseparatestheprojec-

tiveandaffinecomponentsof therectificationhomography. Thisis ausefulfeature– it is possibleto

combineconstraintsfrom a rangeof geometriccharacteristicsto computetheprojective andaffine

parameters.Of the four rectificationparameters,two areassociatedwith W � andtwo with Î � andÏ � , thecircularpointson thecanonicalline at infinity. However, it is alsopossibleto considerthe

circularpointsontheprojective imageplane,Î and Ï . Together, Î and Ï encapsulateall four degrees

of freedomof therectificationhomography. Theneedto combinethemin orderto performuseful

calculationsleadsto a dual conic representationof thepoint pair. This conic is a 2D analogueof

theabsolutediskquadric,encodingbothprojectiveandaffinespecializationsof theplanein asingle

entity, just asthe absolutedisk quadricdoesin 3D. The conic andits parametrizationwill be de-

scribedfirst, followedby somepropertiesandfinally a methodto computethecircularpoints,and

thustherectificationhomography, from orthogonallineson theplane.

3.5.1 The conicdual to the circular points

A conic � � dualto thecircularpointscanbedefinedas

� � !�ÎAÏ T ��Ï]Î T (3.10)

Onthemetricplane(denotingmetricentitieswith primes)Î 2 !#�N� & Ù &3O � T and Ï 2 !��N� & E Ù &XO � T,
and

� 2 � !�Î 2 Ï 2 T ��Ï 2 Î 2 T !
�����
�
� O OO � OO O O

�'����
� (3.11)

On theimageplanethecircularpointsand ��� canbeparametrizedby transformationof Î 2 and Ï 2
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from themetricplaneby � � �
� � ! ÎAÏ T ��Ï]Î T

! � � � Î 2 Ï 2 T � � T �`� � � Ï 2 Î 2 T � � T

!
�����
�

[ ( �s] ( [ ��� e 0I� d 0I�/��� . � e ��� 0��� ç[ � ��� e ��� . �.��� 0 �� � ç��� e 0 � d 0 �/��� . � e ��� 0��� ç ��� e ��� . �.��� 0 ���� ç � e ��� . �.��� 0 � 0 � d 0 � 0� .� 0� ç
�'����
� (3.12)

Once ��� is determined,the four rectificationparametersare readily extractedfrom the matrix

elementsandproperty3 below.

Propertiesof � �
1. Incidence. � � is dualconicfor which

W T � � W]!^W T ÎAÏ T WÞ�µW T Ï]Î T W]! O
for any line W incidentwith either Î or Ï , sincetheneither W T Î�! O or W T Ïº! O .

2. Rank. A conicdual to a pair of pointsis degenerate,andits representative matrix of rank2.

In this particularcase,notefrom (3.11)that � 2 � is clearlyrank2. ��� remainsrank2 under

any (full rank)projective transformation.

3. Null vector. Thenull vectorof � � is W � , theline incidentwith both Î and Ï :

� � W � !�ÎAÏ T W � ��Ï]Î T W � ! O Î�� O ÏR!^ì
4. Polarity. Thepoleof a line W with respectto ��� is apoint

�R!-� � W
Thepoleis incidentwith W � , since� T W � !ÑW T � � W � ! O , andits positionon W � dependson
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thedirectionof W .
Considera line W 2 !#�[Z 2 � & Z 2( & Z 2T � T on themetricplane:

� 2 !-� 2� W 2 !#�[Z 2 � & Z 2( &PO � T
� 2 � ’extracts’ thedirectionalinformationfrom theline W . Additionally, themagnitudeof the

directionvectoris givenby

Z 2 � ( ��Z 2( ( ! W 2 T � 2 � W 2
5. Angle. Given a secondline � 2 , property4 provides a compactexpressionfor the inner

productof thedirectionalcomponentsof two lines W and � :� 2 T � 2 � W 2 !#�w� 2 � & � 2 ( �A�[Z 2 � & Z 2( � T !#�\� 2 T � 2 � � 2 � .0 ��W 2 T � 2 � W 2 � .0 ÕAÖØ× Ô (3.13)

Theadvantageof (3.13)is thatit canbemappedunderaprojective transformation.Theresult

ÕAÖØ× �[ÔÂ��! � T � � W�\� T ���q��� .0 ��W T ���FW�� .0 (3.14)

is a restatementof Laguerre’s formula[91], andallows Euclideanmeasurementof angleto be

madeon theprojective plane.

6. Conjugacy. When � and W areorthogonalÕAÖØ× ÔK! O and(3.14)simplifiesto a conjugacy. A

pairof orthogonal lines W and � areconjugatewith respectto � � and� T � � W]! O (3.15)

Due to both the prevalenceof orthogonalitiesin the man-madeworld andthe non-linearity

of (3.14),theinvestigationsdescribedin thefollowing sectionsaremostly restrictedto right

angles.It will beshown in thenext sectionhow (3.15)is usedto linearly constrain��� from

orthogonalscenelines.
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3.5.2 Computing � �
� � is a symmetricmatrix with six elements.However, � � is definedup to scaleandis ranktwo,

leaving fiveelementsthatmustbecomputedandtherankconstraint�?� þ �N� � ��! O . Thatleavesfour

degreesof freedom,agreeingwith theparametrizationof (3.12).� � can be computedfrom orthogonallines on the imageplaneusing (3.15). Eachpair of

orthogonallinesgivesonelinear equationin thesix elementsof � �

� T � � W ! X � � �º(��ºT Z �����
�
� � � ( � |� ( � T � �� | � � � �

�'����
�
�����
�
Z �Z~(Z~T

�'����
�

! � � Z � � � �^�w� ( Z � �s� � Z ( � � ( ��� ( Z ( � T � �w� T Z � �s� � Z T � � |�1�w�ºT'Z~(����º(LZ~T�� � � �s�ºTAZ~T � �
! � T � ! O (3.16)

where� !#� � �*& � ( &�g#g#ga& � � � T and � is thevectorof coefficients.

A numberof line pairscanbecombinedinto aconstraintmatrix for which

ê+� � ! �����
�
� T�

...� Tz
�'����
� � !^ì (3.17)

If five or moreline pairsareavailable, � � canthenbecomputedasthenull vectorof ê+� . In the

presenceof noise,thevectorassociatedwith thesmallestsingularvalueof ê+� is theestimateof
�

thatminimizes t�ê � � t subjectto theconstraintt � t !-� .
With only four orthogonalline pairs,the rankconstraintmustbeapplied.This is a cubiccon-

straintwith threesolutions.Additionally, thereis a degeneracy associatedwith thefour constraints

obtainedfrom parallellines in two dimensions- theconstraintsobtainedfrom a rectangle.This is

exploredin thenext section.
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3.5.3 The rectangleambiguity

Thefour anglesat theverticesof a rectangledo notprovide four constraintson � � . Geometrically

it is obviouswhenoneconsidersthenatureof thefour orthogonalityconstraints.Describingthree

of the four anglesat the cornersof a rectangle,as in figure 3.14 (a), asright anglesimplies that

the fourth is alsoa right angle.Thesefour constraintsdo not thenconstrain� � entirely, but offer

threeof its four degreesof freedom.This is exactly theambiguitydescribedin section3.4,where

theorthogonalityof two pairsof parallellinesdeterminestheplanerectificationup to anunknown

aspectratio. Algebraically, therankof ê � for four line pair constraintsis four. It is significantthat

four independentconstraintson theelementsof � � arenot four independentequationsin thefour

rectificationparameters.It will beshown now thatthereasonfor this is thattherankconstraintmust

besatisfiedby all membersof thefamily of � � ’sdefinedby thefour orthogonalitiesof a rectangle.

m
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1

2

m

l
l

2m

1
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l ������������
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m1

(a) (b)

Figure3.14:Thefour orthogonalitiesof a rectangle.

Using thenotationof figure3.14(b), the two parallelsidepairsof the rectangleare W �A& W�( and� �A& �Ò( , with vanishingpoints � and } . The four constraintsdefinedby theorthogonalityof line

pairsare

W T� � � � � ! OW T� � � �Ò( ! OW T( � � � � ! OW T( � � �Ò( ! O (3.18)
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Fourconstraintsonfiveparametersimpliesaoneparameterfamily of solutionsof theform

� � � � &E� �á! � � � � � � � � 0 (3.19)

for homogeneousparametervector � � &E� � . It is possibleto describethis family by definingtherank

1 degenerateconicsdualto thesinglepoints

� � � !b�N� T and � � ( !_}]} T (3.20)

It is simpleto verify that ��� � and ��� ( satisfyall of (3.18). In additional,they arebothrankone,

andthusindividually andin any linear combinationsatisfythe rank constrainton � � . The rank

constraintthusprovidesno furtherinformationandthereremainsa oneparameterfamily of conics

satisfyingall availableconstraints.

Finally, notethatthedirectionsdefinedby � and } areorthogonal,sothefour pointson W � , � ,} , Î and Ï , areharmonic: thecrossratio
> �\� & }á@BÎ & ÏX��! E � .

Resolvingthe Ambiguity.

An additionalorthogonalline pair, at a different orientationto the rectanglesides,resolves the

ambiguity. If lines � and ö areorthogonal� T � � � � � � � � � (A��öD!`� T � � ��� T � � }]} T ��öD! O
canbesolvedfor � � � . In analternative implementation,(3.16)canbeusedto addafifth constraint

to ê+� . An exampleof thediagonalsof asquareproviding theextraconstraintappearsin figure3.15.

The orthogonalityof the diagonalsof a squarecanalsobe interpretedasdefiningthe ratio of

lengthsof the sidesof the square. The constraintis thus relatedto the stratifiedconstraintsof

section3.3. Otherangleandlengthratio constraintsarenon-linear(asin (3.14)),but couldalsobe

usedto constrain� � .
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Figure3.15: A squarefloor tile providesall theconstraintsnecessaryto computethe rectification
parametersdirectly. The linesshown provide five orthogonalityconstraints,andthecomputedpa-
rametersare W � !#� O&g O�� íÿí &7O&g�h*h k h & íÿí � g O�i*i*i � T , [ý! E � g O � O m and ]�! � g�h � O m . Notethat [ and ]
aredifferentfrom theexamplein figure3.11becausein thatcasetheaffinerectificationwasrotated
beforeaffineconstraintswerecomputed.

3.6 Maximum Lik elihood line intersection

Theintersectionof parallellines to computea vanishingpoint is animportantfeatureof theplane

rectificationtechniquespresentedin this chapter. Vanishingpointscontinueto play an extremely

importantrole in thecalibrationandreconstructionmethodsof thefollowing chapters.In addition,

line intersectionis commonlyusedto definefeaturepointsin animage.It is thuscrucialto compute

an optimal estimatefor the intersectionof a numberof lines. The problemis that, due to noise

in measurement,lines which shouldbe coincidentdo not in fact intersectin a uniquepoint. This

sectiondescribesa MaximumLikelihoodEstimate(MLE) of theintersectionpoint andtheerrorin

thecomputedpoint.

3.6.1 ML estimation

A numberof approachestoestimatingthevanishingpointhavebeenproposed.CaprileandTorre[11]

calculateof a weightedmeanof all pairwiseline intersections.A more elaboratetechniqueby

Collinsinvolvestheapplicationof Bayesianstatisticstoerrorin projectivespaces[16]. Kanatani[56]

computesvanishingpointsfrom thenull spaceof a setof normalisedlines. A numberof methods

alsoexist to computevanishingpointsautomatically, for exampleusingHough transformmeth-

ods [15, 94, 22]. The estimationand errorsare then dependenton the Hough parameters.The
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approachtaken hereassumesthat the set of coincidentlines is known. The problemis then to

computeanestimateof thepoint of intersectionof a numberof givenline segmentsin a way that

minimizesameaningfulerror.

Theerroroccursin the image,in the line segmentscomputedfrom imagegradienttechniques

suchasCanny edgedetection[10], andin thesubsequentprocessing:edgelinking; segmentationof

the edgelchainat high curvaturepoints;andfinally, straightline fitting by orthogonalregression

to the resultingchainsegments. It is thussensibleto minimize the errorswherethey occur. It is

assumedbelow that the error in the fitted line segmentscanbe modeledby isotropiczeromean

Gaussiannoiseon theendpoints.However, this is donefor demonstrationpurposesandsimplifies

the analysis;it doesnot precludethe developmentof a more accuratemodel of the uncertainty

whichcould,for example,startwith imagenoiseandpropagatethesubsequentuncertaintythrough

thevariousalgorithmsteps.

TheMLE is definedby consideringthe likelihood: aprobabilitydensityfunction(pdf) describ-

ing theprobabilityof obtaininga measurementgiventhetruevalueof a variable[49]. In this case,

it is assumedthat the likelihoodfor eachline segmentendpointhasa zeromeanisotropicGaus-

siandistribution, andthat eachof the endpointmeasurementsareindependentandhave thesame

variance� ( . Consequently, the likelihoodfunction for thesetof all line segmentendpointsis the

productof the Gaussianpdfs of eachof the measurements.Explicitly, for the set of measured

line segments,with endpoints
� M and � M which have truevalues

� M and � M definingconcurrentline

segments,thelikelihoodis� � ?�� M &B� M C õ ? � M & � M CM�á!b� M ��/é�� (<  �3¡ 0£¢¥¤I¦¨§ ¤�¦ª©¬« ¡ 0£¢®­8¦¨§ ­£¦w©0w¯ 0
where= ( � � & � M � is thesquareddistancebetweenpoints

�
and

� M .
The MLE is then the estimateof endpointsand intersectionpoint that maximisesthe log-

likelihoodfunction,andthusminimisesthegeometriccostfunction° !b± M = ( �%²� M & � M �]��= ( � ²� M &B� M ��!b± M = ( ³ ��WªM & � M �a��= ( ³ ��WªM &B� M �
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subjectto theconstraints� T WªM ! Oµ´ Ù . Thepoints ²� M and ²� M areestimatesof the truevalues,and

defineasetof line segmentsWªM which intersectin point � (figure3.6.1).An alternative costfunction

underdifferentnoiseassumptionsis givenby Kanatani[57].

In fact, thecostfunction
°

is theMahalanobisdistancebetweenthevectorof inhomogeneous

measuredendpoints¶A·¸6¹ ·º andthevectorof inhomogeneousendpointestimates¶ ·¸»¹ ·ºt=¶¼·¸6¹ ·º E ¶ ·¸6¹ ·ºNt (½ !��w¶¼·¸6¹ ·º E ¶ ·¸»¹ ·º¸� T ¾ � � �w¶A·¸6¹ ·º E ¶ ·¸»¹ ·º¸�
where¾ is thecovariancematrixof theinhomogeneousvectorof endpointsegments.Sincevariance

is equalfor all endpoints,therelativeweightinginducedby ¾ fallsoutof thecost.It could,however,

bereintroducedgivenamoreaccuratemodelof theendpointnoise.�
W � W�( W T W\|

Figure3.16: MLE vanishingpoint estimation:Thevanishingpoint � is estimatedasthe intersec-
tion of thefitted lines W M (in gray),which minimize theorthogonaldistancesfrom theendpointsof
measuredimagedparallelline segments(shown in black).

Themethodof finding theintersectionpoint is thento applyanumericalminimization,varying

the positionof � andcomputing
°

. However, for each � thereis a pencil of lines for which = ( ³
couldbecomputed.It is thereforenecessaryto computetheminimumerror for eachline segment

giventhepoint � .

The minimum error given �
Objective: Given

�
and � , the endpointsof a line segment,and a third point � , find the error

associatedwith theline through� minimizingtheperpendicularerrorto
�

and � , asshown in figure
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3.17.
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Figure3.17: Geometryof thecostfunction: given point � andthe line segmentwith endpoints
�

and � , erroris measuredby = (¸ ��= (º
Sincetheendpointsof the line areobservationsin an image,they maybeassumedto befinite

and written as
� ! � : �*& : ( & ��� T and � ! ��; �'& ;L( & ��� T. Point �ï! ��ú �*& ú)( & ú)T�� T is treated

homogeneously. Theerroris written with respectto theline Wa!Y�[Z �*& Z\( & Z\T�� T, andthecostfunction

is then ¿
��W[��!�= (¸ ��= (º ! � � T W�� ( �^� � T W[� (Z ( � ��Z (( ! � � T W�� ( �^� � T W�� (W T � 2 � W (3.21)

Now, W canbeparametrizedby two points. Since � lies on W and W mustalsointersectline
� � ,

choosethepoints � and �J!-��ø ¸ � � ø º � � . Then

W ! �Ò�H��ø ¸ � � ø º � �! �Ò�À� � � 
 ��ø ¸ ø º � T! �¥� 
�� � � � 
ÂÁ (3.22)
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and

¿
is ¿

� Á � ! � � T �\���À� � � 

Á � � ( �^� � T �\�H��� � � 

Á � � (�I�¥� 
�� � � � 
ÂÁ � T � 2 � �I�¥� 
�� � � � 
ÂÁ �! �\� T � � �À� � � 

Á � � ( �^�\� T � � ��� � � 

Á � � (Á T �¥� 
�� � � � 
 T � 2 � �¥� 
�� � � � 

Á! �\� T �I� ì`� � � � � 
ÂÁ � � ( � �\� T �I� � � � � �Xì 
ÂÁ � � (Á T �¥� 
�� � � � 
 T � 2 � �¥� 
�� � � � 

Á! �¶�\� T � � � � � � ( Á T ÁÁ T � � � 
 T �¥� 
 T� � 2 � �¥� 
 � � � � 

Á! Á T ÁÁ T ê Á (3.23)

where

êH! ��¶�\� T � � � � � � ( � � � 
 T �¥� 
 T� � 2 � �¥� 
�� � � � 
 ! ��ÄÃÅÆfÇ � � Ç � (Ç � ( Ç ( (
È¬ÉÊ

� ! �¶��; (Aú � E ; � ú)( E ú � : (�� ; � ú)T : (���ú)( : � E ;L(Lú)T : � � (Ç � � ! � EI: ( ú T ��ú ( � ( �^� E ú � ��ú T : � � (Ç � ( ! � EI: (AúUTá��ú)(��A��úU( E ;L( úUT��]�^� E ú � ��ú)T : � �A��; � úUT E ú � �Ç ( ( ! ��ú)( E ;L(Lú)T�� ( �^��; � úUT E ú � � (
Following theCourant-Fischerminimaxtheorem[39], theminimumof thecostfunction

¿
� Á �

is given by the inverseof the larger of the eigenvaluesof ê . Taking the larger of the rootsof the

characteristicpolynomialof ê :¿ Ë+Ì¥Í ! �Ç � � � Ç ( ( �`Î � Ç � � E Ç ( ( � ( ��í Ç ( � (
Thequalitative behaviour of thefitted line W is shown in figure3.18,wherethepoint � is moved

relative to theline segmentendpointsandits intersectionwith themeasuredline segmentillustrated.

With � closeto the line andequidistantfrom
�

and � , W is parallelto the line segment,eventually
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intersectingtheline segmentat its midpointwhen � is ideal.

ÏÏÐÐÑ,ÑÑ,ÑÒ,ÒÒ,ÒÓ,ÓÓ,ÓÔÔ Õ,Õ,Õ,Õ,Õ,Õ,Õ,Õ,Õ,ÕÖ,Ö,Ö,Ö,Ö,Ö,Ö,Ö,Ö,Ö
u
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Figure3.18: The intersectionof the MLE line with the measuredline segment. (a) An extreme
example,with � equidistantfrom

�
and � . Fittedline W is parallelto themeasuredline segment.(b)

and(c) As � movesfurtherfrom theendpoints,W approachesthemid point of theline segment.(d)
When � is ideal, W intersectsthemeasuredline segmentmid waybetween

�
and � .

Computing �
Once

¿ Ë+Ì¥Í canbe computed,
° �\�7� canbe minimizedover � usingthe Levenberg-Marquardtnu-

mericalalgorithm[82] to minimize° ! ± M
¿ � M �Ë+Ì¥Í ! ± M � � M �Ç � M �� � � Ç � M �( ( �}í � Ç � M �� � E Ç � M �( ( � ( ��í Ç ( � M �� ( (3.24)

In practice,leastsquarealgorithmsof thissortareimplementedto computeavectorof residualerror

terms.It is thereforenecessaryto computetheeigenvectorsof ê in (3.23), îªM from (3.22)andtherebyï ¸ and
ï º . An initial solution for � is obtainedfrom the null vectorof the matrix ð\îcñ,òEîªó6ò g#g#g î z&ô

via singularvaluedecomposition(SVD). Experienceindicatesthatwith suitablenormalisationthe

SVD providesa very goodinitial estimateof the point of intersection,sinceit is the point which

minimizesanalgebraicerror. An exampleMLE vanishingpoint appearsin figure3.19.

3.6.2 Err or propagation

Giventheassumptionof normallydistributederroron theendpointsof theparallelline segments,

it is naturalto askwhat theerror in thecomputedpoint of intersectionis. Furthermore,it is useful

to know how the error distribution changeswith data. It would be expected,for example, that

increasingthenumberof parallelsegmentswould reducetheuncertaintyin the intersectionpoint,

andthat linesfar apartin the imagewould resultin a differentcovarianceprofile from thoseclose
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(a) (b)

Figure3.19: Seven parallel lines. (a) The fitted lines (black) minimize distanceto the endpoints
of themeasuredparallel line segments(in white) andintersectin theMLE of thevanishingpoint
shown. Note that parallel lines do not needto be co-planar. (b) A close-upof two of the line
segments,showing thesmall (but noticeable)deviation betweenthefitted linesandthe imageline
segments.

together. To answerthesequestions,this sectionpresentsa first ordererror propagation.Given

the covariancematrix of the imageline segmentendpoints,an estimateof the covarianceof the

intersectionpoint is computed.Thesectionproceedsby first computingthecovarianceof a point

obtainedfrom theintersectionof two linesusingtheJacobianof thecrossproduct.This is followed

by the covarianceof the ML estimate. In the latter case,the numericalestimateof the Jacobian

computedaspartof theiterativegradientdescentalgorithmis used.MonteCarlosimulationsverify

theuseof first ordererrormodels,andthesectionconcludeswith a discussionof thebehaviour of

theerrorundervariousconditions.
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Err or with two line segments

Given only two line segments,the point of intersectionõ is, writing ö?÷�øùð¨úl÷ªñ,òûúü÷ýó»òÿþ ô T and� ÷xøRð��£÷wñ,ò��E÷ýó6ò�þ ô T,õ ø îcñ���îwó�ø ð¨ö.ñ�� � ñ ô �Àð¨ö<ó�� � ó ô
ø �����	 ð�� ñIñ�
 ú ñIñ ô ð¨ú ó8ñ � óIó�
 ú óIó � ó8ñ ô 
 ð¨ú ñIñ � ñcó�
 ú ñcó � ñIñ ô ð�� ó8ñ

 ú ó8ñ ôð¨ú<ñIñ��
ñcó 
 ú ñcó��
ñIñ ô ð¨úlóIó 
 �£óIó ô 
 ð¨ú<ñcó 
 �
ñcó ô ð¨ú1ó8ñ��8óIó 
 úlóIó��8ó8ñ ôð¨ú ñcó 
 �
ñcó ô ð��£ó8ñ 
 úló8ñ ô 
 ð��,ñIñ 
 ú<ñIñ ô ð¨ú1óIó 
 �8óIó ô

�������
Theline segmentendpointscanbeshapedinto avector� ó ø�� ú<ñIñ ú<ñcó��
ñIñ��
ñcó úló8ñ úlóIó��8ó8ñ��8óIó�� T

The (homogeneous)covarianceof õ , ��� , canbe estimatedfrom the Jacobian��� of the function

mappingtheline segmentendpointsto õ [31, 13]� T� ø �fõ ø!�#"�$&%"�')( T "�$ ("�')( T "�$+*"�')( T � (3.25)

andthecovarianceof theendpointvector � ')( :�,�fø ���-� ' ( � T�
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Inhomogeneouscovariance

The point õ is homogeneous,as is its covariance. The covariancematrix is definedup to scale

andhasrank two. To obtainan inhomogeneouspoint Rõ andassociatedcovariance,an additional

transformationmustbeappliedto õ . If õ is finite theinhomogeneouspoint Rõ is givenbyRõ ø ð RS ñ,ò RS ó ô T ø�ð S ñSUT ò S óSUT ô T
with Jacobian

�WV�fø ��	 ñ$+* X Y $&%$ (*X ñ$Z* Y $ ($ (*
����

andthecovarianceof theinhomogeneouspoint follows asbefore:� V�qø[� V�2�,�2� TV�
If the point is ideal, with SUT ø X , the covarianceof the directionvector ð S ñ,ò S ó ô T is the top left

sub-matrixof �,� .
Note that computationsare performedon conditionedimageco-ordinates,wherethe image

boundsarescaledandtranslatedto approximatelytheunit squarecentredon theorigin. Condition-

ing simply scalestheendpointcovariancematrix. The Jacobianof thedeconditioningfunction is

just thedeconditioningmatrix,andsoposesno problem.

Err or in the MLE

Thefirst orderestimateof thecovarianceof an MLE is a far cry from thestraightforward caseof

anexplicit function,suchastheintersectionof two lines. Themethoddescribedbelow follows the

descriptiongivenby Hartley andZisserman[49].

The two line segmentcaserequiredthe Jacobianof the function mapping � to õ , " �"�' . In the

MLE case,however, the covarianceof estimatedintersectionpoint õ dependson the Jacobianof

thefunction \ thatmapsõ to theprojectionof themeasureddataontoaspacewhereit is consistent
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with theestimate.Thatis, thevectorof measuredline segmentendpoints� ø�ð¨ö.ñIñ,ò�ö.ñcó6ò � ñIñ,ò � ñcó6ò�]�]�]xò+ö_^lñ%ò�ö_^6ó»ò � ^üñ#ò � ^6ó ô T
determinesanML estimateof intersectionpoint õ . This point is mappedby \ to thevectorof line

segmentendpoints̀� ø�ð `ö.ñIñ#ò `ö.ñcó»ò
`� ñIñ,ò

`� ñcó6ò�]�]�]xò `ö_^üñ#ò `ö_^6óÂò
`� ^üñ#ò

`� ^6ó ô T øa\lð\õ ô
thatdefineasetof linesconcurrentwith õ .

Hartley andZissermanshow that,underappropriateconditions,thecovarianceof õ is then2���|ø�ð�� Tb � Y ñ' � b ôdc (3.26)

where � b is theJacobianof \ givenby � Tb ø � `� ø!e
`�e õ

evaluatedat theestimatedõ .� b hasbeendeterminedanalytically, but it is a large andcumbersomeexpression,much too

largeto bewrittendown. It is alsounnecessary, sincetheLevenberg-Marquardtfunctionminimizesf `� 
 � f it computesthegradient "4g�h' Y 'ji" � aspartof theminimizationprocedure.It is nosurprisethat

it computesthegradientextremelyaccurately, with analyticalandnumericalestimatesidentical(up

to scale)up to five significantfiguresin experiment.In fact, this appliesevento thetwo line case,

wheretheresidualerroris alwayszero,but theminimizationalgorithmcomputesthegradientin the

vicinity of thesolutionasit verifiesthis.

2Thenotation kUl representsthepseudo-inverseof k .
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Experiments

Armedwith ��� , thefirst issueto consideris how realisticthefirst orderestimateis, andfor what

degreeof noise.It wouldfurtherbeanticipatedthatthecovariancechangesasafunctionof thenum-

berof line segmentsusedandthedistancebetweenthem.Theseissuesareinvestigatedbelow. The

experimentsutilise syntheticdatato which noiseis added.To ensurea realisticdataset,synthetic

datais extractedfrom the exampleof figure 3.19 by usingthe closestendpointsto the measured

segmentson thefittedlines. Thesyntheticline segmentsareshown numberedin figure3.20.

1

2

3

4

5

6

7

Figure3.20: A setof syntheticparallelline segmentsextractedfrom a realexample.Thesynthetic
segmentsareobtainedfrom themeasuredline segmentsdefiningedgesof thestructure(segment7
is theresultof merging threecollinearroof edgesegments)andusingthefitted linesresultingfrom
theMLE algorithm.

To begin, figures3.21,3.22,3.23and3.24show MonteCarlosimulationsof line intersections

for two cases.Thefirst of these,figure3.21,shows10000pointscomputedastheintersectionof two

linessegments(segments1 and4 from figure3.20). MeanzeroisotropicGaussiannoiseis added

to theendpointsof thetwo line segments,theintersectionpoint is computedandthecovarianceof

thecomputedpointscalculated.Thethreestandarddeviation ellipsefor thedatawith noisewith a

standarddeviation of m¼øSþ pixel is shown in figure3.20(a). This ellipsetogetherwith theoretical

covarianceellipse,computedfrom (3.25),is plottedin (b). Thesameexperimentwith anadditive

noisem;ø X ]on pixelsappearsin figure3.20(c) and(d). Observethattheexperimentalandtheoretical
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ellipsesarenearlyindistinguishablein thefigures.This indicatesthatthefirst orderapproximation

is valid. Thetheoreticalcovarianceellipsesfor thetwo noiseconditionsareplottedonthesameaxes

in figure3.22,wheretheeffect of noisemagnitudeis clearlyvisible. Note alsotheorientationof

thecovarianceellipses,themajoraxisapproximatelyalignedwith thedirectionsof theintersecting

lines.

Figure3.23is identicalto theaboveexperiment,but usingall sevenlinesfrom figure 3.20.It is

clearthat thecovarianceis slightly underestimatedby thefirst ordercovarianceestimatefor noise

with m;øRþ pixel, althoughthedifferenceis notevidentwhen m;ø X ]on pixels.

TheMonteCarlocomparisonssuggestthat thefirst orderapproximationto thecovarianceis a

goodonefor thepurposesat hand.Considerthenoiselevelsused.A onepixel standarddeviation

impliesthebelief thatthereis a99.7%chanceof thetruepoint lying within threepixelsof themea-

suredpoint. This kind of accuracy would beexpectedof a userselectinga clearfeaturepoint in an

imagewith a mouse,while sub-pixel accuraciesareoftenquotedfor themorecommonmethodsof

computingpoints,suchasfrom correlation[6]. Theestimatesarecertainlygoodenoughto provide

aqualitative senseof how theintersectionpointbehaves.Theeffectof thenumberof line segments

andthespacingbetweenthemareinvestigatedin thefollowing experiments.

Turningfirst to thenumberof linesegmentsused:figure3.25plotsthecovarianceellipsesfor the

intersectionpointof differentnumbersof line segmentswith m ø X ]on pixels(thenumbersin braces

refersto figure 3.20).Thereis aconsistentreductionin covarianceasthenumberof line segments

increases,althoughit is mostmarked for the two largestellipses,both for two line segments(the

largerof whichcorrespondsto thesegmentsusedin MonteCarlosimulation).Thelargercovariance

is computedusingsegments1 and4, which areclosertogetherin theimagecomparedto segments

1 and7, andhave a smalleranglebetweenthem.This suggeststhenext experiment,observingthe

effectof theanglebetweenline segmentson theuncertaintyin theintersectionpoint.

Theeffect of the relative orientationof line segmentson themagnitudeandorientationof co-

varianceis investigatedfor theconfigurationshown in figure3.26.A pointof intersectionõ is fixed

andtwo line segmentswith an angle p to the horizontalareusedto computethe covarianceof õ
assumingendpointnoiseof m ø X ]on pixels. The lines aresymmetricaboutthe horizontal,so the
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Figure3.21: Monte Carlo simulationof the intersectionof line segments1 and4 with isotropic
Gaussiannoiseontheendpoints(a) m = 1 pixel: 10000pointsandthe q4m covarianceellipse.(b) m =
1 pixel: The10000pointcovarianceellipseandthetheoreticalcovariancefrom (3.25).Theellipses
arevirtually identical,with no differencevisible at this scale.(c) m = 0.5pixels: 10000pointsand
the q4m covarianceellipse.(d) m = 0.5pixels: The10000pointcovarianceellipseandthetheoretical
covariance.Again,thedifferenceis notvisible. As expected,thefirst orderapproximationis agood
one,evenat noiselevelswith a standarddeviation of a pixel, andreduceswith smallernoiselevels
(seefigure3.22).
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Figure3.22: The (theoretical)covarianceellipsesfor the intersectionof line segments1 and4 on
thesameaxes.Theeffectof lower noiseon theerrorin theestimatedpoint is clear.

covarianceellipsesarealignedwith theaxes.

Figure3.27shows thecovarianceellipsesobtainedastheanglebetweenlinesis increased,and

plotsthestandarddeviationsin RS ñ and RS ó . Notethatat pqø[rsn4t , whenthelinesareat right angles,

the covarianceplot is a circle and the error is isotropically distributed. The standarddeviations

asa function of p indicatethe the horizontalvarianceis high for lines with a small differencein

orientation,and decreasesrapidly as the angle increases.Vertical variancedisplaysthe inverse

behaviour, increasingastheanglebetweenlinesincreases.

3.7 Summary

Metric rectificationof an imagedplanefrom scenegeometryhasbeendescribedin detail in this

chapter, extendingearlierwork on affine rectificationfrom thevanishingline of an imagedplane.

Thenew techniquesusegeometricpropertiessuchasangleandrelative lengthto computethe im-

agedcircularpoints.This is donein bothstratifiedandunstratifiedcontexts.

The stratifiedapproachfirst computesthe vanishingline of the imagedplane,typically from

parallel lines, and then definesquadraticconstraintson the circular points in the affine rectified

plane. Thesequadraticconstraintstake the form of circles on the planeof the two degreesof

freedomof the circular points, the real andimaginarypartsof the 1D coordinatesof the circular
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Figure3.23: Monte Carlo simulationof the intersectionof all seven line segmentswith isotropic
Gaussiannoiseon the endpoints(a) m = 1 pixel: 10000pointsandthe q4m covarianceellipse. (b)m = 1 pixel: The 10000point covarianceellipseandthe theoreticalcovariancefrom (3.25). The
ellipsesareclose,but a small differenceis visible at this scale. (c) m = 0.5 pixels: 10000points
and the q4m covarianceellipse. (d) m = 0.5 pixels: The 10000point covarianceellipse and the
theoreticalcovariance.Thedifferenceis smaller, barelyvisible in this case.Again, thefirst order
approximationis a goodone,evenat noiselevelswith a standarddeviation of a pixel, andreduces
with smallernoiselevels (seefigure3.24). Therelative errorsasa functionof thenumberof lines
is comparedin figure3.25.
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Figure3.24: The(theoretical)covarianceellipsesfor theintersectionof all sevenline segmentson
n thesameaxes.Theeffectof lowernoiseon theerrorin theestimatedpoint is clear.
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Figure 3.25: Covarianceof an intersectionpoint as a function of the numberof line segments.
3m covarianceellipsesaredrawn for differentnumbersof line segments,thenumbersreferringto
figure3.20.Thecovarianceellipsesdecreasein sizewith anincreasein thenumberof line segments
used.
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Figure3.26: Theconfigurationinvestigatingtheeffect of line spacingon themagnitudeandorien-
tationof thecovarianceof theintersectionpoint.
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Figure3.27:Covariancein theintersectionof two linesasa functionof relative line orientation.(a)
Covarianceellipsesfor a setof line pairswith a changingrelative angle. The covarianceellipses
with horizontalmajoraxesarefor linescloseto parallel,with themajoraxisdecreasingin sizeand
thenextendingin theverticaldirectionas p increasesbeyond rsn4t . (b) Standarddeviationsfor the
vertical( m V$&% ) andhorizontal( m V$ ( ) componentsof theintersectionpoint asa functionof p .



3.7Summary 81

pointsontheidealline. Theconstraintscanbewrittenfor theknown relative lengthsof pairsof line

segments,known anglesandpairsof equalunknown angles.

An unstratifiedapproachto rectificationhasbeendevelopedusingtheconicdualto thecircular

points,a conic representationof both circularpointsandthevanishingline. Theconic is linearly

constrainedby orthogonalline segmentson theworld plane.Particularattentionhasbeendevoted

to thecaseof rectificationof arectangleof unknown aspectratio,wherethreeof thefour degreesof

freedomof therectificationhomographyareavailable,andtheassociatedambiguity. Therectangle

casehasimportantapplicationto imagesof buildings,whererectangularstructureson thefacades

are plentiful. It will be shown in the following chapterhow the aspectratio ambiguity can be

resolvedwherethereis sufficient informationto computeinternalparametersof thecamera.

Finally, aMaximumLikelihoodestimateof thepointof intersectionof asetof nominallycoinci-

dentline segmentsundernoisymeasurementconditionshasbeendeveloped.This is very important

for planerectificationbecauseof the relianceon vanishingpointscomputedfrom the intersection

of imagedparallellines. It alsoprovesimportantin thefollowing chapterson singleandtwo view

calibration,wherevanishingpointsarevital andimagefeaturesareobtainedfrom the intersection

of boundaryedges.

A first order error analysisof line intersectionhasbeenperformedand found to be a good

estimateunderthenoiseassumptions.Syntheticexperimentsonthecovarianceof apointcomputed

from line intersectionsuggeststhattheuncertaintyin thecomputedpointbehavesmuchaswouldbe

expected.Increasingthenumberof linesreducestheuncertainty, andthedirectionof theuncertainty

dependson therelative orientationof theline segments.



Chapter 4

Calibration and Reconstructionin One

View

It is, I think, agreedby all, thatdistanceof itself, andimmediately, cannotbeseen.For

distancebeinga line directedend-wiseto theeye, it projectsonly onepoint in thefund

of theeye. Whichpoint remainsinvariablythesame,whetherthedistancebelongeror

shorter.

Berkeley, AnEssayTowardsa New Theoryof Vision,1731

4.1 Intr oduction

This chapterdetailsmethodsof usingtheubiquitouscarpenteredworld geometryto calibratecam-

erasandcompute3D informationfrom a singleview. Thereareseveral reasonswhy cameracali-

brationis importantin thiscontext.

1. Known internalcalibrationallows completerectificationof planesgivenonly their vanishing

line.

2. With known internalcalibrationandthevanishingline of aplane,theorientationof theplane

relative to thecameramaybecomputed.
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3. With internalcalibrationandtwo vanishinglinestherelative orientationbetweentwo planes

canbecomputed.

Thusinternalcalibrationtogetherwith theplanerectificationtechniquesof thepreviouschapter

allow 3D reconstructionof objectssuchasbuildings from a singleview without world measure-

ments.

Informationfrom scenestructureandpartialknowledgeof thecameraparametersarecombined

to performthecalibration.Thechapterproceedsby describingthreesourcesof singleview calibra-

tion constraints:

1. thevanishingpointsof orthogonaldirections,

2. metricrectifiedplanes,

3. knowledgeof someof theinternalcameraparameters.

All constraintsareexpressedin termsof theIAC. Thisapproachhastheconsiderableadvantage

that theconstraintsarelinear equationsin theelementsof the IAC. Theconstraintsfrom different

sourcesmaythusbecombinedeffortlessly. Furthermore,it is shown thattheoftenusedconstraints

of known aspectratioand(zero)skew aregeometricallyequivalentto theconstraintsarisingfrom a

metricplane.This in turn leadsto constructionsfor thecombinationof constraints.Theseconstruc-

tionsprove particularlyusefulin thedegeneracy analysisthatfollows.

Section4.2 describesthe applicableconstraints.Section4.3 examinesthe frequentlyencoun-

teredcarpenteredworld case:thevanishingpointsof threeorthogonaldirectionsarevisible in an

imagetaken with a camerawith unit aspectratio andzeroskew. Degenerateconditionsaread-

dressedin detail.Section4.4goesonto describeafirst ordererroranalysisandtheuseof additional

constraintsin thethreevanishingpoint scenario.

A novel cameracalibrationobjectis describedin 4.5. It is createdby placingsquares(or other

planarobjectswith known geometry)on two or more planesin the image. The rectificationof

theseplanescalibratesthecamerawithout any knowledgeof 3D measurements,andtheplanesdo

not needto be orthogonal. In section4.6 it is shown how the rectangleambiguity describedin
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section3.4is resolvedwith calibration.Thespecificcalibrationscenariosthatappearin thechapter

aresummarizedin table4.1.

Section4.7drawsthecalibrationandrectificationtechniquestogetheranddescribesreconstruc-

tion from asingleview with severalexamples.

Sceneconstraints Internalparameterconstraints

1. Vanishingpointsof threeorthogonaldirections Squarepixels
2. Vanishingpointsof threeorthogonaldirections Squarepixelsandknown principalpoint
3. Threemetricsceneplanes None

Table4.1: Singleview calibrationconfigurationsinvestigatedin this chapter.

4.2 Constraints on the IAC

This sectiondescribessingleview calibrationconstraintsasgeometricconstructionsinvolving the

IAC andpointsandlines in the image. The linearity of theconstraintsbecomesevidentwhenthe

expressionsareexpandedin theunknown elementsof u .

Thealgebraicrepresentationof theIAC is asymmetricmatrixwith elements

u�ø �����	 u ñ u ó uIvu�ówu T u@xu v u@xyu@z
������� (4.1)

Linearexpressionsin theelementsof u arewritten in theform{ T |~} ø X
where| } ø�ð�u3ñ,ò�]�]�]xòIu�z ô T is thevectorof theelementsof u and { ø�ð���ñ,ò#]�]�]:ò��Wz ô T is thevector

of coefficients.

Thesectionsfollowing will show how theseconstraintsmaybecombinedin varioussituations.
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4.2.1 Vanishingpoints of orthogonal dir ections

Thevanishingpointsof directionsorthogonalin spacehave a specialrelationshipto theIAC – the

pointsareconjugatewith respectto u (seefigure4.1). For vanishingpoints õ and � , conjugacy is

expressed õ T u�� ø X (4.2)

This is a thinly disguisedstatementof the fact that the back-projectedraysof the vanishing

pointshave adotproductof zero,andmaybederivedasfollows. Thevanishingpoints õ and � are

theprojectionsof pointsat infinity in 3D. Let thesepointsbe� ø��>�����
���4�
� T � Xs� T ø�� R� T � Xs� T and � ø������������Z�#� T � Xs� T ø�� R� T � Xs� T
and,sincethey areorthogonal, R� T R� ø��������������+������� T � T ø X
Points

�
and � areprojectedto imagepoints õ and � by projectionmatrix ��ø��,�d�#� � � toõ ø � � ø��
� R� and� ø ��� ø��
� R�

Now R� T R� ø �d� T � Y � õ � T �d� T � Y � � �ø õ T � Y T ��� T � Y � �ø õ T � Y T � Y � � ø}õ T u��
Thelinearityof theconstrainton u is clearonexpanding(4.2). Writing õ ø�� S ��� S �Z� SUT � T and
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���� ������������������������������������������������������������������������������������ � � �  � � �  � � �  � � � ¡¡¡¡¡¡¡¡¡¡¢¢¢¢¢¢¢¢¢¢
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Figure 4.1: The vanishingpoints of orthogonaldirectionsare conjugatewith respectto u . For
example,theparallellineson two orthogonalsceneplanesareimagedwith vanishingpoints õ and� . Then õ lieson thepolarof � with respectto u and � on thepolarof õ .

� ø£��¤ � ��¤ � �@¤ T � T, (4.2) takestheformS �=¤O�Eu#�@� � S �E¤&��� S �j¤O� � u@��� S ��¤&�ju T�¥� S �d¤ T � S¦T ¤O� � u v � � S �)¤ T � S¦T ¤&� � u�x�� SUT ¤ T u@z ø X (4.3)

In vectorform, with thecoefficient vector{ ��§ ø£� S � ¤ � � S � ¤ � � S � ¤ � � S � ¤ � � S � ¤ T � S T ¤ � � S � ¤ T � S T ¤ � � S T ¤ T � T
(4.3)becomes { T��§ | } ø X (4.4)

For eachpair of orthogonalvanishingpoints,anadditionalconstraintof this form is obtained.Five

suchconstraintsdeterminesu and thence � . In the carpenteredworld, however, lines in three
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orthogonaldirectionsarecommonlyfound.This caseis examinedin section4.3.

4.2.2 Metric rectified planes

Theimagedcircularpointsof aplanelie on theIAC andthussatisfy¨ T u ¨ ø X and © T u�©�ø X (4.5)

As with thevanishingpoint propertyabove, this relationmaybesimply derived. Considera point

on theabsoluteconic ª « ø���¬ « �+��¬ « �4�@¬ « T � Xs� T ø�� R
ª « � Xs� T

Since

ª « lineson ­�® , it satisfies Rª T« ­ ® Rª « ø Rª T« Rª « ø X
Point

ª « is projectedby ��ø����d�#� � � to ¨ ø�� ª « ø��
� Rª «
So Rª « ø�� T � Y � ¨ and Rª T« Rª « ø �d� T � Y � ¨ � T �d� T � Y � ¨ � ø ¨ T � Y T � Y � ¨ø ¨ T u ¨

Thecircularpointsoccurin complex conjugatepairs,andtheabove appliesequallyto

ª ¯ ø conj� ª « � .
Thispropertyof thecircularpointsalsohasacleargeometricinterpretationmentionedin chap-

ter 2. Any plane ° intersectstheplaneat infinity ° ® in a line. This line is theideal line of ° , and

it intersectstheabsoluteconicin thecircularpointsof ° , asillustratedin figure4.2.
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Figure4.2: A plane ° in spaceintersectstheplaneat infinity ° ® in a line. This line is the line at
infinity or ideal line of plane ° . Theideal lines intersectstheabsoluteconic ­�® in two points

ª «
and

ª ¯ – thecircularpointsof theplane.

­�® projectsto u , theidealline is imagedasthevanishingline ¶·® of theplane,andthecircular

pointsproject to
¨

and © , as in figure 4.3. The vanishingline and imagedcircular pointsdefine

the metric rectificationof the imagedplane(describedin chapter3), and thus if the rectification

parametersfor asceneplaneareknown, (4.5)providestwo linearconstraintsontheelementsof u .

In practice,all the circular point information is containedin one of the complex conjugate

points.Writing out therealandimaginarypartsof either
¨

T u ¨ ø X or © T u�©¼ø X yieldstwo linear

expressionsin theelementsof u , denotedin vectorform{ Ţ | } ø X
and { T¹j| } ø X (4.6)
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Figure4.3: Projectionof ­ ® to u ,

ª « and

ª ¯ to
¨

and © andthe ideal line of ° to ¶ ® . Knowing
therectificationparametersfor theimageof ° determinestwo linearconstraintsfrom (4.5)

4.2.3 Inter nal cameraparameters

Thegeneralfiveparameterinternalcameramodel(2.4)maybesimplifiedin many casesby a priori

knowledgeof someof the parameters.A numberof commonconstraintsfrom known internal

parametersin variouscombinationsarepresentedbelow.

Zero Skew

Thatcameraskew is zerois themostcommonlyappliedinternalparameterconstraint.It specifies

that the vertical andhorizontalimagingaxesareorthogonal.This is a reasonableassumptionfor

most cameras,althoughthereare caseswhereit doesnot apply, for example if a photographic

negative is enlarged,andthepaperis notparallelto theplaneof thenegative.

Theassertionthat Ï ø X canbeappliedby specifyingthat thevanishingpointsof thevertical
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andhorizontalaxesareorthogonal,andthusconjugatewith respectto u [117]�rþ4� X � Xs� uÐ� X ��þ4� Xs� T ø X
or simply u�� ø X

Aspectratio

It is possibleto write a quadratic constrainton elementsof u whenthe aspectratio of a general

camerais known. By inspectionof theelementsof u in (2.13),a known aspectratio Ñ yields the

following constraint[117] u Tu#� 
 u ��u � � ø þÑ �
Theconstraintbecomeslinear, however, whenthecamerahaszeroskew and u � ø X . In this case,

theconstraintcanbeposedgeometricallyastheorthogonalityof any pair of directionswhich are

orthogonalonly aftertransformationby � Y � :�rþ4��ÑZ� Xs� uÒ�rþ4� 
 Ñ�� Xs� ø Xu�� 
 Ñ � u T ø X
In practiceCDD camerascanoftenbeconsideredto havezeroskew andunit (or known) aspect

ratio– to havesquarepixels. It will now beshown thatasquarepixel cameraprovidesmetricplane

constraintson theIAC identicalto thoseof any sceneplane.

The square pixel camera

A squarepixel camerahastheform

�Aø �����	 Ó X S¦ÔX Ó ¤ ÔX X þ
������� (4.7)
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Since � exhibits isotropicscalingandhasnoskew factor, it is asimilarity transformation.Now,

pointson a world planecoincidingwith the imageplaneareprojectedto imageco-ordinatesby

simply transformingby � . The circular points of the imageplane,with canonicalco-ordinates�rþ4��Õ~ÖE� Xs� T arethusimagedto thepoints¨ ø��,�rþ4��ÖE� Xs� T and ©�ø��,�rþ4� 
 ÖE� Xs� T
But, since � is asimilarity, thesepointsareinvariantto transformationby � and¨ ø��,�rþ4��ÖE� Xs� T ø��rþ4��ÖE� Xs� T and ©;ø��,�rþ4� 
 ÖE� Xs� T ø��rþ4� 
 ÖE� Xs� T

The imagedcircular pointsof a planeare thusknown, andcanbe usedto constrainthe IAC

just aswith any sceneplanefor which theimagedcircularpointsareknown. Expanding(4.5) and

consideringrealandimaginarypartsoneobtainstheexpectedequationsu�� 
 u T ø X
and u � ø X (4.8)

The circular point interpretationmight appearsuperfluous,sincetheserelationsare obvious

from the form of u . The geometricapproachdoes,however, pay dividendsin what follows, par-

ticularly in section4.3. Themostimportantpoint is that thereis no intrinsic geometricdistinction

betweentheconstraintsobtainedfrom theknowledgethat thecamerahassquarepixelsandmetric

informationfrom animagedsceneplane.

Note that thesquarepixel formulationappliesequallywell to any camerawith zeroskew and

known aspectratio(thatis, with rectangularpixels).Theimageplanecircularpointsarestill known,

althoughthey donothave their canonicalco-ordinates,andlinearlyconstrainu .
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Known principal point

The principalpoint is the intersectionof theoptic axis andthe imageplane. It is thuscommonly

locatedat the centreof the image,provided the imageis not cropped. A known principal point

providestwo constraintson � and u since S Ô and ¤ Ô areknown. Geometrically, thecentreof the

IAC is translatedfrom theorigin to theprincipalpoint ××¼ø���� X � X ��þ � T ø�� S Ô ��¤ Ô � þ � T
The centreof a conic is definedgeometricallyas its pole with respectto to the ideal line, which

givesapairof linearequationson u from thehomogeneouspolarityu#×Aø�� X � X ��þ � T (4.9)

TheresultinglinearequationsareS Ô u#�@�Ò¤ Ô u@���Òu v ø XS Ô u@�#�Ò¤ Ô u T �Òu�x ø X (4.10)

4.3 Thr eevanishing points and a squarepixel camera

This sectiondescribesthe calibrationof a squarepixel camerafrom a single imageof a cuboid

object.Sincethecarpenteredworld is repletewith approximatelycuboidobjects,this is apowerful

andwidely applicableapproach.Thesolutionappearedin thethephotogrammetryliteraturein the

work of Gracie[41] andwaslaterreproducedby CaprileandTorre[11].

In Gracie’s approach,the vanishingpointsof threeorthogonaldirectionsarecomputedin the

imagefrom the intersectionof parallel lines or known lengthratios(as in chapter3). The back-

projectedraysof thethreevanishingpointsareexpressedin termsof theprincipalpoint andfocal

length.Theseraysareorthogonalandthustheirdotproductsarezero,giving formulasfor thethree

internalparameters.A constructionis alsogiven: theprincipalpoint lies at theorthocentreof the
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triangleof vanishingpoints.

Themethodpresentedhereis muchthesame,but is extendedin threeways

1. Constraintsfrom thevanishingpointsareexpressedin termsof theIAC.

2. Degeneracy conditions,wherethecameraparametersarenot fully constrained,areanalysed.

3. Errorsin theimagedata(thevanishingpoints)andassumptionsaboutcameraparametersare

propagatedto give acovarianceon thecomputedinternalparameters.

4.3.1 Fiveconstraints on Ø
Using(4.2),theconjugacy constrainton u from apairof orthogonalvanishingpointsmaybeapplied

to eachpairof vanishingpoints õ T u�� ø Xõ T u#Ù ø X� T u#Ù ø X
for vanishingpoints õ , � and Ù . This providesthreeindependentlinearconstraintson u . Sincethe

camerahassquarepixels,thecircularpointsof theimageplaneconstrainu from¨ T u ¨ ø X© T u�© ø X
giving two moreconstraints.

Therearethusfive linearconstraintson thefivedegreesof freedomof u , whichmaybewritten

in matrix form as Ú | } ø!� { ��§ { ��Û { §�Û { ¹ { ¸ � T | } ø Ü (4.11)
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where

Ú ø
���������������	

S �E¤-� S �AÝ²� ¤O�EÝ&� X þS �E¤&�#� S �j¤O� S �AÝ+��� S ��Ý&�Þ¤-�EÝZ���Ò¤&��Ý&� þ XS �j¤4� S ��ÝZ� ¤&�jÝ+� X 
 þS �E¤ T � SUT ¤O� S �AÝ T � S¦T Ý&�Þ¤-�EÝ T �Ò¤ T Ý&� X XS � ¤ T � S T ¤ � S � Ý T � S T Ý � ¤ � Ý T �Ò¤ T Ý � X XS¦T ¤ T SUT Ý T ¤ T Ý T X X

�����������������

T

Thefirst threecolumnsof

Ú
T arethecoefficientsin vectors { ��§ , { ��Û and { §�Û , obtainedfrom the

threepairsof vanishingpoints. The two remainingcolumnsarethe constraintsfrom the imaged

circularpoints.

The solution | } is the null vectorof

Ú
(if

Ú
is rank 5). Thesymmetricmatrix u canthenbe

formedfrom |~} and � computedby Cholesky decomposition.Figure4.4 (a) shows an imageof

a building with lines in threeorthogonaldirections. The vanishingpointsof eachof thesethree

directions,shown in figure 4.4 (b), provide the threeconstraintson the internalparameters,and

definethetrianglewith theprincipalpoint at its orthocentre.

It is now necessaryto askunderwhatconditionstheseconstraintsaredegenerate,where

Ú
will

have ranklessthanfive. Thenull spaceof

Ú
is thenmorethanonedimensional,andthecamera�

is notuniquelydefined.It is clear, for example,from theorthocentreconstruction,thatif oneof the

vanishingpointsis ideal theorthocentrelies anywhereon the line joining the two finite vanishing

points(seefigure4.10). Theprincipalpoint is thusconstrainedto lie on a line. A generalanalysis

of degeneracy follows.

4.3.2 Degeneracyanalysis

It will be shown herethat the internalcalibrationof a camerafrom the vanishingpointsof three

orthogonaldirectionsandmetricknowledgeof anyworld planeis degenerateif thevanishingline

of theworld planeintersectsanyvanishingpoint.

The generalconstructionfor the five constraintsappearsin figure 4.5. The threeorthogonal
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(a) (b)

Figure4.4: Internalparameterestimation.(a) Imageof theRadcliffe Observatory, Oxford,with sets
of parallelline segmentsdefiningvanishingpointsof threeorthogonaldirections.(b) Thetriangle
with thevanishingpointsasvertices.Theprincipalpointof thecameraliesat theorthocentreof the
triangle.

Ó
= 1048.6,S Ô = 398.8and ¤ Ô = 567.1.Theimagesizeis 768by 1024.

vanishingpoints,which for notationalconveniencewill becalled � � , � � and � T , aretheverticesof

aself-polartriangle. Thatis, since � T� u��½� ø X� T� u�� T ø X� T� u�� T ø X (4.12)

eachvanishingpoint is conjugateto theothertwo with respectto u , andlies on theintersectionof

thepolarsof theothertwo with respectto u . Thepolars ¶�� , ¶ß� and ¶ T arethesidesof the triangle

andsatisfy ¶ª÷xø���àá�â�½ã ø�u���÷
and � T÷ ¶äà ø�� T÷ ¶�ã ø X
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Figure4.5: Constructionfor theconstraintson u obtainedfrom thevanishingpointsof threeorthog-
onaldirections,��� , �½� and � T , andametricplanewith imagedcircularpoints

¨
and © . Notethatthe

constructionis arepresentationof threemutualpolarityrelationshipswith respectto avirtual conic.
It is thusnot possibleto draw theself-polartriangleshowing all threepolaritieswith tangentlines,
sinceoneof thepoles( � T in thiscase)appearsinsidetheconic.Nevertheless,thediagramprovides
ausefulgraphicalsummaryof theconstraints.

Theanalysisproceedsby parameterizingthedegreesof freedomremainingin u onceit is con-

strainedby thevanishingpoints.Theeffect of addinga pair of imagedcircularpoint constraintsis

thenexaminedmoreclosely.

Parameterizing u
Giventhethreeequationsof (4.12),therearethreeconstraintson thefivedegreesof freedomof u .

This leavesa two parameterfamily of conicsthatsatisfy(4.12).Considernow thepolarlines ¶H� , ¶��
and ¶ T asdegenerate(rank1) point conicsof theform ¶ª÷�¶ T÷ . For example,a point lying on theconicå � ø ¶H�A¶ T� of this form satisfiesæ T

å �Eæ;ø X . It is thenpossibleto defineaconicç ��è��Aé2�=ê � ø�èI¶ � ¶ T� �ëéW¶ � ¶ T� �Ðê2¶ T ¶ TT (4.13)

It is straightforwardto verify that � T÷ ç ��à ø X�ì è���é2�@ê . Thus
ç

satisfiestheconjugacy constraints

of the self-polartrianglewith the two free parametersof the conic encodedby the homogeneous

vector ��è��Aé2�=ê � T. We considernow how the imagedcircularpointsconstrainthesetwo degreesof
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freedom.

Imaged circular point constraints

Applying (4.5) to
ç ¨ T ç ¨ ø X© T ç © ø X (4.14)

In general,(4.14) determinesu by constrainingthe two degreesof freedomin
ç ��è��Aé2�=ê � . The

problemnow is to find underwhatconditionsthetwo parameterfamily of
ç

is not fully constrained

by (4.14).It will beshown that

Theorem 1 Givena self-polartrianglewith respectto u andtwo imagedcircular pointson u , u is

not fully determinedif theline throughthecircular pointson theconicintersectsat leastonevertex

of theself-polartriangle.

Proof Theconstraintsin (4.14)arelinear in theparameters��è��Aé2�=ê � T from (4.13),andmaybe

written í
îï � ¨ T ¶ � � � � ¨ T ¶ � � � � ¨ T ¶ T � ���© T ¶H� � � ��© T ¶�� � � ��© T ¶ T � �Aðäñò

�����	 è éê
������� ø Ú ó �����	 è éê

������� ø Ü (4.15)

In generalthis ôá�Cq matrixwill have rank2. However, if it dropsranktheambiguityin theconicis

not resolved– thereremainsat leasta oneparameterfamily of conicssatisfyingall theconstraints.

Algebraically, the coefficient matrix

Ú ó dropsrank if all the ôF�Nô sub-matricesaresingular. So,

writing thedeterminantsof all threesub-matricesof

Ú ó :õ � T ø � ¨ T ¶ß� � � ��© T ¶ T � � 
 � ¨ T ¶ T � � ��© T ¶�� � � (4.16)õ � T ø � ¨ T ¶ T � � ��© T ¶ � � � 
 � ¨ T ¶ � � � ��© T ¶ T � � (4.17)õ �H�ùø � ¨ T ¶�� � � ��© T ¶�� � � 
 � ¨ T ¶�� � � ��© T ¶H� � � (4.18)
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Thesubscriptsof
õ ÷öà arechosento reflectwhich sides¶B÷ and ¶äà of theself-polartriangleappearin

theexpressionsfor eachdeterminant.Thegeneralform isõ ÷öà ø£� ¨ T ¶B÷ � � ��© T ¶÷à � � 
 � ¨ T ¶÷à � � ��© T ¶ª÷ � �
Now, by differenceof squaresõ ÷öà ø!ø�� ¨ T ¶ª÷ � ��© T ¶÷à � 
 � ¨ T ¶÷à � ��© T ¶ª÷ �>ù øß� ¨ T ¶ª÷ � ��© T ¶÷à � � � ¨ T ¶÷à � ��© T ¶ª÷ �>ù (4.19)

By the identityof Lagrange [63]�¨ö T ú � � � T û � 
 �¨ö T û � � � T ú � ø��¨öü� � � T � ú � û �
thefirst termin (4.19)becomes� ¨ T ¶B÷ � ��© T ¶÷à � 
 � ¨ T ¶÷à � ��© T ¶ª÷ � ø�� ¨ �â© � T ��¶ª÷��ý¶äà � ø ¶ T® �½ã
where ¶ ® ø ¨ �â© is thevanishingline of themetricplaneproviding thecircularpoint constraints.

Thesecondtermcanbewritten in theform of adegeneraterank2 pointconicconsistingof thelines¶ª÷ and ¶÷à � ¨ T ¶ ÷ � ��© T ¶ à � � � ¨ T ¶ à � ��© T ¶ ÷ � ø ¨ T ��¶ ÷ ¶ Tà �ë¶ à ¶ T÷ � ©;ø ¨ T å ÷öà ©
Thus(4.19)mayberewrittenas õ ÷öà ø ø ¶ T® �½ã ù ø ¨ T å ÷öà�© ù ø Ó ÷öà)þ»÷öà (4.20)

The term
Ó ÷ÿà is zero if the line ¶ ® through

¨
and © intersectsthe vertex �½ã of the self-polar

triangle.Theterm þ ÷öà is zeroif
¨

and © areconjugatewith respectto theconic
å ÷öà . Theconditions

underwhich theseoccurwill now bedescribed.Therearethreecasesto consider;¶ ® intersecting

two vanishingpointsof the self-polartriangle, intersectingonevanishingpoint of the self-polar
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triangle and no intersection. For the sake of clarity, the generalsubscriptswill be replacedby

numbers,referringdirectly to ��� , �½� andsoon. Sincetheproblemis symmetricin thesequantities,

thereis no lossof generality.

Case1: ¶ ® intersectstwo vanishingpoints.

Whenthe line ¶�® intersectstwo vanishingpoints,say � � and � � , õ � T ø X and
õ � T ø X becauseÓ � T ø X and

Ó � T ø X . But,
Ó �H���ø X since ¶ ® ø ¶ T and � T arenot incident(seefigure4.6). Now

it will beshown that
¨

T
å �H�j©Àø X andthus þ-�H� ø X . Theequality

¨
T
å �H�j©Àø X is trueif

¨
and © are

conjugatewith respectto thedegenerateconic
å �H� . Fromsection2.2.2,they areconjugateif thetwo

pairsof points ��� and �½� and
¨

and © areharmonic.Now, since��� and �½� arethevanishingpoints

of orthogonaldirectionsand
¨

and © aretheimagedcircularpointsof their commonplane,thetwo

point pairsareharmonicand
¨

T
å �H�j©�ø X .

���� �������� ��		
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Figure4.6: Constructionfor case1, ¶·® intersects� � and � � .
Case2: ¶ ® intersectsonevanishingpoint.

Whentheline ¶�® intersectsonevanishingpoint,say � � , õ � T ø X because
Ó � T ø X . But,

Ó �H� �ø X andÓ � T �ø X since ¶ ® doesnot intersect�½� or � T (seefigure4.7). It will now beshown that
¨

T
å �H�j©;ø X

andthus þ-�H� ø X . By symmetry, thisalsoappliesto
¨

T
å � T ©;ø X . Again, theexpression̈ T

å �H�j©;ø X
is true if

¨
and © areconjugatewith respectto thedegenerateconic

å �H� . Thesameconsiderations

asin case1 applybecauseany point × on ¶H� is thevanishingpoint of a directionorthogonalto ��� .



4.3Thr eevanishingpoints and a square pixel camera 100

Therefore,if point × is theintersectionof ¶ ® and ¶H� , point pairs
¨
, © , and ��� , × areharmonicand

¨
and © areconjugatewith respectto

å �H� .

���� ����

����

����
����

��  

!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!!"!"!"!"!"!"!
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Figure4.7: Constructionfor case2, ¶ ® intersects��� .
Case3: ¶ ® doesnot intersectany vanishingpoints.

Whentheline ¶ ® doesnot intersectany vanishingpoints,noneof theterms
Ó ÷ÿà arezero.Also, ¶ ®

intersectstheself-polartrianglein two pointsnotat thevertices,× and * (seefigure4.8).Thesetwo

pointsarethusnot thevanishingpointsof orthogonaldirectionsandthepoints
¨
, © , × and * arenot

harmonic.Noneof the
Ó ÷öà termsvanishand

Ú ó is full rank.This completestheproof +

,,-- ..//
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2233

454454667788
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Figure4.8: Constructionfor case3, ¶ ® doesnot intersectany vanishingpoints.



4.3Thr eevanishingpoints and a square pixel camera 101

The oneparameter family

It hasbeenshown that,given threeorthogonalvanishingpointsandthe imagedcircular pointsof

onemetricplane(usuallyfrom asquarepixel camera),adegeneracy existswhenthevanishingline

of themetricplanepassesthroughoneof thevanishingpoints.Only 4 independentconstraintson u
exist whenthis degeneracy occurs,leaving a 1 parameterfamily of conicssatisfyingtheself-polar

triangle conjugacy and circular point pair constraints.A parameterizationof this family is now

given.

Assumethat theimagedcircularpoints
¨

and © lie on theline ¶·® , which intersectsthetriangle

of vanishingpoints ���E�½�)� T in thevertex ��� . Referringto figure4.9,constructthelines ¶ « � ø ¨ � �½� ,¶ ¯ � ø�©F�Q�½� , ¶ « T ø ¨ �Q� T and ¶ ¯ T øa©C�Q� T . Thesefour linescanbeconsideredastwo degenerate

(rank2) conics
å � ø�¶ « ��¶ T̄ � � ¶ ¯ ��¶ T« � and

å T ø�¶ « T ¶ T̄ T � ¶ ¯ T ¶ T« T . It will beshown below that theone

parameterfamily of properconics

C �ED2�GF � øHD å ���IF å �
satisfiesall 5 constraintsunderconsiderationi.e. theconjugacy constraints� T÷ C ��à ø X andcircular

point pair constraints̈ T
C ¨ ø�© T

C ©�ø X�ì D2�GF .
Thecircularpoint pair constraintsareclearlysatisfiedby

C
since

¨
and © lie on bothconics

å �
and
å � . Theconjugacy constraintsmusteachbeconsideredfor

å � and
å T . Firstly, � T� å �j�½� ø X and� TT å � � � ø X , since� T� ¶ « � ø X and � T� ¶ ¯ � ø X . Similarly � T� å T � T ø X and � T� å T � T ø X .

It remainsonly toshow that � T� å �j� T ø X and� T� å T �½� ø X . Thisfollowsfrom thesamereasoning

asin theproofof Theorem1,sincepointpairs
¨
, © ,and��� , � T areharmonic,��� and � T areconjugate

with respectto theconicconsistingof thelines
¨ �á�½� and © �á�½� . Thesameappliesto � T� å T �½� ø X .

In thecasethat ¶ «�¯ intersectstwoverticesof triangle,say ��� and �½� , �½�~� ¨ ø��½�~�F©�ø[¶ T andå � ø ¶ T ¶ TT andtheparameterizationstill holds.
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Figure4.9: Constructionfor theoneparameterfamily of conics

The square pixel cameradegeneracycases

Theparticularcasesof thedegeneracy arisingwith threevanishingpointsandasquarepixel camera

occur when one or two of the vanishingpoints are ideal. The imageplaneis the metric plane

providing circularpoint constraints,andits vanishingline is theidealline � X � X � þ � T � . Thus,when

animagedvanishingpoint is ideal,it lies on thevanishingline of themetricplane,andis collinear

with theimageplanecircularpoints.

One ideal vanishing point: This is commonin photographsof buildings whenthecamerais

heldsothattheimageplaneis vertical.Verticalscenelinesareparallelto theimageplaneandtheir

vanishingpoint is imagedat infinity. An exampleappearsin figure 4.10. The orthocentreof the

triangleof vanishingpoints, the principal point, is definedanywhereon the line throughthe two

finite vanishingpoints– seefigure4.10(b). Thecoefficient matrix

Ú
from (4.11)is rankfour.

Two ideal vanishing points: Two vanishingpoints imagedat infinity is lesscommon,but

can occur when the imageplaneis parallel to a sceneplane,as in figure 4.11. There is again
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(a) (b)

Figure4.10: A singleview of a building with thevanishingpoint of theverticaldirectionimaged
at infinity. (a) Imagedparallelline segmentsin threeorthogonaldirections.(b) Thefinite vanishing
pointsandlinesin thepencilthroughtheorthocentre.Theprincipalpoint liesonthehorizontalline
shown throughthetwo finite vanishingpoints.

a oneparameterfamily of cameras,parametrizedby unknown focal length. This follows from the

observationthatif two of threeorthogonalvanishingpointsareideal,thethird mustbethevanishing

pointof theopticaxisof thecamera,which is theprincipalpoint. Again, thecoefficientmatrix

Ú
is

rankfour.

Figure4.11:Imageof adoorwaywherethevanishingpointsof theverticalandhorizontaldirections
areideal.Thefinite vanishingpoint is at theprincipalpoint of thecamera.

A graphical explanation

Theambiguityin internalcameraparameterscomputedfrom acuboidobjectandametricplanemay

alsobeunderstoodby consideringthedualrelationshipbetweencameraandstructure.Thedegrees
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of freedomremainingin the incompletelycalibratedcameraareassociatedwith transformations

thatmaybeappliedto thestructure.Thiswill becomeclearerwith theexamplethatfollows.

Considerfigure 4.12, which shows an imageof a cuboid building and an abstractionof the

cuboidstructure. The orthogonalityof the threedirectionsof the cuboidaxesprovides the three

constraintson thecamerafrom theself-polartriangleof vanishingpoints.Thetwo degreesof free-

domremainingin thecameraparametersareequivalentto the transformationsthatcanbeapplied

to the structurewhile preservingorthogonality, asin figure 4.13. Specifically, ignoringsimilarity

transformations,thestructurecanbescaledby differentamountsin thethreeorthogonaldirections.

This transformationhastwo degreesof freedom(ignoringglobalscale).

(a) (b)

Figure4.12: (a) Fellows quad,MertonCollege,Oxford. Thedominantplanesof thebuilding are
representedby threeorthogonalplanesin (b).

In the generalcase,the vanishingline of the metric planedoesnot intersectany verticesof

the self-polartriangle. Structurally, a metric sceneplaneis defined,indicatedin figure 4.14 (a)

by a planewith a squareon it. Thereis no transformationthat will preserve theorthogonalityof

the cuboidplaneaswell as the structureof the metric plane. The constructionon u appearsin

figure4.14(b).

Thedegeneratecasewherethevanishingline of themetricplaneintersectstwo verticesof the

self-polartriangleappearsin figure 4.15. In this casethe metric sceneplaneis parallel to oneof

thecuboidplanes.Arbitrary scalingof thestructurein thedirectionorthogonalto themetricplane

will preserve the metric planestructureand the orthogonalityof the cuboid planes. This is the
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(a) (b) (c)

Figure4.13: Examplesof transformationsthat preserve orthogonality. Thereare two degreesof
freedomin transformationsof thestructurethatpreserve orthogonality.
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Figure4.14: (a) A generalmetricplaneconstraint.No combinationof scalingasin figure4.13can
preserve theorthogonalityof thecuboidplanesandthemetricplanestructure.(b) Constructiononu .
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remainingdegreeof freedom.Figure4.15(b) shows theconstruction,with thevanishingline of the

metricplanecoincidingwith onesideof theself-polartriangle.
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Figure4.15: (a) The degeneracy occurringwhenthe metric planeis parallelto oneof the cuboid
planes.(b) Theconstructionwith thevanishingline of themetricplanecoincidingwith a sideof
theself-polartriangle.

Finally, the seconddegeneratecaseoccurswhen the metric sceneplanehasonedirection in

commonwith thecuboidaxes,asin figure4.16. Any scalingorthogonal to thecommondirection

with resultantequal to the scaling in the commondirection preserves cuboid orthogonalityand

metricplanestructure– theonedegreeof freedomin thecalibration.Theconstructionof figure4.16

(b) shows theimagedcondition,thevanishingline of themetricplaneintersectingonevertex of the

self-polartriangle.

Thedegeneratecasesaresummarizedin table4.2.

Incidencecondition Imageplaneis Independent
for any metricplane metricplane constraintson u¶ ® intersectsnovanishingpoints all vanishingpointsfinite 5¶ ® intersectsonevanishingpoint onevanishingpoint ideal 4¶�® intersectstwo vanishingpoints two vanishingpointsideal 4

Table4.2: Thenumberof independentconstraintson u for threevanishingpointsandthecircular
pointsof a metricplane,for bothageneralsceneplaneandtheimageplane.
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Figure4.16:(a)Thedegeneracy occurringwhenthemetricplanehasonedirectionin commonwith
thecuboid.(b) Theconstructionwith thevanishingline of themetricplaneintersectingavertex of
theself-polartriangle.

4.4 Uncertainty and additional constraints

The uncertaintyin cameraparameterscomputedfrom threevanishingpointsandsquarepixels is

quantifiedin this section. Using a first ordererror propagationthe covariancematrix for camera

parametersis developedandextendedto theadditionof aknown principalpoint constraint.Before

addressingthecomputations,anumberof commentsarein order.

Thereis a distinctionto bemadebetweenhardandsoft constraintson the internalparameters

of a camera. For example,specifyingthat a camerahaszeroskew by writing u@� ø X is a soft

constrainton u . Explicitly parametrizingu with elementsu�� aszerois a hardconstraint.A hard

constraintensuresthatthecomputedcamerahasa zeroentryin thesecondcolumnof thefirst row,

while thesoftconstraintof skew zeroon u can,in theover-constrainedcase,resultin acamerawith

a (usuallysmall)non-zeroskew.

Whenit comesto combiningconstraintsfrom cameraparameterswith sceneconstraints,the

choiceof hard or soft constraintseffects the computationrequired. For a squarepixel camera,

applyingthezeroskew andunit aspectratioconditionsashardconstraintsyieldstheparametrization

of (4.7). Thethreeconstraintsfrom thevanishingpointsof orthogonaldirectionscanbeexpanded

for this form of � to give closedform expressionsfor
Ó

, S Ô and ¤ Ô . In general,however, thereare
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severaladvantagesto soft constraints:

1. Softconstraintsmaybecombinedwith otherconstraintsandweightedby relativeconfidence.

2. Uncertaintyin thespecifiedinternalparameterscanbeincludedin erroranalysis.

3. Degeneracy analysisis simplified by the consistentrepresentationof different constraint

types,asin theprevioussection.

In termsof the error analysisof the squarepixel cameracase,using soft constraintsmakes

computinga Jacobianmoredifficult, althoughthe result is the same.For hardconstraints,direct

differentiationof the closedform expressionsyields a Jacobianfor the threeinternalparameters,

andthuscovariance.Here,however, the full form of � is retained,andtheskew andaspectratio

constrainedusingtheimageplanecircularpoints.Thesolutionfor u is thenthenull vectorsolution

of (4.11).Since| } is definedby animplicit function,theJacobiancannotbecomputeddirectlyand

requiresthemethodoutlinedin thefollowing section.Theextraeffort, however, is justifiedfor two

reasons.First, themethodis trivially extendedto theover-constrainedcase,suchaswhena known

principal point with an associatedprior uncertaintyis introduced. Second,the over-constrained

estimateof � hasnon-zeroskew andnon-unitaspectratio,andcovariancesontheseparameterscan

becomputed.

Introducinga known principalpoint constraintto a squarepixel camerain thepresenceof the

vanishingpointsof threeorthogonaldirectionsis often useful. The degenerateconditionthat fre-

quentlyoccursin imagesof buildingswheretheverticalvanishingpoint is closeto idealmeansthat

theprincipalpoint is poorly constrained.Theprincipalpoint of mostdigital cameras,however, lies

closeto thecentreof theimage.How closeis dependenton themanufacturingprocess,but in many

casestheconstraintthat theprincipalpoint is at thecentremaybeappliedaslong asthe imageis

notcroppedwith unknown parameters.Applying theconstraintis simple.Thetwo equations(4.10)

areaddedto (4.11)by addingtwo rows to thecoefficient matrix. Thealgebraicminimumgivenby

thesingularvectorassociatedwith thesmallestsingularvalueof thecoefficient matrix providesa

solutionfor | } . TheJacobianfollowsdirectly from thefiveconstraintcase,with theadditionof the

derivativeswith respectto the two additionalvariable( S Ô and ¤ Ô ). An exampleof thedegenerate
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casewith andwithout the principal point constraints,andincluding the error analysis,appearsin

section4.4.2.

4.4.1 Err or propagation

A first ordererror analysisof the squarepixel configurationis presentedin this section. The five

constraintapproachis analyzedassumingGaussianerror on the endpointsof the imagedparallel

line segmentsdefiningvanishingpoints. Theresultingcovariancematrix describestheuncertainty

in the computedcameraparameters.Monte Carlo simulationis usedto verify that the first order

approximationis valid at reasonablelevelsof noise,andtheanalysisis shown to beconsistentwith

thedegeneracy resultsof theprevioussection.

Theerroranalysisintroducestwo new components

1. Covarianceof thenull vectorsolutionof (4.11),thevectorof elementsof u .

2. Covarianceof thecameraparameters,theelementsof � , giventheelementsof u andtheas-

sociatedcovariancematrix. Thisrequiresafirst ordererrorpropagationthroughtheCholesky

decompositionof a threeby threematrix.

The null vector

The covarianceof the vector | } obtainedas the null vector in (4.11) may be computedusing

a generalapproachdescribedby Faugeras[31]. The descriptionbelow follows the treatmentby

Clarke[14]. Themethodprovidesanestimateof theJacobianof thesingularvectorassociatedwith

the smallestsingularvalueof the coefficient matrix

Ú
in (4.11). Using the SVD basedapproach

allows easyextensionto over constrainedcases.

Giventheconstraintequation Ú | } ø[Ü
thealgebraicminimumis foundby consideringtheproblemto beaconstrainedminimizationof the
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costfunctionsubjectto theconstraintthatthehomogeneousvector | } hasnorm1:

UWV ÛXZY\[ ø f
Ú | } f subjectto

f | } f øRþ
The solution is given by the vectorcorrespondingto the smallestsingularvalueof

Ú
. This may

equivalentlybeexpressedastheeigenvectorcorrespondingto thesmallesteigenvalueof thematrix

Ú
T

Ú
|�]} ø Ú T

Ú | } ø�è | }
where| ]} is theeigenvectorand è thesmallesteigenvalue.With fiveconstraintson thecalibration,

thesolutionis exactand è;ø X . Theproblemnow is to find theJacobian" X^Y"`_ , whereû ø��\õ T ��� T ��Ù T � T
for the threevanishingpointsof orthogonaldirectionsõ , � and Ù eachcomputedfrom theimages

of a setof parallellines.

Thedifficulty is that | } is definedby animplicit function,soit is notpossibleto simplycompute

thederivative expressions.Faugerasappealsto theimplicit functiontheoremfrom analysisto show

thatfor thefunction

a � û � |~} � ø a � û �E\-� û �=� ø X
a function \ is definedfor which theJacobian� X Y ø e |~}e û ø e \-� û �e û ø 
 � e ae | } bbb _dce_gf � Y � e ae û bbb X Y c X^Y f
canbecomputed.Hence,writing

a ø Ú T

Ú | } and e ae | } ø
Ú

T

Ú
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thefirst termin theJacobianexpressionis approximatedby thepseudo-inverse� e ae | } � Y �ih �
Ú

T

Ú
� c

The secondterm is computeddirectly as follows. Eachelementof

Ú
T

Ú | } canbe written | T} ö ÷
whereö?÷xø��¨úl÷ß����]�]�]½�+úl÷÷z � T is the Ö th row of

Ú
T

Ú
. So,e a ÷e û ø | T} e ö?÷e û

and,definingmatrices

j ø �����	 | T} | T}
. ..

������� and
ç ø �����	 "lk4%"`_"lk ("`_...

�������
e a ÷e û ø j ç

TheJacobianis then � XeY ø 
 � e ae | } �AY � e ae û ø 
 � Ú T

Ú
� c j ç

andthecovarianceof | } , � X Y , is givenby� X Y ø�� Ú T

Ú
� c j ç � _ ç T j T � Ú T

Ú
� c (4.21)

where

� _ ø �����	 �,� �
§ �
Û
�������
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Cholesky decomposition

TheCholesky decompositionof the m by m symmetricpositive definitematrix n determinesa lower

triangularmatrix
å

suchthat nSø å2å T. The elementsof
å

are usually definedrecursively[63].

Writing theelementof row Ö andcolumn o of
å

as p3÷öà , andsimilarly for theelementsof n
p��=� ø q r��=�
p�à>à ø sttu r½àGàwv à`x �y z c � p �à z {}| ôO�l~l~l~@�G�
p@à�� | rIà��p �=� {}| ôO�l~l~l~I�G�
p à ã | �

p�ãjã ��r à ã�v ã x �y z
c � p�à z p�ã z � {}| Ïá� � �l~l~l~I�G���AÏ�� ô (4.22)

Sinceu | � x T � x � , substituting� x T

| å
and u | n gives

� x � |
���������������
�

� u#� ���� ��� �d�� ���
� � u��wv � ����� ��� x�� � � �� �� �d� x � ��� �
� � u�ziv � ����� v�� � � x � � � �� �\� �� � x � ��� �

�l              
¡

(4.23)

Invertingandnormalizingby ¢£�G� , theinternalcalibrationelementscanbewritten asavector

¤ | �
¢ �G� �E¢â�=���¥¢â�H�4�¥¢ �=�4�¥¢â�¦�4��¢ �G� � T| � Ó ��Ï¦�@Ñ Ó ��§ Ô �¥¨ Ô � T
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�� ��� q � © � © �ªv © �� � � © � © � ©¬« v © �� ©¬« v © � © �­ v © � © �® �Ðô © � © ­ © ® �x ���� ��� q © � © � ©�« v © �� ©¬« v © � © �­ v © � © �® �ëô © � © ­ © ®q © ��� © � © � ©�« v © �� ©�« v © � © �­ v © � © �® �ëô © � © ­ © ® �© � © ® v © � © ­© � © ­ v © � © ®
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TheJacobian̄ T° | ± °± Xe² thenfollows from straightforwarddifferentiation.Theelementsof ¯ T° are

writtenout in full in appendixA

Now, given the covariancematrix of the elementsof © , ³ X ² , the covarianceof the internal

cameraparametersis

³ ° | ¯ ° ³ X ² ¯ T° (4.24)

Uncertainty exampleand Monte Carlo simulation

It is necessaryto make someassumptionsaboutthe noisein the imagemeasurements.For the

sake of demonstration,anisotropicGaussianuncertaintywith a standarddeviation of 0.5 pixels is

assumedon theendpointsof theimagedparallelline segments.Theinternalparametercovariance³ ° is computedby first determiningthecovarianceof ´¶µ using(4.21)andthenapplying(4.24).

Returningto the imageusedasan examplein section4.3.1,figure 4.4, the computedcamera

parametersand ³ ° appearin table4.3below. Sincethecamerais notover-constrained,theskew and

aspectratioareperfectlyrecovered,andthereis no uncertaintyin their values.Also, threestandard

deviationsof thefocal lengthis approximately40pixels.This is a reasonableuncertaintygiventhe

assumedimagenoise.

Cameraparameters Covariancematrix·
1048.6 176.8862 0 176.8862 136.0478 6.7529¸

0 0 0 0 0 0¹ · 1048.6 176.8862 0 176.8862 136.0478 6.7529§Zº 398.8 136.0478 0 136.0478 308.1398 -36.3323¨gº 567.1 6.7529 0 6.7529 -36.3323 94.7298

Table 4.3: The cameraparametersand first order covariancematrix for the exampleappearing
in figure 4.4, usingthe measuredimagedateandassuminga 0.5 pixel standarddeviation on the
measuredendpointsof imagedparallelline segments.

The validity of this result is verifiedby computinga MonteCarlo simulationfrom ideal data.

Thesyntheticdatais createdby computing,asin section3.6.2,a setof parallelline segmentsthat

do intersectin a uniquepoint for eachvanishingpoint. The Monte Carlo simulationproceedsby
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addingrandomisotropicGaussiannoiseto theendpointsof thesyntheticline segments.Thethree

vanishingpointsarecomputedand(4.11)is solved.Theresultof 10000iterationswith linesegment

endpointnoisestandarddeviation of 0.5pixelsappearsin table4.4. Comparingthis with table4.5,

thecovariancefrom (4.21)and(4.24)appliedto thesyntheticdatawithoutnoise,it is clearthatthere

isverycloseagreementbetweenthelinearerrorpropagationresultsandthosecomputedfrom Monte

Carlosimulation.Thesimilarity is readilyapparentin plotsof thecovarianceof theprincipalpoint.

Figure4.17(a)shows thethreestandarddeviation ellipseof theprincipalpoint computedfrom the

syntheticdata,and(b) thecomputedprincipalpointsandthreestandarddeviation ellipseobtained

from MonteCarlosimulation.Theellipsesareplottedtogetherin figure4.17(c)

Meancameraparameters Covariancematrix·
1048.5 177.5390 0 177.5390 134.4944 6.5635¸

0 0 0 0 0 0¹ · 1.0485 177.5390 0 177.5390 134.4944 6.5635§Zº 398.7 134.4944 0 134.4944 308.5633 -41.4693¨gº 567.4 6.5635 0 6.5635 -41.4693 96.5144

Table 4.4: Monte Carlo simulationcameraparametersand covariancematrix for syntheticdata
extractedfrom theexamplein figure4.4. RandomGaussiannoisewith a standarddeviation of 0.5
pixelsis addedto thesyntheticdatain 10000iterations.

Cameraparameters Covariancematrix·
1048.6 176.9172 0 176.9172 136.0746 6.7510¸

0 0 0 0 0 0¹ · 1048.6 176.9172 0 176.9172 136.0746 6.7510§Zº 398.7 136.0746 0 136.0746 308.1869 -36.3393¨gº 567.1 6.7510 0 6.7510 -36.3393 94.7401

Table4.5: The cameraparametersandfirst ordercovariancematrix computedfor syntheticdata
extractedfrom theexamplein figure4.4.

4.4.2 Adding the constraint of a known principal point

The IAC is over constrainedwhenthe two constraintsobtainedfrom a known principal point are

introduced. The result is a coefficient matrix with seven rows, andgenerallyof rank five in the
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(a) (b)

(c)

Figure4.17: The threestandarddeviation ellipsesof theprincipalpoint computed(a) from (4.21)
and(4.24). (b) from Monte Carlo simulation. (b) alsoshows the principal points for all 10 000
iterations.(c) showsthetwo ellipsesfrom thesyntheticdata(solidline) andMonteCarlosimulation
(filled circles)simultaneously.
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absenceof noise. With noise,however, the rank increasesto six and ´"µ canbe estimatedby the

singularvectorassociatedwith the smallestsingularvalue. Note that, in termsof the associated

Jacobian,thesmallesteigenvalueof theconstraintmatrix is not zero,sotheJacobianis anapprox-

imation. Also, the relative scaleof constraintrows in the coefficient matrix hasan effect on the

solution,sorowscanin principlebeweightedaccordingto confidence.Theexampleswhichfollow

neglectsuchweighting,with reasonableresults.

This sectionproceedsby giving anexampleof a neardegeneratecaseof calibrationfrom three

vanishingpointsanda squarepixel camera.Theuncertaintyin thecameraparametersis shown to

beconsistentwith thedegeneracy analysis,andis thencomparedto theresultsobtainedafteradding

theprincipalpoint constraints.

An exampleof a nearidealverticalvanishingpoint appearsin figure4.10.Table4.6shows the

cameraparametersandcovariancematrix computedfrom (4.21)and(4.24)with datavariancesas

in thelastsection.Thethreestandarddeviationellipseof theprincipalpoint appearsin figure4.18.

The variancefor focal lengthand the horizontalcomponentof the principal point areextremely

large. Theprincipalpoint is constrainedto lie on theline connectingthefinite vanishingpoints,in

this casedefiningthehorizontalline, andthis is in facttheorientationof themajoraxisof theerror

ellipse.

Table4.7 shows the cameraparametersandcovariancematrix computedfrom (4.11), (4.21)

and(4.24),with (4.11)and(4.24)updatedto take into accounttheprincipalpoint at thecentreof

theimage.Standarddeviationsareasbefore;0.5pixelson endpointsof line segments,but with 10

pixelson §Zº and ¨»º . Thethreestandarddeviationellipseof theprincipalpointappearsin figure4.18.

MonteCarlosimulationconfirmstheaccuracy of theseresults.Thetablesareomittedfor thesake

of brevity.

Constrainingtheprincipalpoint to thecentreof theimageensuresthattherearesufficient con-

straintson © to estimatethecamerain thepresenceof degenerateconditions.Notethatthecovari-

anceof the principal point obtainedfrom the error analysisis different from the prior covariance

assumedon its co-ordinates.This reflectsthecombinationof theprior uncertaintyandtheuncer-

tainty associatedwith theothercalibrationconstraints.
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Figure4.18: Principalpoint threestandarddeviation ellipsesfor theinternalparameterscomputed
from (4.11). Thedirectionandextentof theellipseagreeswith thedegeneracy analysis- theprin-
cipalpoint is constrainedto lie on theline joining thetwo finite vanishingpoints.

Figure4.19: Principalpoint threestandarddeviation ellipsewith theprincipalpoint constrainedto
lie at thecentreof theimage.
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Cameraparameters Covariancematrix·
1094.3 22662 0 22662 -94479 -453.5¸

0 0 0 0 0 0¹ · 1094.3 22662 0 22662 -94479 -453.5§Zº 429.3 -94479 0 -94479 3.953e+05 1907.8¨»º 385.1 -453.5 0 -453.5 1907.8 45.548

Table4.6: Thecameraparametersandfirst ordercovariancematrix for thecaseof onenearideal
vanishingpoint.

Cameraparameters Covariancematrix·
1071.3 97.4838 -0.1725 97.4833 -32.0640 0.3081¸
-0.0001 -0.1725 0.8822 -0.1743 -0.0840 0.2564¹ · 1071.3 97.4833 -0.1743 98.6306 -32.0639 0.3253§Zº 512.0 -32.0640 -0.0840 -32.0639 99.9984 -0.0978¨gº 384.4 0.3081 0.2564 0.3253 -0.0978 39.2935

Table4.7: Thecameraparametersandfirst ordercovariancematrix with oneidealvanishingpoint
andtheprincipalpoint constrainedto lie at thecentreof theimage.

4.5 A thr eesquare calibration object

It wasshown in section4.2.2that the imagedcircularpointsof any world planelie on © andpro-

vide two constraintson © . Chapter3 went into somedetail concerningthe relationshipbetween

knowledgeof thegeometryof animagedplaneandtheimagedcircularpoints.Thekey point in this

sectionis that knowing themetricgeometryof the imagedplaneis equivalentto knowing the im-

agedcircularpointparameters.It is thusclearthatif themetricrectificationof animagedplanecan

becomputedtheimagedcircularpointsareknown, andthustwo constraintson thecamerainternal

parametersareavailablefrom (4.5).

The calibrationobjectpresentedhereexploits the metric sceneplaneconstraintsby capturing

an imageof threesquares.Sincethe squaresaresimpleto rectify, threepairsof imagedcircular

pointsareeasilycomputed,giving six linearconstraintson © . An exampleandconstructionappear

in figure4.20,showing the intersectionof © with thevanishinglinesof eachplanein the imaged

circularpoints. Themainadvantagesof sucha calibrationobjectarethat the imagedplanesneed

not beorthogonalandthe3D co-ordinatesof thecalibrationpatternneednot beknown. Theonly
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constrainton the planesis that they arenot coplanar, andso definethreeuniquepairsof image

circularpoints.

This methodis closelyrelatedto theplanarauto-calibrationmethodof Triggs[106], but differs

in thattheimagedcircularpointsof eachplanearecomputedexplicitly, leadingto linearconstraints

on © . A similarapproachto constrainingcameraparametersfrom metricplaneshasbeendeveloped

by bothSturmandMaybank[97], andZhang[114]. Bothpresenttheconstraintson © obtainedfrom

ametricplanein termsof thecolumnsof theworld to imageplanehomography¼½ , writing

¾ T¿ © ¾�À | �
¾ T¿ © ¾ ¿ v ¾ TÀ © ¾ À | �

(4.25)

for thefirst two columns
¾ ¿ and

¾ À
of ¼½ . (Notethat that ¼½ , thehomographyusedin thesepapers,

is the inverseof the rectifyinghomography in chapter3.) That theseconstraintsareequivalentto

imagedcircularpointconstraintscanbeseenasfollows.

Theimagedcircularpointsof aplanecanbetransferredfrom theworld planeby ¼½ to give

Á | ¼½ÃÂ �»Ä¥ÅÆÄ ��Ç | ¾ ¿¬È Å ¾ À
That

Á
lieson © is then

ÂÉ¾ ¿ È Å ¾�À Ç T © ÂÉ¾ ¿ È Å ¾ÊÀ Ç | ¾ T¿ © ¾ ¿ v ¾ TÀ © ¾�À vÌË Å ¾ T¿ © ¾�À | �
Equatingrealandimaginarypartsto zeroyields(4.25).

Note that the threesquareconfigurationis chosenmainly for easeof use– a squarepatternis

easilycreatedandrectified. Any planefor which metricpropertiescanbecomputedcanbe used,

suchaspatternswith rectanglesor circles,or arbitrarypatternswith known planegeometry. It is

alsopossibleto usefewer squaresin combinationwith otherconstraints,suchasthesquarepixel

constraintand/ora known principal point. Patternswith multiple squaresmay alsobe used. The

implementationhereusestheorthogonalityof thesidesof thesquaresto computerectificationpa-
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Figure4.20: A threesquarecalibrationobject. (a) Imageof threesquares.(b) Thesix pointson ©
obtainedfrom theimagedcircularpointsof threeworld planes.

rameters(describedin section3.5).Sincetheedgesof theimagedsquaresareused,long,unbroken

edgeareadvantageous.

With threepairsof pointsgiving six constraints,thecalibrationis over parametrized.A MLE

solutionis thuspresentedwhich minimizesthegeometricerror. A first ordererror propagationis

computedandverifiedusingMonteCarlosimulation.

4.5.1 Linear computation of Í
The circular pointsfor eachimagedsquarearedetermineddirectly from the orthogonalityof the

sidesof thesquareandthediagonals.Theseconstraintsaresufficient to fully definetheconic ÎÐÏ
dual to the circular pointsfor eachimagedplaneusing(3.17). The circular point parametersare

theneasilyextractedfrom Î by referringto (3.12). Theresultingthreeimagedcircularpoint pairsÁ ¿ Ä�Ñ ¿ Ä Á À Ä�Ñ À Ä Á � Ä�Ñ � , definesix coefficient vectorsÒ�Ó ¿ Ä Ò¥Ô ¿ Ä Ò�Ó À Ä Ò¬Ô À Ä Ò�ÓÕ� Ä Ò¬ÔÆ� for six linear

constraintson © from (4.6)

Ö ´"µ | Â Ò�Ó ¿ Ä Ò¥Ô ¿ Ä Ò¥Ó À Ä Ò�Ô À Ä Ò�ÓZ� Ä Ò¥ÔÆ� Ç T ´�µ |Ø×
(4.26)

Since © hasfive degreesof freedom,it is over-constrained.Under ideal conditions,
Ö

hasrank

five and the solution for © is its null vector. Noise on the measurements,however, resultsin a
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ranksix coefficient matrix. Thesingularvectorassociatedwith thesmallestsingularvalueof
Ö

is

the estimateof ´"µ that minimizes Ù Ö ´�µ�Ù subjectto ÙÆ´�µÚÙ | �
. As before, Û follows from © by

Cholesky decomposition.

However, the © computedby algebraicminimizationwill notexactly satisfyall theconstraints.

Geometrically, the imagedcircularpointsconstraining© will not necessarilylie on theconic (see

figure 4.21). The algebraicminimum canbe improved by a Maximum LikelihoodEstimateof ©
(andtheimagedcircularpointson © ) thatminimizestheerror in themeasurements,thecornersof

theimagedsquares.This is thesubjectof thenext section.

1I

1J J2

J

I2

l

ool 3

oo2

1ool

ω

3I 3

Figure4.21:Thesix imagedcircularpointsdonotnecessarilylie on theconicobtainedfrom singu-
lar valuedecompositionof

Ö
.

4.5.2 A Maximum Lik elihood Estimateof Ü
Thegoalof this sectionis to computethreepairsof imagedcircularpointsthatmeettwo criteria;

they lie on the sameconic andminimize reprojectionerror. The reprojectionerror is the Maha-

lanobisdistancebetweenthe cornersof the squaresmeasuredin the imageandthe cornerscom-

putedby mappingsof eachof theworld planecornersto the image. It is in the lattercomputation

thatthedifficulty lies,sincethemappingsmustbeconsistentwith © . Theimagedcircularpointsdo

not lie on thesameconic,but eachof thepairsencodea rectificationhomographythat transforms

an imagedsquareto a perfectworld planesquare.If thesepointsareconstrainedto beconsistent
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with thecomputed© , therectificationparametersdefinedby thenew circularpointswill not rectify

theimagedsquareto asquare.This is illustratedin figure4.22.

image

world plane

Figure4.22:Theimagedcircularpointsof aparticularimagedsquareencodearectificationhomog-
raphythatmapsit to a perfectsquare(solid lineson theright). Any otherpair of imagedcircular
points,constrainedto lie on © for example,definea homographythat doesnot mapthe imaged
squareto a perfectsquare(dashedlineson theright).

Thedecompositionof thegeneralprojective transformationbetweenaworld planeandits image

describedin chapter3 discardsthesimilarity transformationto retainonly theprojective andaffine

componentsof thehomography. To computeareprojectionerrora transformationfrom world plane

to imageis requiredthat, given a pair of imagedcircular points, mapsa world planesquareto

theclosestquadrilateral to theimagedsquare. Applying a similarity transformationto theperfect

squarerepresentingtheworld planepointsbeforethetransformationdefinedby thecircularpoints

makesthispossible,sincethetransformationappliedis thenageneralhomography. Theproblemis

to determinethesimilarity transformationaswell astherectificationparametersfor eachsquare.

Including a similarity transformationincreasesthe numberof degreesof freedomassociated

with eachsquarefrom four to eight.Thisleadsto aniterative minimizationschemeto computethe

MLE of Û usingtheLevenberg-Marquardtalgorithmasfollows:

1. Computethe linear estimateof Û from (4.26) to initialize the minimization. This includes

computingtherectificationhomographiesÝ¬Þ ÄeÅ | �»Ä Ë Äàß�Ä for eachsquare,thetransformations
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thatmaptheimagedsquaresto perfectsquareson theworld plane.

2. Constructthevectorof co-ordinatesof the12cornersof thesquares

á | Âãâ ¿ Ä¬ä ¿ Äæålålå�Ä â ¿ À Ä�ä ¿ À Ç T
Theobjective now is to computea setof points çá suchthat theimagedsquaresdefinedby çá
arerectifiedto perfectworld squaresby the threepairsof imagedcircular points çÁ Þ and çÑ Þ
for

Å | �»Ä Ë Äàß . Furthermore,çÁ Þ and çÑ Þ mustall lie on theconic ç© , andminimizethesumof

squaredMahalanobisdistancesè Þ»é Â çá Þ Ä á Þ Ç À .
3. Write theparametersof Û in vectorform as

¤ | Â · Ä ¸ Ä ¹ · Ä §Zº Ä ¨gº Ç T andconstructthevector

¼¤ | ÂE¤ T
Ä¥ê

T¿ Ä¥ê TÀ Ä�ê TÀ ÄÆë T¿ Ä¬ë TÀ Ä¥ë T� Ç T
where

ê Þ Ä�Å | �»Ä Ë Äàß is thenormalizedvanishingline of imagedplane
Å

ê Þ | Â ê Ï Þ ¿ê Ï Þì� Ä
ê Ï Þ Àê Ï Þì� Ç T

and
ë Þ ÄÐÅ | �»Ä Ë Äàß encodesthesimilarity parametersfor scaleíîÞ , rotation ïðÞ andtranslationÂãñóò Þ Ä ñóô Þ Ç T

ë Þ | Â íîÞ Ä ïðÞ Ä ñ ò Þ Ä ñ ô Þ Ç T
¼¤ has23 parameters,five from

¤
, six from the vanishinglines and12 from the similarity

transformations.

4. Minimize thecostfunctionover ¼¤
õ÷öùøú° y Þ é Â çá Þ Ä á Þ Ç À

At eachiteration, çá is determinedby theelementsof ¼¤ in astraightforwardmanner:First ç© is
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computedfrom
¤

. Theimagedcircularpointslying on ç© arecomputedfrom theintersection

of the vanishinglines
ê Þ with ç© usingthe Joachimsthalequationdescribedin section2.2.2.

Thisdefinesaprojective transformationûÊÞ for eachsquare.Vectors
ë Þ definesimilarity trans-

formations ü�Þ . Theworld planesquaresdefinedby therectificationsÝ�Þ arethenmappedbyû Þ ü Þ to theimageto give çá .
The cameraparameterscomputedfor the imageof figure 4.20appearin table4.8. The sides

of theimagedsquaresarecomputedby runninga Canny edgedetectorfollowedby line fitting and

manualselectionof the appropriatelines. (It is certainlypossibleto automatethe entireprocess,

but that is beyond the scopeof the currentdiscussion.)Cornersfor the MLE aredefinedby the

intersectionof line pairs.Althoughwith six constraintson © thedifferencebetweenthelinearand

MLE resultsis small,theMLE computationis importantin two respects.First it generalizeseasily

to largernumbersof squaresonaplaneandlargenumbersof imagedplanes(suchasmultipleviews

with afixedcamera).Second,theLevenberg-Marquardtcomputationprovidesgoodnumericalesti-

matesof theJacobian,whichmake first ordererroranalysissimple.Theerroranalysisis described

in thefollowing section.

Method
· ¸ ¹ · § º ¨ º

Linear 1143.4 -5.7 1152.1 545.3 371.6
MLE 1143.4 -5.2 1152.5 544.6 371.3

Table4.8: The cameraparameterscomputedfrom threeimagedsquaresusingthe linear andML
methods.

4.5.3 Err or propagation

A first orderestimateof theerrorin theestimatedcameraparametersfollows thesameprocedureas

for theMLE of line intersectionin section3.6.2.TheminimizationalgorithmestimatestheJacobian

of function ý mapping çá to ¼¤ numerically

¯ Tþ | ÿ Â çá � á Çÿ ¼¤ T
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andthecovariancein theparametervector ¼¤ is givenby

³ ú° | Â ¯ Tþ ³ � ¿� ¯ þ Ç�� (4.27)

Thecovarianceof Û is thenasub-matrixof ³ ú° .
Thecameraparametersandcovarianceof theexampleabove assuminga standarddeviation of

0.5 pixels on thecornersappearin table4.9. A Monte Carlo simulationhasalsobeenperformed

to test the validity of the results. Syntheticdatais obtainedfrom the sameexampleby usingthe

squaresdefinedby çá . Theresultof 10 000iterationsaddingnoiseto thecornersandcomputing Û
appearin table4.10,andtheMLE andits covariancein table4.11.Theresultscomparefavourably,

indicatingthatat thesenoiselevels,thefirst ordererror is a reasonableestimate.Plotsof thethree

standarddeviation ellipsesof the principal point for the Monte Carlo andfirst orderexperiments

appearin figure4.23.

Cameraparameters Covariancematrix·
1143.4 134.1190 -13.9892 128.3311 4.7180 1.3870¸

-5.2 -13.9892 41.8636 -13.4386 -10.1093 -19.9487¹ · 1152.5 128.3311 -13.4386 160.1897 20.1507 -12.6657§Zº 544.6 4.7180 -10.1093 20.1507 86.9062 -9.3151¨gº 371.3 1.3870 -19.9487 -12.6657 -9.3151 107.1209

Table4.9: Thecameraparametersandfirst ordercovariancematrixcomputedfrom theML method
on themeasuredimagedatausingthe threesquarecalibrationobjectwith a standarddeviation of
0.5pixelson thesquarecorners.

Cameraparameters Covariancematrix·
1143.2 131.7136 -13.4498 125.5439 3.6433 0.1815¸

-5.2 -13.4498 45.6875 -13.3108 -17.3785 -18.1345¹ · 1152.3 125.5439 -13.3108 157.7291 21.7178 -13.9876§^º 544.7 3.6433 -17.3785 21.7178 101.2858 -9.9145¨gº 371.3 0.1815 -18.1345 -13.9876 -9.9145 108.8555

Table4.10: Thecameraparametersandfirst ordercovariancematrix computedfrom MonteCarlo
simulationusingthesyntheticthreesquarecalibrationobjectwith astandarddeviationof 0.5pixels
on thesquarecornersin 10 000iterations.
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(a) (b)

(c)

Figure4.23: Thethreestandarddeviation ellipsesof theprincipalpoint computed(a) from (4.27).
(b) from MonteCarlosimulation. (b) alsoshows theprincipalpointsfor all 10 000 iterations.(c)
showsthetwo ellipsesfrom thesyntheticdata(solidline) andMonteCarlosimulation(filled circles)
simultaneously.
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Cameraparameters Covariancematrix·
1143.4 134.1189 -13.9892 128.3310 4.7180 1.3870¸

-5.2 -13.9892 41.8636 -13.4386 -10.1093 -19.9487¹ · 1152.5 128.3310 -13.4386 160.1896 20.1507 -12.6656§Zº 544.6 4.7180 -10.1093 20.1507 86.9063 -9.3151¨gº 371.3 1.3870 -19.9487 -12.6656 -9.3151 107.1209

Table4.11: The cameraparametersandfirst ordercovariancematrix from the ML methodusing
the syntheticthreesquarecalibrationobjectwith a standarddeviation of 0.5 pixels on the square
corners.

4.6 Calibration and the rectangleambiguity

Therectangleambiguitydescribedin section3.5.3occurswith imagedrectanglesof unknown as-

pect ratio. It is possibleto rectify the planeso that the orthogonalityof the rectangularsidesis

restored,but anunknown relative scalingin thedirectionsof thesidesremains.It wasalsopointed

out thatthis is a commonoccurrencein imagesof building facades,wheremany rectangularstruc-

turesexist. Thissectionwill show how computingthecamerainternalparametersprovidesamethod

of completingthemetricrectificationof suchaplane.

The key is in the geometricrepresentationof metric informationon the plane. Whenthe co-

ordinatesof the imagedcircular pointsareknown, the metric rectificationis fully determined.In

the caseof an imagedrectanglethe vanishingline is known, but thereremainsa oneparameter

family of conicsdualto thecircularpointson
ê Ï (see(3.19)).However, if thecamerais calibrated,© is known. Now, sinceall imagedcircularpointslie on © , theplanerectificationis definedby the

intersectionof © and
ê Ï in thepoints

Á
and

Ñ
. (seefigure4.24).

Theunknown componentsof
Á

and
Ñ

aretheaffine rectificationparameters� and
�

(definedin

chapter3) . They canbecomputedby solving

Á T © Á | �
(4.28)

for theunknown � and
�

. Expandingtheexpressionfor
Á

in termsof � ,
�

andthevanishingline
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Figure4.24: The intersectionof the vanishingline of a planeand © fully determinesthe imaged
circularpointsof theplane,andthusits completemetricrectification.
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(4.28)simplifiesto aquadraticin
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(4.29)

With � Ï � non-zeroandasquarepixel camera(4.29)furthersimplifiesto

Â � È Ë §^º � ¿ È � À ¿ Â § Àº È ¨ Àº È · À ÇGÇ � À¿ È Ë Â � À §^º È � ¿ ¨gº È � ¿ � ÀdÂ § Àº È ¨ Àº È · À ÇGÇ � ¿
È Ë � À ¨ º È � ÀÀ Â § Àº È ¨ Àº È · À Ç È � | �

(4.30)

Thesolutionsof (4.29)or (4.30)arecomplex, with � and
�

givenby therealandimaginaryparts
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respectively.

An earlierversionof this approachby Karras[58] usesdirect computationof the rectification

transformationfor a camerawith (hard)constraintsof zeroskew, unit aspectratio andprincipal

point at thecentreof theimage.Focal lengthandtheorientationof theworld planerelative to the

camerafollow from two vanishingpoints.

As an example,considerfigure4.25. The building facadehastwo dominantdirectionswhich

areorthogonal,but therectangleambiguityexists for therectification.Thevanishingpointsof the

orthogonaldirectionsprovide oneconstrainton © from (4.2). Assumingthethecamerahassquare

pixels, (4.8) providestwo constraints.Constrainingthe principalpoint to the centreof the image

providestwo further constraintsfrom (4.10),giving a total of five linear constraintson © . Û can

thusbe computedand (4.30) appliedto computea metric rectificationof the planeappearingin

figure4.25(b).

A secondexample,bringingtogethertherectangleambiguity, metricplaneconstraintsandcal-

ibration degeneracy, appearsin figure 4.26. It shows a photographof the Municipal Theaterof

Athens,which wasdestroyed in 1938. The camerais unknown andthe imagehaspossiblybeen

cropped,sotheprincipalpoint cannotbeconstrainedto lie at theimagecentre.Additionally, there

areimageparallellinesin threeorthogonaldirections,but theverticalvanishingpoint is practically

ideal. Thus,the threevanishingpointsandthe squarepixel constraintsdo not fully determine© .

Imagedparallellinesfor two orthogonaldirectionsvisible on thefront facadedefinethevanishing

line of thefacadeandrectificationup to therectangleambiguity. Theambiguitycannotberesolved

asin thepreviousexamplebecause© is unknown.

A solutionis to completethemetricrectificationof thefront facadefrom theellipsesoverlayed

in figure4.26(a). Theseellipsesaretheimagesof semi-circulararches,andsointersectthevanish-

ing line of thefacadein its imagedcircularpoints.Oncethemetricstructureof thefacadeis known,

its imagedcircular pointsconstrainthecamera.Combiningthevanishingpoint, squarepixel and
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metricfacadeplaneconstraintsgivesthecamera
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The imageis of size
�g� .gË54 %&' Ë pixels, the computedaspectratio is 1.05andthe anglebetween

theaxesis 88.156 . Thesquarepixel constraintsarenot perfectlysatisfiedsincethecamerais over-

constrained.Therectifiedfacadeappearsin figure4.26(b). It is architecturallyinterestingto note

thattheassumptionthatthearchesshown in (a)aresemi-circularis notconsistentwith semi-circular

archeson thelower tier.

Furtherexamplesof calibrationandrectificationappearin thefollowing section.

(a) (b)

Figure4.25:Planerectificationvia partialinternalparameters.(a)Original image.(b) Rectification
wheretherelative scalingof verticalandhorizontaldirectionsassumesa squarepixel camerawith
theprincipalpointat thecentreof theimage.Measurementof theaspectratioof awindow indicates
adifferenceof 3.7%betweentrueandcomputedvalues.Notethatthetwo parallelplanes,theupper
building facadeandthe lower shopfront, arebothcorrectlyrectified,but sceneplanesnot parallel
to thesetwo aredistortedby therectificationhomography. This distortionis visible on theareaof
overhangof theupperfacade.

4.7 3D reconstructionfr om singleviews

Calibrationtechniquesandthemetricplanerectificationdescribedin chapter3 canbecombinedto

producethreedimensionalreconstructionsof planarobjects[66]. In general,the taskis to recon-

structa scenefrom recognizablesceneprimitivessuchaslines,planesandspheresby computing
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(a) (b)

Figure4.26:Planerectificationusingthepropertiesof circles.(a)TheMunicipalTheaterof Athens,
with ellipsesoverlaidon imagedsemi-circulararches.(With thanksto GeorgeKarrasfor providing
theimage.)(b) Therectifiedfront facade.

their spatiallayout. Themainapplicationis to buildings,mostlyplanarstructureswherethereare

plentiful constraintsto behadfrom parallelismandorthogonality. Reconstructionis fundamentally

modelbased– thearchitecturalsceneis describedby a cuboidmodel,andcalibrationandrectifica-

tion allow theparametersof thecuboidto becomputed.This sectiondescribessuchreconstruction

from singleviews andsetsof minimally overlappingviews. Minimally overlappingviews arecases

wheremultiple view methodsareinapplicablebecauseinsufficient pointsarevisible in morethan

oneview, but imageshave sufficient scenestructurein commonto stitch individual single view

reconstructionstogether.

Building architecturalmodelsin this manneris similar to the photogrammetrictechniquesof

Debevecet al.[25]. However, in theDebevecsystemscenemeasurementsarerequiredto position

thecameras,andthecamerainternalcalibrationmustbeknown. Thesearenotneededhere.Theuse

of severalvanishingpointsfor scenemodelingfrom singleimagesalsoextendsthework of Horry et

al.[54], whereasinglevanishingpoint is used.A singleview reconstructionsystemusingthesame

approachasdescribedabove for calibrationhasbeendevelopedby SturmandMaybank[98]. Their

systemallows a userto definepointsandparallellinesaswell asorthogonaldirections.Pointsand

planesarethenreconstructedsimultaneouslyusinga constrainedoptimization.Singleview recon-

structionusinga metricgroundplaneanda vanishingpointsoff theplanehasbeendemonstrated

by Criminisi et al[21]. Thedistancesof pointsin thedirectionof thevanishingpoint arecomputed

relative to a reference,sotheverticalvanishingpoint andoneheightmeasurementaresufficient to
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reconstructabuilding.

The singleview techniquesarecomplementaryto reconstructionmethodsapplicableto mul-

tiple images,such as an image sequenceacquiredby a video camerawhen walking arounda

building[4, 103, 112]. More will saidaboutmultiple view techniquesin thenext chapter. It must,

however, benotedthatsingleview reconstructionsarenotcomplete3D reconstructionsin thesame

senseasstereoor multiple view reconstructions.A singleview reconstructiononly allows world

measurementsto be madeon particularsetsof planesor in specificdirections. Measurementof

propertiessuchasthe3D distancebetweentwo generalpointsis notpossible.

4.7.1 Singleview reconstructionsof buildings

The generalapproachto reconstructingbuildings is to modelthe building asa cuboid,with three

orthogonalplanesvisible in the image. Theseplanesprovide parallel lines in threeorthogonal

directionsfrom the facadeoutlinesandrectangularfeaturessuchasdoorsandwindows. Theaim

is to measurethe dimensionsof the cuboidandadjacentplanesforming part of the structure,as

illustratedin figure4.27.

Therearetwo componentsto thereconstructionprocess.First,thecameracalibrationandmetric

structureof eachplaneis computed.Thesecondstageinvolvesstitchingthe individually rectified

planestogether, accountingfor thearbitraryscalefactorsin the rectificationof eachplaneandthe

relative orientationof planesnot known to beorthogonal.

Thefirst part,thecalibrationandrectificationprocess,comprisesthreesteps:

1. Calibratea squarepixel camerafrom threevanishingpointsof orthogonaldirections,also

usingtheknown principalpoint constraintsif possible.

2. Computethevanishingline of eachplanein the image.Again, this is usuallydonefrom the

vanishingpointsof imagedparallel lines on eachplane. The vanishinglines defineaffine

rectificationof eachof theplanes.

3. Metric rectify eachplaneby computingthe imagedcircular pointsfrom the intersectionof

thevanishingline and © using(4.30).
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(a) (b)

(c) (d)

Figure4.27:3D reconstructionfrom asingleimage.(a)Fellowsquad,MertonCollege,Oxford. (b)
Thedimensions(upto aglobalscale)requiredto computeareconstruction.(c) and(d) Novel views
of thetextured3D modelcreatedfrom thesingleimagein (a).

Onceall building planesarerectified,modelconstructionproceedsby assigningthemappro-

priateEuclideanco-ordinates.The first considerationin this is the relative scaleof planes.Each

metric rectifiedplanehasan arbitraryglobal scalefactor(seefigure 4.28),so the planesmustbe

scaledfor consistency. Therelativescalingof apairof planescanbecomputedfrom any two points

commonto bothplanesby finding thetwo lengthsbetweenthecommonpointsdefinedby thetwo

rectificationhomographiesof theplanes.TheEuclideandimensionsof oneplanecanthenbescaled

by theratio of theselengthsto make it consistentwith theotherplane.

The stepsdescribedthus far are sufficient to reconstructthe orthogonalplanesdefining the

cuboid.Takingtheleft facadein figure4.27(a)asreference,for example,its correctlyproportioned

width andheightaredeterminedby rectification. The right facadeandgroundplanesareorthog-
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Figure4.28: Two pointscommonto a pair of planeshave differentlengthsin thetwo rectifications
becauseeachpointpair is known up to anarbitraryscalefactor.

onal to the reference,althoughthereareinsufficient sceneconstraintsto rectify the groundplane

independently. However, scalingof therectifiedright planefrom thepointscommonto theplanes

wherethefacadesmeetcompletesthecuboidmodel.Thedimensionsof thecuboidarenow known,

andthegroundplanerectificationhomographycanbecomputedfrom thesedimensions.

Thefinal aspectof the reconstructionis to determinetherelative orientationof planesthatare

notobviouslyorthogonal.Computingtherelativeorientationof apairof planesrequiresacalibrated

cameraandthevanishinglinesof bothplanes,aswill now beexplained.

Thevanishingline andthecameratogetherdeterminetheorientationof theworld planerelative

to thecamera[15] asfollows. Thenormalto aplaneJ in cameracentredco-ordinatesis

KMLON Û T
ê Ï

This result follows from consideringa 3D plane J N Â�P ¿ Ä PZÀ Ä P � Ä P ­ Ç T. The orientationof the

planeis describedby the normal vector K L N Â�P ¿ Ä P À Ä P � Ç T. Plane J intersectsthe planeat

infinity J Ï N Â � Ä � Ä � ÄRQ Ç T in the line KML . This line is imagedasthevanishingline of theplaneê Ï N Û � T KML . The angle ï betweentwo planesthenfollows from the inner productof the two
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planenormals:

SUTWV Â ï Ç N K TL ¿ KML ÀÙ KXL ¿ Ù"Ù KML À ÙN ê
TÏ ¿ © � ¿ ê Ï ÀÂ ê

TÏ ¿ © � ¿ ê Ï ¿ Ç ¿ZY À Â ê TÏ À © � ¿ ê Ï À Ç ¿ZY À (4.31)

The roof planesin figure 4.27(a)arereconstructedusing(4.31). The vanishinglines areob-

tained the regular patternof tiles, using an automaticmethoddevelopedby Schaffalitzky and

Zisserman[90]. In this method,the geometricgroupingof imagedequally spacedparallel lines

definesthevanishingline by invarianceof thecrossratioof theline pencil1.

A secondexampleappearsin figure4.29. Four planesareclearlyvisible in thescene,threeof

whichareorthogonal.In addition,sufficient parallelline setsareavailableto determinethecamera

internalparametersandvanishinglines for eachplane. All planescan thusbe rectified,and the

relative orientationof thenon-orthogonalplanedetermined.

4.7.2 Multiple singleviews

It is often difficult to obtainsequencesof imagesof buildings that aresuitablefor multiple view

reconstructiontechniques.Occlusionsandviewpoint restrictionsdueto thepresenceof otherbuild-

ingscancauseseveredifficulties.With only aminimalproportionof thescenein common,however,

it is possibleto stitchtogethera numberof singleview reconstructionsto obtaina completemodel

of a building.

The requirementfor areasof overlaparethe sameasfor planesin a singleview. To join the

reconstructionof planesfrom partsvisible in two views theremustbecommonworld pointsin both

views. Thisallows therelative scaleof thetwo rectificationsto becomputed.

Two examplesfollow, bothreconstructionsof Oxford collegequads.Thefirst is Fellows quad,

MertonCollege,thesamescenethatappearsin figure4.27.Thesecondis in Oriel College,amodel

createdto advertisea studentball. Thereconstructionis augmentedwith additionalstructuresand

a ratherfanciful fire (all at therequestof thestudentsinvolved). Theaugmentationprocessexploits

1with thanksto FrederickSchaffalitzky for computingtheroof vanishinglines.
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(a) (b) (c)

Figure4.29: Singleview reconstruction.(a) TheRadcliffe Observatory, Oxford. (b) and(c) Views
of thetexturedreconstruction.Theanglebetweenthenon-orthogonalplaneandthefacadeplanes
hasbeencomputedfrom (4.31)to be466 . Thetrueangleis 456 .
thepowerof VRML to createtheadditionswith texturedimagesandappropriatelighting.

4.8 Summary

This chapterhasexaminedsingleview calibrationof a camerafrom sceneandinternalparameter

constraints.Sceneconstraintsareobtainedfrom thevanishingpointsof orthogonaldirectionsand

metric sceneplanes,exploiting the geometricpropertiescommonto built environments. Internal

parameterconstraintsarewritten from knowledgeof somepropertiesof thecamera.

Particularattentionhasbeenpaid to the caseof a squarepixel camera,which provides cali-

brationconstraintsidenticalin form to a metric sceneplane. Thecommoncaseof sucha camera

viewing ascenewherethevanishingpointsof threeorthogonaldirectionscanbecomputedhasbeen

analysed,detailingthedegenerateconditionsunderwhichthisconfigurationdoesnotfully constrain

thecamera.A first ordererroranalysisof thesquarepixel andthreevanishingpoint configuration

hasbeenpresentedandverifiedwith MonteCarlosimulation.Theerroranalysisresultsareconsis-
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Sourceimagesof thequad.

Threeviews of thereconstruction.

Figure4.30: Sourceimagesandviews of themultiple singleview reconstructionof Fellows quad,
MertonCollege.
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Figure4.31:Sourceimagesof Oriel College,Oxford, for theaugmentedreconstruction.

tentwith thedegenerateconditions,andtheeffectof introducingaknown principalpointconstraint

hasbeenexamined.

Themetricplanecalibrationconstraintshave beenexploitedto createa calibrationobjectcon-

sistingof squares,andlinear andMaximum Likelihoodtechniquesof computingthe camerade-

scribed.A first ordererroranalysisfor thelattercasehasalsobeenpresentedandverified.

Cameracalibrationhasbeenappliedto singleview reconstructionof architecturalscenes.The

metric rectificationdescribedin chapter3 andsingleview calibrationhave beencombinedto pro-

duceaccurateandrealisticmodelsof buildingsfrom singleviewsandsetsof minimally overlapping

views.
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Figure4.32:Views of theaugmentedreconstructionof Oriel College.

The following chapterextendssquarepixel cameracalibrationusingvanishingpoints to two

views. The constraintsvalid for a singleview apply to eachcamera,andcanalsobe transferred

betweenviews, providing additionalconstraintsfrom motion. It will be shown how, even if a

degeneratecondition in eachview is present,calibrationand metric 3D reconstructionare still

possible.



Chapter 5

Calibration and Reconstructionin Two

Views

5.1 Intr oduction

The taskdirectly addressedin this chapteris as follows. Given two views of a scenecontaining

a cuboidobjectwith correspondingpoint sets,computea metric reconstruction.As an example,

considerfigure5.1,two views of abuilding, andfigure5.2,wherethetextured,reconstructedbuild-

ing createdwith themethodsdescribedin this chapteris seenfrom novel viewpoints. Thecuboid

objectdefinesthe vanishingpointsof threeorthogonaldirections,asin the casewith singleview

reconstruction.Thereis animportantdifference,however, betweena stereoreconstructionof such

an objectanda singleview reconstruction.A stereoreconstructionallows true 3D measurement

of the scene,sinceany point that is visible in both views may be back-projected,ratherthanthe

restrictedmetricspacesobtainedfrom asingleview.

Theapproachtaken hereassumesthat theepipolargeometryof theview pair, andthusa pro-

jective reconstruction,is available. A metric reconstructionis obtainedfrom theprojective by the

stratifiedschemedescribedin section2.3.3:theplaneat infinity andtheimageof theabsoluteconic

arecomputedto yield ametricreconstruction.

The chapterproceedswith a descriptionof the constraintson the planeat infinity and IAC
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Figure5.1: Two views of abuilding.

Figure5.2: Two novel views of thereconstructedbuilding.

obtainedfrom two views of a cuboid object. The casethat both camerashave squarepixels is

developedin somedetail, and its implementationin a two view metrology tool is describedin

section5.3.Section5.4returnsto theoreticalissues,specificallytheadditionalconstraintsavailable

whenthetwo camerashave identicalinternalparameters.

5.2 Calibration constraints

Thetaskof calibratingapairof camerasis approachedherein themuchthesamemannerassingle

view calibration. The vanishingpointsof threeorthogonaldirectionsconstrainthe imageof the

absoluteconicin eitherview. Furtherconstraintsareobtainedwhenthecamerashavesquarepixels.

Importantadditionalconstraintsexist, however, becausethevanishingpointsarecomputedin both

views. The threematchedvanishingpointsarethe imagesof pointson J Ï , so the planecanbe

computedandthestructureaffine rectifiedfrom (2.10).Theinfinite homography,
½ Ï , whichmaps
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projectionsof all ideal points betweenviews is also computed. This allows constraintssuchas

theknown imageplanecircularpoints(for squarepixel cameras)andthe invarianceof © (for two

cameraswith identicalparameters)to betransferredbetweenviews. It is thusthemotionbetween

camerasthatintroducesfurtherconstraintson thecamerasin eitherview.

A similarapproach,but withoutrelianceoncomputingepipolargeometry, is reportedby Cipolla

andBoyer[12]. Their methodrelieson first computingthecalibrationsin eachview independently

from threevanishingpointsassumingzeroskew andknown principalpoint. Therotationbetween

views is computedasthe transformationbetweenthe vanishingpoint setsafter correctionfor the

internalparameters.Translationfollowsfrom theobservationthatthetranslationvectorandtherays

throughthecameracentredefinedby any matchedpoint arecoplanar. While no directcomparison

of thetwo approacheshasbeenmade,it is likely thatusingaccuratelydeterminedepipolargeometry

will result in a moreaccuratecalibrationsinceit usesmotion constraintsin additionto structural

constraints.However, in caseswhereit is difficult to accurateestimatetheepipolargeometry, their

approachis probablypreferable.

5.2.1 Vanishingpoints in two views

An ideal3D pointprojectsto avanishingpoint in eachof two views(seefigure5.3).Thevanishing

pointscanbecomputedasbefore,from imagedparallellines,suchasthoseshown in thetwo views

of figure 5.4. Note that it is the directionof the lines that determinesthe vanishingpoint, so the

samelinesneednotbevisible in bothviews.

Thethreematchedvanishingpointsdefineboththeplaneat infinity andtheinfinite homography

if the epipolargeometryis known. Given an initial projective reconstructionandback-projecting

thevanishingpoints [ ¿ , [ À and [ À in thefirst view and [X\ ¿ , [X\À and [X\� in thesecondgivesthree3D

points ] ¿ , ] À and ] � on J Ï . Thehomogeneousplanerepresentationfor J Ï follows from a null

spacecomputationdescribedin section2.2.3and
½ Ï from (2.14).Affine structureandprojections

are now defined. The projective model of figure 2.7, for example,canbe affine rectified, as in

figure5.5.

Thepairsof vanishingpointsof orthogonaldirectionsconstraintheinternalparametersof each
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Figure5.3: An ideal point is projectedto a vanishingpoint in eachof two views. The vanishing
pointscanbecomputedfrom imagedparallellinesin eachview (notnecessarilythesamelines).

Figure5.4: Imagedparallelline segmentsshown in two views of a building definethreevanishing
pointsin eachview.

Figure5.5: Two views of an affine reconstructionof the building of figure 5.1. Note that affine
propertiesof thestructurearecorrectlyrepresented(parallelworld lines areparallel in the recon-
struction),but metric propertiesremaindistorted.The modelis shown in orthographicprojection
(ratherthanperspective) to make thisclearer.
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camerafrom the conjugacy constraint(4.2). In the vectornotationof (4.4), theseconstraintsareÒut � t+v , Òut � t � , Òwt&vxt � in thefirst view. Therearethusthreeconstraintson thefive parametersof © ,

leaving a two parameterambiguity.

Justasin thesingleview case,furtherconstraintscanbewrittenoneachcameraif it hassquare

pixels. It will beshown now how theconstraintcanbetransferredbetweenviews.

5.2.2 Square pixel camerasand the motion constraint

Theconstraintthat thefirst camerahassquarepixels, (4.8),providestwo additionalconstraintson© sinceimageplanecircularpoints
Á

and
Ñ

lie on © . Therearethenfive constraintson © , which

maybereducedin degeneratecasesto four (section4.3.2). Now, if thesecondcamerahassquare

pixels thesecondimageplanecircularpointsare
Â Q»Ä8y�ÅàÄ ��Ç T in imageco-ordinates.Additionally,½ Ï is known, so theseimageplanecircularpointsandthe ideal line canbetransferredto thefirst

view (figure5.6),giving

Á$z N ½ � ¿Ï Â Q»ÄGÅÆÄ ��Ç T and
Ñ z N ½ � ¿Ï Â Q»Ä � ÅÆÄ ��Ç T

with
Á z

and
Ñ z

thesecondimageplanecircularpointsasseenby thefirst camera.
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Figure5.6: An idealpoint is projectedto a vanishingpoint in thesecondview, andmappedto the
first by

½ Ï . Thisappliesto theimageplanecircularpoints,known if thesecondcamerahassquare
pixels,whicharemappedto

Á z
and

Ñ z
in thefirst view.
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Á z
and

Ñ z
areprojectionsof pointson � Ï , andthuslie on © in thefirst view. Two additional

constraintson © areavailablefrom
Á z T © Á z N �

and
Ñ z T © Ñ z N �

. The two constraintcoefficient

vectorsÒ���� and Òu�&� follow from expanding
Á z T © Á z N �

andtakingrealandimaginaryparts.

Therearethusa total of sevenconstraintson © to befoundfrom two squarepixel cameras.A

constructionappearsin figure5.7.
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Figure5.7: Sevenconstraintson © , threefrom theconjugacy of thevanishingpointsof threeorthog-
onaldirections,two from theimagecircularpoints,andtwo from thetransferredcircularpoints.

5.2.3 Square pixel degeneracies

Degenerateconditionsoccur, andcanbetreatedsimilarly to thesingleview casedescribedin sec-

tion 4.3.2. The vanishingpointsof threeorthogonaldirectionsdeterminea two parameterfamily

of conics � Â�� Ä���Ä�� Ç parametrizedby lines forming thesidesof theself-polartriangle(4.13). Con-

straintsontheremainingtwo parameterscanbeobtainedfrom theimagedcircularpointsof thefirst

imageplaneandthetransferredcircularpointsof thesecondimageplaneasdescribedabove. The

transfer, by
½ Ï , dependson the relative orientationof the two cameras,so the rotationbetween

views thuseffectsthenumberof constraintson © .

The degeneratecondition that the circular pointson a line througha vertex of the self-polar

triangleprovide only a singleconstrainton � Â�� Ä�� Ä�� Ç applies.Intersectionsof the ideal line of the

first imageplane
ê Ï andthetransferredidealline of thesecondimageplane

ê zÏ with verticesof the
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self-polartrianglethusinducedegeneracies.If only oneof the imageplaneideal lines intersectsa

vertex of thetriangletherearesix independentconstraintson © . This might occurasin thesingle

view case,with oneor two vanishingpoint ideal,or mightbetheresultof oneor two finite vanishing

points lying on
ê zÏ . The latter implies that, sinceincidenceis preserved underhomography, the

relevantvanishingpointsareidealin thesecondimage.To clarify, say
ê zÏ intersectsvertex [ in the

first view, it follows that [X\ N ½ Ï [ is idealin thesecondview:

[ T
ê zÏ N [ T ½ TÏ Â � Ä � Ä$Q Ç T N [ \ T Â � Ä � Ä$Q Ç T N �

If
ê Ï and

ê zÏ both intersecta vertex, thereis only a singleconstraintfrom eachpair of circular

points,giving a total of five constraints.Note that if thereis no rotationbetweencameras
ê Ï andê zÏ coincide,andthesituationis identicalto thesingleview case.

It is commonin practicethat
ê Ï and

ê zÏ both intersecta vertex of theself-polartriangle. The

two views in figure 5.1, for example,areboth imagedwith the cameraplanevertical (the axis of

rotationbetweenviews is vertical). The vertical vanishingpoint is thus ideal in both views and

intersectsboth
ê Ï and

ê zÏ in thefirst view (seefigure5.8 for a construction).Therearea total of

fiveconstraintson © in eitherview.

v1 2v

v3

ω

J
I

I
J

*

*

Figure5.8: Degeneratecondition.Five constraintson © , threefrom theconjugacy of thevanishing
pointsof threeorthogonaldirections,oneeachfrom the first view imagedcircular pointsandthe
transferredsecondview circularpoints.
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5.2.4 Metric structure fr om calibration

The calibrationconstraintsobtainedfrom threevanishingpointsandsquarepixels in both views

allows computationof theinternalparametersof bothcamerasandmetricrectificationfrom (2.11).

The exampleof figure 5.1, which wasseento be degenerate,still providesfive constraintson © .

Thecomputedcamerasfor thatexampleare

Û ¿ N
 !!!!"
Q��W'&#�å*)�Q Q»å���Q ,&, Ë å*)-�� Q��W'&#�å(%&% ß&'+��å ß Ë� � Q»å��&�

0211113 and Û À N
 !!!!"
Q���Q . å(#W) � ��å ß&# ,�#gß�å*)+'� Q���Q$%�å��W% , . ��å(%&'� � Q»å��&�

0211113
andthe metric rectifiedstructureis shown in figure 5.9. The texturedstructureappearedearlier,

in figure5.2. A comprehensive descriptionof therectificationprocessdetailingthecomputational

stepsateachstagefollows.

Figure5.9: Two views of themetricreconstructionof thebuilding of figure5.1. Themetricrecon-
structionis obtainedfrom the affine by calibratingthe camerasin eachview usingthe vanishing
pointsof threeorthogonaldirectionsandtheconstraintsthatbothcamerashave squarepixels.

5.3 Implementation: 3D metrology fr om two views

This sectiondescribesa 3D measurementsystembasedon two squarepixel views of thevanishing

points of threeorthogonaldirections. It is thus suitedto imagesof built environments,mainly

indoorsor outdoorbuilding sceneswheretherearemany rectangularfeatures.Thesystemrequires

theuserto manuallyselectmatchedpointsandsetsof parallellines in the images.Theseareused
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to computeaninitial projective reconstructionandits metricrectification.Line segmentsof known

lengthcanthenbedefinedto calibratetheoverallscaleof thesystem,finally allowing theEuclidean

distancebetweenany two pairsof matchedpoints to be computed.The detailsof the algorithm

implementedby thesystem(andusedto producetheresultsseenin theprevioussections)will now

bedescribed.Thesystemis implementedusingtheTargetJrlibraries[17].

5.3.1 Line segmentsand matchedpoints

Thefirst computationperformedby thesystemis to find line segmentsalongintensityedgesin the

image.Theline segmentsareimportantfor two reasons.Firstly, they areusedto definepointsin the

imagesby line intersection.This is usefulfor pointsat cornersof structuralfeaturessuchaswalls

anddoorways,andis moreaccuratethanpoint selectionwith a mouse.Second,the line segments

definingimagedparallellinesarerequiredfor thecalibrationstage.

Line segmentsaredetectedby: Canny edgedetectionat sub-pixel accuracy[10]; edgelinking;

segmentationof theedgelchainat high curvaturepoints;andfinally, straightline fitting by orthog-

onalregressionto theresultingchainsegments.Figure5.10shows theline segmentscomputedfor

apairof building images,with a featurepoint definedby line intersectionisolatedin figure5.11.

File Lines Points Epipolar Calibrate Cameras Measure
building1 building2

 Merging straight edges done !

Figure5.10:Line segmentscomputedfor animagepairof abuilding in Wadhamcollege.

Theepipolargeometryof theimagepairmustbecomputedto defineaninitial projective recon-
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File Lines Points Epipolar Calibrate Cameras Measure

building1

1

 Merging straight edges done !
(557, 477) val=75

Figure5.11:Defininga point by line intersection.A pair of linesaccuratelydefinesthecornerof a
doorway.

structionof thescene.Thefundamentalmatrix is computedin a two stageprocess,first computing

an initial estimatefrom a usersuppliedsetof point matches.This estimateis subsequentlyrefined

usingaguidedsearchprocess.

Experienceindicatesthat in a typical building scene25 to 30 points,distributedin the images,

providesa reasonableinitial estimateof � . Two or more lines intersectingin a featurepoint are

manuallyselected,andthe intersectioncomputedusingtheMLE methodfrom section3.6. Addi-

tional pointscanbe definedby direct mouseclicking. This is lessaccuratethanline intersection,

andis oftennot neededin building scenes.Figure5.12illustratesa setof matchedpointsobtained

by line intersectionalone.

The initial estimateof � is computeddirectly from the manualcorrespondencesusing the

methodof Luong and Faugeras[70]. Its accuracy, however, can be significantly improved by a

densersetof correspondences.Typically, hundredsof matchesarerequiredto provideasufficiently

accuratefundamentalmatrix. However, sincean initial estimateis available,a searchfor further

correspondencesis guidedby theestimatedepipolargeometry. Therefinementprocessbeginswith

computationof asetof interestpointsin theimages,identifiedby Harriscorners[42], a typical step

in automaticcomputationof epipolargeometryusedin long sequencealgorithmssuchasthoseof

FitzgibbonandZisserman[35]. Robust correspondencematchingfollows usingthe randomsam-
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Figure5.12:A setof userdefinedmatchedpointsfor initial computationof thefundamentalmatrix.

pling andconsensus(RANSAC) approach[104]. A minimal setof sevenpointsin thefirst view is

chosenatrandom,with matchesin thesecondview guidedby theinitial estimateof thefundamental

matrix. A new fundamentalmatrix is computedandits supportevaluatedby calculatingtheerrorin

epipolarmatchesfor theremainderof thedata.This processis repeateduntil a fundamentalmatrix

with thesupportof themajority of thecornersis obtained.

A pairof projective camerasarecomputedfrom thefinal epipolargeometryin theform of (2.5)

and (2.6), paving the way for stratifiedcalibration. Note also that Hartley-Sturm[48] correction

of the imagepointsis performedin subsequentcalculations:imagepoint pairsareadjustedto be

consistentwith epipolargeometry. Specifically, givenapairof matchingpoints� and� \ , � \ T �W� �N �
.

Hartley-Sturmcorrectionresultsin a pair of points ç� and ç��\ suchthat ç��\ T �¥ç� N �
andthedistances

é Â � Ä ç� Ç and é Â � \ Ä ç� \ Ç areminimized.

5.3.2 Calibration

Thecalibrationstagerequirestheuserto selectthreeorthogonalsetsof imagedparallellinesin both

views (figure 5.13). The threematchedvanishingpointsthendefinethe infinite homographyand

constraintheinternalcameraparameters.

Thevanishingpointsarecomputedfrom imagedparallelline segmentswhich,dueto noise,do
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File Lines Points Epipolar Calibrate Cameras Measure

building1 building2

Figure5.13:Userdefinedsetsof parallellinesin two views

not intersectin a uniquepoint. As in thesingleview case,a maximumlikelihoodestimate(MLE)

of eachvanishingpoint is computed,but takinginto accountbothviews in aniterativeminimization

process.

Initially, eachvanishingpoint is found independentlyin eachview as in section3.6. A cor-

respondingpoint pair is Hartley-Sturmcorrectedandback-projectedto give a 3D point ] . The

MLE is thenobtainedby varying � , whichprojectsto thevanishingpoints [ and [ \ in thefirst and

secondviews respectively [32] (seefigure5.14).TheML estimateof � is determinedby a simple

extensionof the singleview vanishingpoint computationtaking into accounterrorsmeasuredin

bothviews: by minimizingacostfunctionof thesumof squaredorthogonaldistancesfrom theend

pointsof theimagedparallellinesto linesthrough[ in thefirst view and through[X\ in thesecond,

usingtheLevenberg-Marquardtalgorithm.

Threematchedvanishingpointsdefine J Ï ,
½ Ï andaffine structure.Metric structurefollows

from the internal parametersof the camerain the first view. This is computedusing the three

conjugacy constraintsfrom thetriad of vanishingpointsandthesquarepixel constraintsfrom both

views.

Thefinal calibrationsteprequiredis to definetheglobal scaleof the reconstruction.Theuser

selectsthematchedendpointsof oneor moreline segmentsof known 3D length(figure5.15). A
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Figure5.14:MLE Computationof J Ï from vanishingpoints.

global isotropicscaling í is computedfrom the ratio betweenthe metric reconstructionsof these

lengthsandthetruelengths.
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Figure5.15:Userdefinedline segmentsof known length.

With a calibratedsystem,theuseris ableto measureworld distancesbetweenselectedpoints,

asin figure5.16.
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Figure5.16:3D measurementof distancesbetweenselectedpoints.

5.4 Cameraswith identical internal parameters

Two views from a camerawith fixed internalparameters(or two identicalcameras)provide con-

straintson Î when
½ Ï is known. Theconstraintsarisefromtheobservationof LuongandViéville[71]

thattheIAC is unchangedundertransformationby
½ Ï . Thatis, with Û \ N Û and Î \ N Î ,

Î N ½ TÏ Î ½ Ï (5.1)

The initial formulationof the constraintsfollows from expanding(5.1) in eachof the six unique

elementsof Î . Theresultingsix constraintsarenot independent,but have a total rankof four. The

following sectionsdescribethe four constraintsgeometricallyandexaminethe degeneraciesthat

occurwhenthey areappliedin thecontext of a triadof vanishingpointsvisible in bothviews.

5.4.1 Constraints fr om identical cameras

Thefour calibrationconstraintsarisingfrom a pair of identicalcamerascanbeidentifiedexplicitly

in termsof the imagedaxisof the rotationbetweencamerasandtheplaneorthogonalto this axis

[117]. The vanishingpoint of the rotation axis, Ï , and the imagedcircular points of the plane



5.4Cameraswith identical internal parameters 154

orthogonalto theaxis,
ÁUÐ

and
Ñ Ð

arethefixedpointsof
½ Ï . They arethustheeigenvectorsof

½ Ï .

The genesisof this computationis fairly straightforward [116]. Under3D rotation, thereare

threefixed pointson the planeat infinity correspondingto the threeeigenvectorsof the rotation

matrix. Its onerealeigenvector, correspondingto theunity eigenvalue,is thedirectionof theaxisof

rotation.Thecomplex conjugatepair of eigenvectors,with eigenvalueseÑ�Ò , arethecircularpoints

of the planeorthogonalto the rotation axis. Geometrically, it is clear that the projectionof the

directionof the axis of rotation, the vanishingpoint of the axis, is invariant to the rotation. The

planesorthogonalto thisaxisexperiencesa2D planerotation,andhaveapairof fixedpointsonthe

planeat infinity, thesimilarity invariantcircular point pair. Now, comparingEuclideanandaffine

cameras,it canbeshown that

½ Ï N ÛÔÓÖÕîÛ � ¿ if Û \ N Û
The axis of rotation can be written as a homogeneousideal point

Â�×
T
ÄØ� Ç T, which is imagedasÏ N Û Â Ó Õ-Ù$Ú$Õ Ç Â�× T

Ä�� Ç T N Û × . Thefixedpoint propertyfollows as

½ ÏÛÏ N ÛÔÓÖÕîÛ � ¿ Ï N ÛÜÓÖÕ × N Û × N Ï
andsimilarly for

ÁUÐ
and

Ñ Ð
.

Also, theeigenvectorsof
½

TÏ arethevanishingline of theplaneorthogonalto therotationaxis,ê Ð N ÁUÐ 4 Ñ Ð , andthelines
ê � N ÏÝ4 ÁUÐ and

ê � N ÏÞ4 Ñ Ð .
Constraintson Î from theseentities(seefigure 5.17) are firstly, that

Á Ð
and

Ñ Ð
are imaged

circularpointsandthuslie on Î , so

Á TÐ Î ÁUÐ N �
and

Ñ
TÐ Î Ñ Ð N �

(5.2)

Secondly,
ÁUÐ

and
Ñ Ð

arebothconjugateto Ï sincethey aretheimagesof orthogonalidealpoints:

Á TÐ ÎßÏ N �
and

Ñ
TÐ ÎßÏ N �

(5.3)
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Thefour linearcalibrationconstraintsfrom theinfinite homographybetweentwo views with iden-

tical camerasleavesa oneparameterambiguity in Î . The ambiguitycanbe parametrizedby the

conicsdescribedby
ê Ð

,
ê � and

ê � [117]

� Â�à Ä~á Ç N à ê Ð ê TÐ È á Â ê � ê T� È ê � ê T� Ç N àãâ-Ð È á â ��� (5.4)

� Â�à Ä~á Ç satisfiesboth(5.2)and(5.3).

The one parameterambiguity in Î can be resolved by supplying information aboutcamera

parameterssuchasthe aspectratio, skew or principal point. Degenerateconditionsunderwhich

specifyingoneof thesedoesnot resolve theambiguityhave beenanalysedin Zissermanet al[117].

Thefollowing sectiongoeson to considerthecombinationof thefixedcameraconstraintsandthe

constraintsobtainedfrom thevanishingpointsof orthogonaldirections.

a

ω

I a

Ja

l

l I

J

la

Figure5.17:Fourconstraintson Î canbewritten from thefixedpointsof
½ Ï . Thevanishingpoint

of the axis of rotationbetweencameras,Ï , is conjugateto both the imagedcircular pointsof the
planeorthogonalto theaxis,

ÁUÐ
and

Ñ Ð
. Thelatteralsolie on Î .

5.4.2 Identical cameradegeneracies

Thefour calibrationconstraintsobtainedfrom identicalcamerasrequireknowledgeof
½ Ï , which

canbe computedfrom the fundamentalmatrix andthreematchedvanishingpoints in two views.
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When the vanishingpoints representorthogonaldirections,conjugacy constraintson Î are also

availablein bothviews. Thecombinationof theconjugacy constraintsandfixedcameraconstraints

in generalprovide up to sevenconstraintson Î , four from (5.2)and(5.3),andthreefrom (4.2) for

thethreevanishingpoint pairs.This sectionexaminesdegeneratecasesby applyingtheconjugacy

constraintsto the oneparameterfamily � Â�à Ä~á Ç from (5.4). This is in preferenceto considering

the two parameterfamily of conicsdefinedby the triad of vanishingpoints,andinvestigatingthe

degeneracy associatedwith thefour constraintson two degreesof freedom.In theformercase,it is

necessaryto considerthreeconstraintson onedegreeof freedom.For vanishingpoints [ ¿ , [ À and[Xä , theconstraintsare

[ T¿ Â�à ê Ð ê TÐ È á Â ê � ê T� È ê � ê T� ÇGÇ [ À N �
(5.5)[ T¿ Â�à ê Ð ê TÐ È á Â ê � ê T� È ê � ê T� ÇGÇ [ ä N �

[ TÀ Â�à ê Ð ê TÐ È á Â ê � ê T� È ê � ê T� ÇGÇ [Xä N �
Twodegeneratecasesareenumerated.In thefirst it is shown thattwo of thethreeconstraintsin (5.5)

aresatisfiedfor all
à

and
á
, andthusdo not constraintheseparameters.Oneconstraintremains.

In thesecondcase,all threeconstraintsin (5.5)aresatisfiedfor all
à

and
á
, andno constraints

areobtained.Writing (5.5) in matrix form with coefficientsof
à

and
á

in matrix
Ö

Öæåçè àá é�êë N ×

Ö
hasrankonein thefirst caseandrankzeroin thesecond.

Thefirst degenerateconditionoccurswhen
ê Ð

intersectsonevertex of theself-polartriangle,say[ ¿ . Thefirst term in eachof thefirst two constraintsin (5.5), the two involving [ ¿ , is zero,since[ T¿ ê Ð N �
. Also, thepolarof [ ¿ with respectto Î is

ê ¿ N Îì[ ¿ N â ����[ ¿ N [ À 45[Xä
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so [ ¿ is conjugateto both [ À and [Xä with respectto
â ��� , and

[ T¿ Â ê � ê T� È ê � ê T� Ç [ À N �
[ T¿ Â ê � ê T� È ê � ê T� Ç [Xä N �

leaving only thethird conjugacy constraintfrom (5.5):

[ TÀ Â�à ê Ð ê TÐ È á Â ê � ê T� È ê � ê T� ÇGÇ [Xä N �
(5.6)

Therearethusa totalof fiveconstraintson Î in this case.

Theseconddegeneratecaseoccurswhenmorethanonevertex of theself-polartrianglelies onê Ð
. Two verticeson

ê Ð
implies that the third vertex coincideswith Ï : if Ï coincideswith, say [ ä ,

then,since [ ¿ and [ À areconjugateto [Xä with respectto Î , they areconjugateto Ï andlie on
ê Ð

.

Hence[ TÀ ê Ð N �
and [ Tä ê � N [ Tä ê � N Ï T

ê � N �
. Consequently,

[ TÀ Â�à ê Ð ê TÐ È á Â ê � ê T� È ê � ê T� ÇGÇ [Xä N � à È �&á
Thetriad of vanishingpointsthusplacesno constraintson Î additionalto thoseobtainedfrom the

infinite homography, for a totalof four constraints.

The physicalconfigurationsleadingto degeneracy dependon the orientationsof the cameras

relative to thethreeorthogonalspacedirections.Thefirst case,wheretherearefive constraintsonÎ andcalibrationis possible,occurswhentheplaneorthogonalto theaxisof therotationbetween

camerasis partof thepencilof planesparallelto oneof theorthogonaltriad. Its vanishingline then

intersectsa vanishingpoint. If theaxisof rotationbetweencamerasis thesameasoneof thethree

orthogonaldirections,the secondcaseis encountered,andonly four constraintsin total on Î are

available. Theexampleof figure5.1 is sucha case,with a verticalaxisof rotationbetweenviews,

andparallellinesin theverticaldirectionpartof thetriad. Cameraspecificinformation,suchasthe

aspectratio,skew andprincipalpoint couldthenbeusedto constrainÎ .
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5.5 Summary

This chapterhaspresentedan extensionof the calibrationmethodusingvanishingpoints to two

views. Theapproachis basedon thestratifiedrectificationof a projective reconstructionobtained

from a fundamentalmatrix. Threematchedvanishingpointsand the fundamentalmatrix define

the infinite homographyand the planeat infinity, and thusan affine reconstruction.Subsequent

metric rectificationfollows from computationof the internal parametersof the camerasvia the

imageof theabsoluteconic. Constraintson theIAC areobtainedfrom conjugacy constraintsfrom

thevanishingpointsof orthogonaldirections.Additionalconstraintsarisefrom themotionbetween

views: thetransferof the imageplanecircularpointsbetweenviews for squarepixel camerasand

thefixedpointsof theinfinite homographyfor identicalcameras.Degeneratecasesfor bothof these

configurationshave beenpresented.

A tablesummarisingthedegenerateconditionsassociatedwith a triad of vanishingpointsfor

orthogonaldirectionanalysedthusfar appearsbelow. It includessingleview squarepixel cameras,

two view squarepixel camerasandtwo view fixedcameras.

Vanishing Cameras Independent
points constraints

3 finite 1 squarepixel 5
1 ideal 1 squarepixel 4
2 ideal 1 squarepixel 4
3 finite 2 squarepixel 7í�î TïRðòñ�óôöõ
3 finite 2 squarepixel 6í î TïRð ñ ôöõ
1 or 2 ideal 2 squarepixel 6í�î Tï ðòñ�óôöõ
1 or 2 ideal 2 squarepixel 5í�î TïRð ñ ôöõí T÷ ðòñ�óô�õ 2 identical 7í T÷ ð ñ ô�õ 2 identical 5í T÷ ðòñ ô�õ 2 identical 4
and

í ÷ ô í ñ
Table5.1: Constraintson Î for variouscombinationsof camerasandmotion.



Chapter 6

Uncalibrated Motion CaptureUsing

Affine Cameras

6.1 Intr oduction

This chapterpresentsa constrainton the rectificationof an affine reconstructionderived from a

known ratio of world lengths. The constraintis appliedto the rigid links of an articulatedstruc-

ture – the fixed lengthsof humanbody components– througha motion sequence,leadingto an

uncalibratedmotioncapturesystem[65].

Thehumanskeletonis commonlymodeledasarigid link articulatedstructure.A bodysegment,

suchasthe upperarm, is treatedasa link of fixed lengthbetweenthe shoulderandelbow joints.

As a personmoves,therelative orientationof all thebodycomponentschanges,but thelengthsof

the partsremainfixed (seefigure 6.1). It will be shown that the constantlengthof eachsegment

of thebodyprovidesa linearconstrainton theabsoluteconic in anaffine reconstructionof a setof

postures.

This material is a significantdeparturefrom the dominantthemeof previous chapters. The

emphasisthus far hasbeenon calibrationandreconstructionfrom constraintsof parallelismand

orthogonality, thepredominantarchitecturalfeaturesof built environments.The rigid link motion

capturesystem,however, is usedin thecontext of dynamichumanactivity.
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(a) (b)

Figure6.1: Body segments,suchastheupperarmbetweentheshoulderandelbow, andtheupper
leg, betweenthehip andknee,have aconstantlengthwhenapersonmoves.

Motion captureitself, of course,is nothingnew. Therearenumerouscommercialsystemsthat

accuratelycapturethebehaviour of amoving humansubjectusingoptical,magneticandmechanical

devices. Thesesystemshave a broadrangeof applications,including graphicsanimationin the

film andgameindustries,athleticperformanceevaluationandclinical gait analysis.Most optical

systems(suchasthosedevelopedby ViconandPeakPerformance)employ largesetsof camerasin

a calibratedenvironment,andusereflective markersplacedon significantjoints. The(non-trivial)

motioncaptureproblemis thenoneof accuratelytrackingthemarkers,allowing for occlusion,and

computingacalibratedreconstruction.Videobasedsystems,(used,for example,by Ariel andPeak

Performance)requirespatialcalibrationfrom the sceneor camerasensors.The systempresented

herediffers in that the camerasare totally uncalibrated.The main applicationfor the systemis

in broadcastsportsevents. In sportsplayedon a large field therearetypically a small numberof

camerasableto view theactionin a specificpartof thestadium.Camerasareoftenalsocarriedby

hand,andthuscannotbestaticallycalibrated.Furthermore,camerasat theedgeof asportsfield, or

mountedin a stadium,areusuallysufficiently far from thesubjectof interestfor anaffine camera

modelto beassumed.

Researchin trackingandreconstructinghumanmotionhastakena numberof directions,a few

examplesof whicharedescribedbelow. For a comprehensive review, seeGavrila[38].

LeventonandFreeman[64] take a statisticalapproachto motion capturefrom monocularse-
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quencesby using a motion capturedatabaseto build a probability model for motion sequences.

Poseof thebodyin anovel sequenceis theninferredby finding themostprobable3D configuration

giventheimagedco-ordinates.Taylor[102] assumesknown sizebodysegmentsimagedby ascaled

orthographiccamera,andcomputes3D orientationof thesegmentsfrom foreshorteningin a single

view. WebbandAggarwal[109] considerthe rotationaxis of relative joints to be fixed for short

timesandrecover 3D structurefrom monocularsequences.

Bregler andMalik[9] track andreconstructhumanmotion from singleor multiple sequences

using a kinematicchain model. Joint poseis parametrizedby a rotation aroundand translation

alonga screw axis,andis combinedwith anexponentialrepresentationof rotationto describethe

kinematicchains.Deutscheretal[26] applyparticlefiltering to trackingandmotionrecovery, while

Sinclairetal[95] derive constraintsfor pointson anaxisof articulationin multipleviews.

In this chapterthe tracking problemis ignored: the objective is a calibrationmethodwhich

exploits thestructureof thebodyasasourceof constraints.Theconstraintis derivedin section6.2

in a generalform basedon a known ratio of 3D lengths. A numberof degenerateconfigurations

aredescribed.Themethodis demonstratedin subsequentsectionson sequencescapturedby a pair

of affine cameraswith manualselectionof datain the images.Accordingly, section6.3 describes

theaffinecameramodelandaffinereconstructionfrom uncalibratedcameras.Section6.4discusses

auto-calibrationof affine camerasandexploressomeof thedifferencesbetweenpinholeandaffine

cameras.Finally, section6.5 presentsthe motion capturemethodand show resultsobtainedin

reconstructingthemotionof athletesfrom broadcastvideo.

6.2 Rectification constraints fr om relative length

This sectiondescribesa constrainton the metric rectificationof an affine reconstructionderived

from a known ratio of world 3D lengths.In (2.11),therectificationaffinity relatespoint øÝù in the

metricreconstructionand øûú in theaffine reconstruction:

ø ù�ü åçèÛý þ Tþ T ÿ
é�êë ø ú (6.1)
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with

��� ü ý T ý
Assuming� ú is finite andnormalizingto ø ú�ü����ø Tú	� ÿ	
 T, (6.1) reducesto

øÝù ü åçèßý �ø úÿ
é�êë

Giventwo points ø���
 and ø���� which aretheendpointsof a line segment ��� in anaffine recon-

struction,considerthedifferencevector

åçè ý �ø���
ÿ
é�êë�� åçèßý �ø����ÿ

é�êë ü åçèìý ���ø���
 � �ø���� 
�
é�êë ü åçèßý�� ��

é�êë
� � is a scaledvector in the directionof the line through ø���
 and ø���� . The magnitudeof this

vectoris themetric lengthof theline segment� � .

Therelative lengthconstraintis appliedwhentheratio of lengthsof a pair of line segmentsare

known in a metricreconstruction.It will now beshown how this leadsto a linearconstrainton the

elementsof theabsoluteconic
���

. In themethodsin chapter5 theaffinetransformationthatmetric

rectifiesa reconstructionis obtainedby computingthe image of theabsoluteconic.Here,however,

it is necessaryto computethe absoluteconic itself. This is becausethe constraintis explicitly 3

dimensionalandcannotbeappliedin animageto constrainÎ .

6.2.1 The relative length constraint

Assumetwo 3D line segmentsin an affine reconstruction,segment ��� with endpointsø���
 andø�� � , andsegment ��� with endpointsø�� 
 and ø�� � . Themetric lengthsof ��� and ��� , � � and



6.2Rectification constraints fr om relative length 163

� � , maybeexpressedby transformingtheendpointswith (6.1)andtakinginnerproducts:

� �� ü � ý!� � 
 T � ý�� � 
 and� �� ü � ý!� � 
 T � ý!� � 
 (6.2)

If themetriclengthratio of ��� and ��� is " , from (6.2):

� �� ü " � � ��� ý!� � 
 T � ý!� � 
 ü " � � ý�� � 
 T � ý�� � 

� T� ��� � � ü " � � T� ��� � � (6.3)

where
� �

is thesymmetric3 # 3 matrixwith elements

��� ü
$%%%%&

�(')� � ��*� � ��+,��-� * � - ��.
/100002 (6.4)

Expanding(6.3) in termsof the elementsof
� �

, � � ü3�546� ' � 46�7� � 46� + 
 T and � � ü�54 � ' � 4 �!� � 4 � + 
 T

8 T97:<; 8 9>=�?A@ 8 TB!:<; 8 B ô�õC D @9�E =�? @ D @BFEHG : EJILK C D 9�E D 9 @ =�? @ D BME D B @ G : @I C D @9 @ =�?A@ D @B @ G :ON ILK C D 9�E D 9 N =�?A@ D BME D B N G :!PI�K C D 9 @ D 9 N =�?Q@ D B @ D B N G :OR I C D @9 N =�?A@ D @B N G :OS,T U
This is a linearequationin theelementsof

���
, whichwe maywrite in vectorform as

V T WYX ü �
(6.5)

where V üZ�5[ ' �]\1\1\J� [ . 
 T is thevectorof coefficientsand WYX ü^� � ' �(\1\1\_� ��. 
 T is thevectorof

elementsof
���

.
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As beforewith ` ,
���

is ahomogeneousmatrixwith fivedegreesof freedom.Five independent

constraintsare thus requiredto solve for
�]�

. Given five or more independentconstraints,the

coefficient vectorsV '
to Vba canbecombinedin a constraintmatrix. It follows from (6.5) that$%%%%&

V T'
...V Ta

/100002 W X üdc W X ü þ (6.6)

and WYX is thenull vectorof c , which is of rankfive.

In the presenceof noiseandwith morethanfive constraints,c will generallybe of rank six.

In this case,singularvalue decomposition(SVD) provides an estimateof the null vector. The

singularvectorassociatedwith thesmallestsingularvalueis theestimateof thenull vectorof c that

minimizes e c W X e .
Therearealsodegenerateconfigurationsof linessegmentswhichdonotyield independentcon-

straints.Theseareexaminedin thefollowing section.

The relative length constrainthas a (somewhat untidy) geometricinterpretation. The term�ø T
��� �ø for a point �ø on f �

is the distanceof �ø from its polar with respectto
���

(the line��� �ø ), scaledby a factordependenton themagnitudeof �ø . From(6.3), theratio of thesescaled

distancesis anaffine invariant.

6.2.2 Degeneracies

Constraintdegeneracy occurswhena particularconstraintfails to provide informationabout
�]�

,

or whena setof constraintsarelinearly dependentin (6.5). Threesuchconditionsareenumerated

below. They aresimilar to thedegenerateconditionson rectifyinganaffine planein chapter3.

Parallel line segments.Length ratio in paralleldirectionsis an affine invariant, so parallel line

segmentsin anaffine reconstructionpreserve their metric lengthratio. It is thereforeunsurprising

thatnoconstrainton
���

is obtainedfrom therelative lengthof parallelsegments.Explicitly, if ���
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and ��� areparallelwith lengthratio " , � � ü " � � (seefigure6.2). and(6.3)becomes

� T� ��� � � � " � � T� ��� � �ü " � � T� ��� � � � " � � T� ��� � � ü �

andis satisfiedfor all
���

. Theelementsof thecoefficient vector V will all bezero.
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Figure6.2: Parallelline segmentsprovide no constrainton
���

.

Pairs of parallel line segments. Two constraintsobtainedfrom the relative lengthsof segment

pairs thatareparallelarenot independent.Supposewehave ��� and ��� with metriclengthratio " ,

and � �7o and � �Jo with ratio p , shown in figure6.3,wecanwrite two linearconstraintson
� �

:

� T� ��� � � � " � � T� ��� � � ü �
� T�<o ��� � � o � p � � T�Jo ��� � � o ü �

However, if ��� is parallel to � �7o and ��� is parallel to � �Jo , � �<o ürq � � and � �Jo üts � � .

Additionally, for paralleldirectionslengthratiosarepreserved,so u v ütwx . Thepair of constraints

becomes

� T� ��� � � � " � � T� ��� � � ü �
q � � T� ��� � � � q � " � � T� ��� � � ü �
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Thesetwo equationsarelinearlydependentandonly oneconstrainton
�]�

is obtained.
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Figure6.3: Parallelpairsof line segmentsprovide oneconstrainton
���

.

Co-planar or parallel plane line segments.Any numberof constraintsoriginatingwith coplanar

line segmentsor line segmentsin parallelplanes,as in figure 6.4, provide only two independent

constraintson
�]�

. Geometrically, the constraintsfully definemetric structureon a plane(as in

chapter3), and indeedon the pencil of parallel planes,but provide no information aboutother

directions.

Figure6.4: Coplanaror parallelplaneline segmentsprovidedat mosttwo constraintson
���

.

As always with degenerateconditions,caremust be taken in implementingthe constraints.

Theoreticallydegenerateconstraintsmay appearto provide valid constraintsdueto measurement

noise,andneardegenerateconditionsprovide unstableresults.

6.2.3 The rigid link constraint

The relative lengthconstraintcanbe appliedin practicewithout quantitative knowledgeof length

ratios.This is thecasewhenthequalitative observationcanbemadethatobjectsof equallengthare
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presentin ascene,determiningaunit lengthratioconstraint.This is theideain applyingit to human

motionasthemovementof anarticulatedrigid link structure.Thesequenceof posturessampledby

a pair of camerasviewing themotionallows reconstructionof thepostures.Treatedasa static3D

object,thesetof posturesthencontainsa numberof fixedlengthobjects:eachbodysegment,such

astheupperarm,remainsaconstantlengthasit moves.This is therigid link constraint.

Given an affine reconstructionof a humanmotion, constraintson metric rectificationcanbe

written from thefixed lengthof a numberof bodysegments.Latersectionsdetail theuseof these

constraints,but first it is necessaryto examinetheaffine cameramodelsincetheapplicationwhich

follows assumestheuseof affine cameras.

6.3 Affine camerasand reconstruction

6.3.1 The affine cameramodel

Affine camerashave a numberof propertiesthat distinguishthemfrom their perspective counter-

parts.Generalaffine camerasarecharacterizedby anoptic centreat infinity[73]. Using theaffine

cameramodel,world pointsareimagedby parallel projection(figure 6.5). The raysthroughthe

cameracentre,theworld pointsandtheimagepointsareaparallelfamily. Theimagedco-ordinates

of a world point arethusindependentof its depthin thescene.

Theaffine projectionmatrix maybewritten in a form similar to thegeneralcameraprojection

matrix. Thecanonicalaffine camera,alignedwith theworld co-ordinatesystem,is describedby

��� ü $%&�� � þþ T ÿ
/102

$%%%%&
ÿ � � �� ÿ � �� � � ÿ

/100002 ü
$%%%%&

� � �� � � �� � ÿ
/100002

$%%%%&
ÿ � � �� ÿ � �� � � ÿ

/100002
where � �

is thecamerainternalparametermatrix. Theparameter� is anisotropicscalingof image

co-ordinates.The isotropicscalingcanaccountfor thechangesin the imagedsizeof anobjectas

a physicalcamerazoomsor translatestowardsor away from it. Skew � andaspectratio
�

model

theskew andstretchof theoptic arrayasbefore.Notethat theprincipalpoint is not definedfor an
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affinecamera.Variousform of � �
defineahierarchyof cameraswith aninfinite optic centre[49]:

1. orthographicprojection,with � �
theidentitymatrix,

2. scaledorthographicprojectionfor � ü �
and

� ü ÿ , analogousto thesquarepixel projective

camera,

3. weakperspective projection,with � ü �
and

���ü ÿ , and

4. thegeneralaffine camera,definedwith no restrictionson theparametersof � �
.

Theroleof internalparametersin rectificationof affinecamerareconstructionswill beaddressedin

section6.4.

A camerawith posedescribedby translationvector � ü���� ' � ��� � � + 
 T androtationmatrix � with

rows � T' , � T� and � T+ , is written

� � ü $%&<� � þþ T ÿ
/102

$%%%%&
� T' � '� T� ���þ T ÿ

/100002

¡¡¢¢ ££¤¤¥¥¦¦ §§¨¨©©ªª ««¬¬­�­�­�­�­�­�­®�®�®�®�®�®�®¯�¯�¯�¯�¯�¯�¯�¯�¯�¯�¯�¯°�°�°�°�°�°�°�°�°�°�°�°X x

Figure6.5: Thecentreof projectionof an affine camerais at infinity. World pointsareprojected
orthographicallyontotheimageplane.

Finally, notethat the third row of zerosof theaffine projectionmatrix maybeneglectedin an
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inhomogeneousrepresentation:

�± ü � � $%& � T'� T�
/102 �ø³² $%& � '� �

/102 üd´ �ø�² �� (6.7)

6.3.2 Affine reconstruction

Giventwoaffineviewsof scene,worldgeometrycanbereconstructeduptoanaffinetransformation.

This result,originatingwith Koenderinkandvan Doorn[62], requiresfour pointsmatchedacross

views to defineanaffinebasisfor reconstruction.Furtherpointsmaythenbegiven3D co-ordinates

with respectto thesebasisvectors.A minimumof four pointsis alsorequiredto computetheaffine

fundamentalmatrix[115] andthusaffine epipolargeometry.

The most widely usedaffine reconstructionmethodis the factorizationalgorithm of Tomasi

andKanade[103]. Factorizationprovidesa robust andcomputationallyefficient methodof com-

puting affine structurefrom point correspondencesusingsingularvaluedecomposition.Reid and

Murray[85] havealsoshown thatit givesMaximumLikelihoodreconstructionunderGaussiannoise

assumptionsfor imagepoints.

Using factorization,affine 3D structureis computedby theSVD of a measurementmatrix µ
which, for two views,hastheform

µ ü $%& �± ' �± � \1\1\ �± a
�±M¶ ' �±M¶� \1\1\ �±M¶a

/102
for · inhomogeneousmatchedpoints �±M¸ in thefirst view and �± ¶¸ in thesecond.Thesingulardecom-

positionof µ returnsthreematricesfrom which a pair of cameraś and ´ ¶ aswell as3D pointsø ú ¸ canbeextracted.Note that imageco-ordinatesarenormalizedin µ to placetheorigin at the

centroidof thepointsin eachimage.Sincein parallelprojectionthe3D centroidof thepoint cloud

is imagedat the2D centroid,this centresthereconstructioncoordinatesystemat the3D centroid.

In consequence,thetranslationparametersof thecamerasareeliminatedin (6.7),and ´ and ´ ¶ are

2 # 3 inhomogeneousprojectionmatrices.
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The reconstructionis, of course,relatedto world structureby an unknown affine transforma-

tions. Rectifying the structureand camerasto metric requirescalibration. Calibrationof affine

camerasystems,however, differs markedly from that of projective cameras.The planeat infinity

is alreadyat infinity in theaffine reconstruction,andtherectifying affine transformationis not the

camerainternalparametermatrix. Also, asthe following sectionshows, theabsoluteconic is not

imagedasa properconic. Thecalibrationprocessmustthusconsidertheabsoluteconicitself, and

not its image.

6.4 Calibration of affine cameras

Methodsof constrainingtheinternalparametersof aperspectivecameradescribedin previouschap-

tersdonotextendto affinecameras.Thissectionshows thattheplaneat infinity andabsoluteconic

behave ratherdifferently underaffine projection. Both entitiesproject to lower dimensions,and

cannotbeusedin calibrationin thesamewayastheirprojective counterparts.Thishasanumberof

consequencesfor combiningsceneandcamerainformationin therectificationprocess.

6.4.1 The geometryof parallel projection

Theabsolutediskquadricprojectsto theconicdualto theimageplanecircularpoints:
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It follows thattheentireplaneat infinity itself projectsto theidealline of theimageplane Â � . This

canbe confirmedby observingthat any ideal 3D point ø � üt�Ã�ø � � � 
 T projectsto an ideal 2D

point
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(6.9)

so Ä is a rank2 degeneratemappingfrom theplaneat infinity to theidealline of theimageplane.

Pointson the absoluteconic areprojectedonto the imageplaneideal line, which canbe con-

sideredtheassociatedconiclocusof theimageplanecircularpoints.Thepoint pair dualconicand

the line are,of course,not strictly dual. Thepoint is that the typesof calibrationconstraintson `
derivedfrom imagedplanecircularpointsandvanishingpointsin thecontext of aprojectivecamera

clearlycannotbeappliedto anaffine camera.

Theimageplanecircularpointsarestill definedby � �
, sothey areknown if theskew andaspect

ratio of thecameraareknown. A scaledorthographic(or squarepixel) cameraleavesthecircular

points in canonicalposition on the ideal line of the imageplane. However, imagedorthogonal

vanishingpoints,for example,provide no singleview internalcameracalibrationinformation(un-

lessthey areparallelto the imageplane,andthusharmonicconjugateswith respectto thecircular

points).Also, therectangleambiguity(section3.5.3)for therectificationof anaffine imagedplane

cannotberesolvedby internalcalibrationunlesstheworld planeis parallelto theimageplane.

Internalparametersandauto-calibrationconstraintsmaybeincludedin thecomputationof
�]�

.

This is addressednext.
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6.4.2 Affine cameraauto-calibration and known parameters

In theoriginalwork on factorization[103], rectificationof affinestructurereliesontheorthographic

projectioncameramodel. For orthographicprojection,the rows of the metric rectified cameras

areorthonormal.This constraintappliesequallyto scaledorthography:the rows of eachrectified

cameraareorthogonalandof equallength.Writing thisfor theinhomogeneouscamerá , arectified

camerais givenby

´ ý7Å ' ü $%&JÆ T'
Æ T�

/102ÈÇ Å ' ü $%& � � T'� � T�
/102
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and

Æ T' ý Å ' � Æ T' ý Å ' 
 T � Æ T� ý Å ' � Æ T� ý Å ' 
 T ü Æ T' � Å '� Æ ' � Æ T� � Å '� Æ � ü �
(6.11)

Given threeor morecameras,
� Å '�

canbe identifiedandmetric structureobtained.Extensionsof

thisapproachto othercameramodelsmaybefound[78, 92, 110], but scaledorthographyis of most

interestheresincethis modelcanbeusedto describea squarepixel cameraat somedistancefrom

theobjectof interest.

Notethatconstraints(6.10)and(6.11)areconjugacy andrelative lengthconstraints.Therows

of ´ arethenormalsof 3D planesthroughthecameracentre.Theseplanesarethetwo projection

planesof the camera[30] defining its vertical andhorizontalaxes. Equation(6.10)expressesthe

conjugacy of theideallineson f �
definedby the Æ '

and Æ � with respectto
� Å '�

. Similarly, (6.11)

is thedualform of therelative lengthconstraint(6.3) for theselines.

A methodfor auto-calibrationof a numberof affine cameraswith unknown but fixed internal

parametersis describedby Quan[83]. Theauto-calibrationconstraintassumesunchangingcamera

parameters,and is thus an affine cameraversionof the fixed cameraauto-calibrationconstraint
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describedin section5.4. In geometricterms,theconstraintarisessincethefixedcameraprojectsto

anunchangingdualcircularpoint conicin eachimage.Hence

´ ¸ � Å '� ´ Ţ üÉ´ºÊ � Å '� ´ TÊ (6.12)

for all camerapairs Ë �ÍÌ . Quadraticconstraintsontheelementsof
� Å '�

follow from dehomogenising

(6.12)by dividing eachsidethroughby oneof theentriesof thematrix. Eachpair of cameraspro-

videstwo constraints,soaminimumof four camerasarerequiredto solvefor
� Å '�

. With knowledge

of someinternalparametersor moreviews, theconstraintcanbelinearised.

In themotioncapturesystemwhichwill bedescribednext, two caseswill beconsidered:

1. two fixedgeneralaffinecameraswith differentparametersobservingtheentiresequence,and

2. · pairsof scaledorthographiccameraswith changingparameters,eachimagingoneframeof

themotion.

In thefirst case,apairof sequencescapturedby unchangingcamerasis equivalentto two images

of themotion. Eachview is regardedashaving viewedtheentiresetof sampledposturesfrom the

motionin timein oneimage.Theposturesaretreatedasastaticscene,requiringasinglereconstruc-

tion,andrectificationtransformation.Therearegenerallyalargenumberof rigid link constraintson

this rectification.If thecamerasarechanging,however, theposturescannotberegardedasa static

setof in a singlepair of images,andeachframemustbe reconstructedandrectified separately.

Therearealsofewer rigid link constraintson eachof thesetransformations,so knowledgeof the

cameraparametersis helpful. Thesetwo casesaredealtwith in detail in thefollowing sections.

6.5 Motion capture

The rigid link constraintappliedto motion captureexploits the constantlengthof body segments

asa subjectmovesto constrainthe metric rectificationof an affine reconstruction.The affine re-

constructionmay be obtainedfrom an initial projective reconstructionusing variousmethodsof

computingtheinfinite homography. Here,however, theemphasisis on broadcastfootageof sports.
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In sportsbroadcasts,interestingeventsare typically shown from a secondcamerain the replay,

providing two views of theaction. Thecamerasat sportseventsarealsooftenplacedfar from the

participants,at theedgeof thefield or mountedon thestands.Therelief of athletesbodiesis thus

generallysmall comparedto their depthin the sceneand the affine cameramodel is applicable.

Consequently, anaffine reconstructioncanbecreateddirectly from matchedpoints.Thefollowing

sectionsdescribethemanualmatchingprocess,reconstructionandcalibrationstepsusedto capture

the3D motionof a personfrom apairof views capturedwith affine cameras.

Theinitial methoddescribedassumesapairof fixedcameras.This is asomewhatnaiveassump-

tion for sportsbroadcasts,sincecamerasoftenpanandzoomwhile following aplayer. Despitethis,

however, a fixedcameraassumptionis valid in somesituations,andcanalsoresultin realisticani-

mationevenwhenviolated.This is followedby amethodof jointly calibratinganumberof pairsof

camerasusingrigid links. It is shown that,usingthescaledorthographycameramodel,thechange

in scalefactorresultingfrom azoomingcameracanbeeliminated,althoughrotationbetweencam-

erasremainsunknown.

6.5.1 Affine reconstruction

The first stepin affine reconstructionfrom two views is to selectthe correspondingimagepoints

definingthebodypartsof interest.A 15 point modelof thehumanskeletonis used,specifyingthe

dominantjoints: shoulders,elbows, hips, kneesandankles,aswell asthe tips of the feetandthe

heador neck.An example,two views of a triplejumpevent,appearsin figure6.6,with theskeleton

pointsshown in two images.

Thisfootageis capturedby apairof camerasasignificantdistancefrom theathlete.Onecamera

is viewing the jump from the front andis zoomingasthe athletemoves. The zoommatchesthe

increasein apparentsize as the athleteapproachesthe camera,with the result that sheremains

approximatelythesamesizethroughoutthesequence.Thesecondcamerais viewing thejumpfrom

theside,with themotion approximatelyparallelto the imageplane,andis panningasthe athlete

movesacrossits field of view to keephercenteredin theimage.Thecamerahasa long focal length

and the distancefrom the track is large enoughthat the camerarotation is negligible for current
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Figure6.6: Thetriplejump.Frames13,26,30 and51 of an93 framesequence,shown in sideview
above andfront view below. Manuallyselectedjoints areshown in thefirst frameof eachset.

purposes.Thecamerasarethustreatedasa pair of fixedaffine camerasviewing a motionasif on

a treadmill. Translationof the athleteis lost, but the relative movementof the body partscanbe

reconstructed.

Theskeletonpointsareselectedby handin the images,frameby frame. Two difficulties typ-

ically occur. The first is occlusion,eitherself-occlusionof joints asa body moves,or occlusion

from otherpeopleor objectsin thescene.Self-occlusionis relatively benign,sincethepositionof

the occludedjoint canoften be inferred(by a humanoperator)from postureandthe otherview.

Occlusionby otherobjectscanbeasevereproblem,dependingon theextent.A numberof football

playersclusteredin agoalarea,for example,canobscureasignificantpartof theplayerof interest.

Theseconddifficulty is imagedropout.Sequencesaredigitisedfrom interlacedbroadcastvideo,

andareof poorquality. Rapidlymoving features,like thehands,oftensmearin motionblur, making

precisejoint locationdifficult.

All thesefeaturesarepresentin the triplejump sequence.The athlete’s handsmove very fast

andblur considerablyin thesideview, andtheleft shoulder, armandhip areself-occludedin much

of that sequence.Humansare,however, goodat inferring the positionof self-occludedjoints, so

reasonableguessescanbemadeabouttheoccludedco-ordinates.Motion blur remainsa sourceof

inaccuracy of theorderof afew pixels,but thisis unavoidablegiventhenatureof thedata.Uncertain
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pointsin eitherview areflaggedin theclicking process.

Having selectedthecorrespondingpointpairs,aninitial affinereconstructionis computedusing

the factorizationalgorithm. Pointsflaggedasuncertainin the selectionprocesscanbe neglected

from this reconstruction.The affine fundamentalmatrix canthenbe computedfrom the cameras

andusedto recomputetheuncertainpointsby projectingthemto theepipolarline definedby the

fundamentalmatrix andthecorrespondingpoint in theotherview[93]. The systemthustolerates

pointsuncertainin oneview, but clearlyvisible in theother.

An affinereconstructionof thetriplejumpsequenceis depictedin figure6.7.Wireframemodels

for four framescorrespondingto figure6.6areshown, with horizontaltranslationintroduced.Note

theeffectof affinedistortion,particularlyon theaspectratio of thebody.

Figure6.7: Four posesfrom theaffine reconstructionof the triplejumpsequences.Thesamefour
posesareshown from threeviewpoints.Compareto thecorrespondingframesin figure6.6.

Theaffine reconstructioncannow bemetricrectifiedusingtherigid link constraint.

6.5.2 Metric rectification

Therigid link constraintis presentin two forms in humanmotion. This first is theconstantlength

of body segments– the upperandlower armsandlegs andthe distancebetweenthe hip joints –

throughthe motion. Therearenine constraintson
���

from eachview pair for theseparticular

segments. The secondsourceof constraintsis symmetry, the equallengthof left and right arm

andleg segments,providing four constraintsper frame. Constraintsareobtainedfrom both these

sourcesusing(6.3) with a lengthratio of 1, resultingin a constraintmatrix of the form in (6.6).

In principal, two framesaresufficient to over-constrain
���

, but for interestingmotionsthereare

typically tensor hundredsof frames,so
���

is significantlyover-constrained.

Notealsothat,in applying(6.3),therigid link constraintsbetweenframescanbewritten for the
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reconstructionof asinglebodysegmentbetweenany two postures.Thereare,for a singlesegment

appearingin · frames, � a � 
 constraints,of which · � ÿ areindependent.Theapproachtakenhere

is to write the · � ÿ constraintsfor eachsegmentin successive pairsof framesin time.

SVD of theconstraintmatrixandCholesky decompositionof theresultingestimateof
���

yield

a rectificationmatrix ý , andmetric3D structurefollows from (6.1). Metric rectifiedstructurefor

thetriplejumpexampleappearsin figure6.8.

Figure6.8: Four posesfrom themetric reconstructionof thetriplejumpsequences.Thesamefour
posesareshown from threeviewpoints.Compareto thecorrespondingframesin figure6.7.

Figure6.9: Thereconstructionof thetriplejumpsequence,with fixedlengthsegmentsfitted to body
parts.

The final stepin reconstructingthe motion is regularizationof segmentsizes. Sincethereis

noisein thesystem,themetrichumanoidfiguredoesnot have exactly fixed lengthbodysegments

throughoutthereconstructedsequence.Themodelfor eachframeof thesequenceis thusreplaced

by a fixed sizehumanoidwith mediansegmentlengthswhile preservingthe anglesof body seg-

ments.Theresultsappearin figure6.9.

Stick figuresrepresentationsof motion have limited usefulnesson their own. A solid skeletal

model provides a far more informative representationof the motion. Ultimately, of course,the
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movementcanbemappedto arealistic,texturedhumanoidmodel.Accordingly, themotioncapture

datais exportedto a formatunderstoodby a commercialanimationpackage,theCharacterStudio

plugin to 3D StudioMax. CharacterStudiois ableto take 3D positionalmotioncapturedataand

convert it to a joint rotationhierarchyusingan inversekinematicsystem.The motion is mapped

ontoagenericbipedfigure,allowing furtherprocessingincludingmanualediting,framedecimation

andanimationof amorecomplex meshfigure.Thebipedtriplejumperappearsin figure6.10.

The motion datahasalsobeenappliedto a genericVRML meshbasedhumanoid,shown in

figure 6.11. The humanoidwascreatedusingBlaxxun AvatarStudio,a productallowing limited

customizationof generichumanoidmeshesfor usein online chatspaceswith a simplesetof an-

imatedgestures.The result is a low polygonmeshsuitablefor online use,althoughwith limited

mobility.

The quality of the reconstructionof motion is difficult to evaluate. Clearly, the accuracy of

calibrated,marker based,multi-camerasystemscannotbereplicated.However, whenviewedasan

animation,themotionappearsto bea faithful reproductionof theaction.Theanimationis smooth

andduplicatesnotonly thecoarsemotionof thearmsandlegs,but alsocapturessomeof thesubtle

elementsof the movement,suchas the asymmetryin the hip andshoulderpositionsthroughthe

jump.

Note thatdegeneracy playsan importantrole in humanmotion capture.A puretranslationof

limbs, for example,leavesthemparallel,leadingto degenerateconstraints.This might occurfor a

personwalking with armsheld in a fixedpositionholdingsomething.Furthermore,whenwalking

or runningin astraightline, humanarmsandlegstendto move roughlyin apairof parallelvertical

planes.Thecalibrationconstraintsfrom rigid links in thearmsandlegsprovide little information

outsideof theseplanes.Theuseof the constantdistancebetweenthehip joints is thusimportant

(theshoulderstendto betoo independentlymobileto provide asimilar constraint).

6.5.3 Changingcameras

Thecamerasin the triplejumpexamplecanbe treatedasfixed,with reasonableresults.However,

this is notalwaysthecase.Thecamerasfilming sportseventslike footballoftenzoomin onaplayer
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Figure6.10:Five framesfrom thetriplejump,equallyspacedin time. In eachrow, framesfrom the
two input imagesequencesappearalongsidesnapshotsof ananimatedgenericbipedfrom various
viewpoints.
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Figure6.11:Threeimagesfrom theanimatedVRML model.

receiving theball, andpanto follow arunningplayer. In many situations,therotationis necessarily

limited to keeptheplayerin thefield of view, sincethecamerais somedistanceaway. Also, when

theplayer’s motiondoesnot includea large translation,thecamerarotationtendsto besmall. As

an example,considerthe exampleof figure 6.12,which shows four framesfrom a sequenceof a

football goal. Thereis a small rotationandsomezoomof thecamerain the left view anda much

largerzoomin theright.

It will beshown on this sectionhow thezoomcanberecoveredby treatingeachframepair as

a separatereconstructionandrectifying thereconstructionssimultaneously. Whentherotationcan

beneglected,thefixedcameramethodcanthenbeappliedto capturethemotion.

Beforegoingon to describethemethod,it is worthwhileobservingtheeffect zoomingcameras

have on the resultsof the fixed cameraalgorithm. The obvious effect of zoomingis to increase

the imagedsizeof theplayer. Theaffine, metricandfinal reconstructionsof the football example

assumingfixed cameras appearin figures6.13, 6.14 and 6.15. Observe that in the initial affine

reconstructionthereis, in additionto theaffinedistortion,anoverall increasein bodysizereflecting

the increasingzoom in the two sequences.Also, sincethereis somerotation of the cameras,a

rotationof thebodyfrom postureto postureis introduced.It is interestingto notethatdespitethis,

the final motion reconstructionneverthelessappearsto be quite realistic. This is because,while

thereis considerablezoomin thesequence,the rotationof eachcamerais relatively small. Zoom

introduceserrorsin scalewhich areamelioratedby boththeapplicationof therigid link constraint

to successive framesratherthanframeswidely spacedin time, andthe regularizationof structure

to fixed lengthsegments. Nevertheless,it will now be shown how the effect of zoomingcanbe

eliminatedfrom theimages.
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Giventwo sequencesacquiredwith changingcameras,thematchedpointsin thepairof images

at eachtime instanceshould,strictly speaking,bereconstructedseparately. Theaffine reconstruc-

tions obtainedfrom eachframepair are relatedto the world by a generalaffine transformation,

including a similarity component. Thereis thus an arbitrary rotation, translationand scalingin

additionto the affine distortionencodedby theabsoluteconic relatingthe metric rectificationsof

eachframe. It is, however, still possibleto write rigid link constraintson the rectificationof each

reconstruction.Theseareconstraintson theabsoluteconicsfor eachreconstruction,denoted
�(Î ÊHÏ�

,Ì ü ÿ ��\1\1\���Ð for apairof sequencesof length Ð .

Figure6.12:A football goal.Frames1, 20,30 and40of a42 framesequence,shown in two views.

Figure6.13: Four posturesfrom theaffine reconstructionof thesequencesin figure6.12assuming
fixedcameras.

The approachtaken is to jointly calibrateall the pairsof different camerasup to a common

global scalefactor. Regardingthe camerasasscaledorthographies,the camerascalefactorsare

thenknown. The imagepointscanbe scaledaccordingly, compensatingfor the changingzoom.

Theeffectsof panningcannotbedealtwith in thisway, sincetheorientationbetweendifferentpairs



6.5Motion capture 182

Figure6.14:Metric reconstructionof thefootball sequenceassumingfixedcameras.

Figure 6.15: Fixed length body segmentreconstructionof the football sequenceassumingfixed
cameras.

of camerasis not recovered.Thiswould requiresomestaticsceneobjectto bevisible.

In thechangingcameracase,the rigid link constraintcanbe appliedin two contexts. Firstly,

symmetryconstraintsthat the right andleft armandleg segmentsarethesamelengtharevalid in

eachreconstruction.Therearethusatmostfour constraintsoneach
� Î ÊHÏ�

of theform (6.5).

Secondly, therigid link constraintmaybeappliedacrossreconstructions:

� � Ê 
 T � Î ÊÑÏ� � � Ê 
 � � ��Ò 
 T � Î Ò Ï� � ��Ò 
 ü �
where � Ê and � Ò representthesamerigid bodysegmentin reconstructionsÌ and � . This leadsto

a linearconstrainton thevectorof elementsof both
�ÓÎ ÊÑÏ�

and
�(Î Ò Ï�

�54 Ê ' 
 � �ÓÎ ÊÑÏ' ²ÕÔ �54 Ê ' 4 Ê � 
 �(Î ÊHÏ� ² �54 Ê � 
 � �(Î ÊÑÏ+ ²ÕÔ �54 Ê ' 4 Ê + 
 �(Î ÊÑÏ*
²ÖÔ �54 Ê � 4 Ê + 
 �(Î ÊÑÏ- ² �54 Ê + 
 � �ÓÎ ÊÑÏ. � �54 Ò' 
 � �(Î Ò Ï' ²ÕÔ �54 Ò' 4 Ò� 
 �(Î Ò Ï�² �54 Ò� 
 � � Î Ò Ï+ ²×Ô �54 Ò ' 4 Ò+ 
 � Î Ò Ï* ²ÕÔ �54 Ò� 4 Ò+ 
 � Î Ò Ï- ² �54 Ò+ 
 � � Î Ò Ï. ü �

(6.13)
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Theconstraintcanbewrittenin vectorform by constructingavectorof theelementsof all the
�ÓÎ ÊÑÏ�

’s

ØW X ü�� �(Î ' Ï' � �(Î ' Ï� � �(Î ' Ï+ � �(Î ' Ï* ��\1\1\_� �ÓÎÚÙ Ï* � �ÓÎÚÙ Ï- � �(ÎÚÙ Ï. 
 T

andwriting thecoefficientsof theseelementsin (6.13)as

V Î Ê Ò Ï ü�� � ��\1\1\�� � � [ Î ÊÑÏ' � [ Î ÊHÏ� ��\1\1\�� [ Î ÊHÏ. � � ��\1\1\_� � � [ Î Ò Ï' � [ Î Ò Ï� ��\1\1\ [ Î Ò Ï. � � \1\1\ 
 T

Thelinearconstraintin vectornotationis then

� V Î Ê Ò Ï 
 T
ØW X ü �

(6.14)

Up to nineconstraintsof this form canbewrittenfor eachpairof reconstructionsfrom thearms,

legsandhips.Each
� Î ÊÑÏ�

is overconstrained,andrectificationof eachconstructioncanbecomputed

from theSVD of aconstraintmatrixwhoserows are V Î Ê Ò Ï vectors

c ØW X ü �
Notethatthe

� Î ÊHÏ�
’scomputedarenothomogeneousmatricesin thiscontext. Thesetof absolute

conicsthatarecomputedaresuchthattherelative lengthsof segmentsin themetricreconstructions

are the same,and thus include a scalefactor for eachreconstruction.In fact it is the vector of

elementsof all theabsoluteconicsin theset,
ØW X , that is homogeneous.Thecommonscaleof this

vectoris aglobalscalefactorapplicableto all thereconstructions.

In practice,sincethereare far fewer constraintson eachrectificationthan is the casefor the

singlerectificationwith fixedcameras,it is usefulto introducecameraparameters.Assumingthat

thecamerasmaybemodeledasscaledorthographies,four equationson thedualof eachabsolute

conic � �ÓÎ ÊÑÏ� 
 Å '
canbeobtainedfrom (6.10)and(6.11)for eachcamerapair. Theseconstraintsare

linear, but sincethey are in the dual conic, they cannotbe simply combinedwith the rigid link

constraints.

A solution is to usean iterative methodto minimize a cost function over all the rectification
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affinities ý Î ÊHÏ . Thecostfunctionhastwo parts:

Û ü Û�ÜÍÝßÞ�à	á ² ÛâáÍã Ù
Thefirst termexpressestheorthogonalityandequalscaleof thecamerarows for cameras

´ Î ÊÑÏä ü � Æ Ê ä ' � Æ Ê ä � 
 T üå´ Î ÊÑÏ � ý Î ÊÑÏ 
 Å '
and ´ ¶ Î ÊÑÏä ü � Æ ¶ Êä ' � Æ ¶ Êä � 
 T üå´ ¶ Î ÊÑÏ � ý Î ÊHÏ 
 Å '

andis thus
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Thesecondterm,

Û ÜéÝßÞ�à	á
, is composedof termsof theform

� e ý Î ÊÑÏ � Ê e � e ý Î Ò Ï � Ò e 
 �
for all applicablerigid links in thestructure.Theminimizationcanbeinitializedby alinearsolution

of
ØWëê or from thefixedcameramethod.

Thesetof resulting ý Î ÊÑÏ ’s returnsÐ metricreconstructionswith a commonscalefactor. How-

ever, sinceeachinitial affine reconstructionis a generalaffine transformationaway from world

structure,eachhasits own unknown Euclideanrectificationcomponent.That is, thereremainsa

setof unknown rotationsandtranslationsbetweenmetricreconstructionsof individual framepairs.

But, sincethescalingis globalto all thereconstructions,therelative scalingbetweenpairsof cam-

erasis known. Theeffect of a zoomingcameracanthusbeeliminatedby scalingtheimagepoints

in eachsequencerelative to thefirst camera.Assumingnegligible rotationof thecamerasthrough

thesequence,thefixed cameramethodcannow be appliedto computea metric reconstructionof

theentire motion.

Returningto the football example,considerfigure 6.16,a plot of the scalefactorsof the two

camerascalibratedasabove. The camerasappearto be zoomingin unison,with a ratio of 1.84.
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(Thefixedratio betweenthecamerascalefactorssuggeststhat thereis globalcontrolof thezoom

on thecamerasfilming thematch.)Theselectedimagepointscannow bescaledproportionatelyto

negatetheeffectof thechangingscalefactor, asin figure6.17.Applying thefixedcameraalgorithm

to thescaledimagedatayieldstheresultsin figures6.18,6.19and6.20.

0 5 10 15 20 25 30 35 40 45
0.5

1

1.5

2

2.5

3

Frame number

C
am

er
a 

sc
al

e 
fa

ct
or

Camera 1

Camera 2

Figure6.16: Scalefactorsof the two (scaledorthographic)camerasfilming thefootball sequence.
Thescalesarenormalizedto thefirst frameof camera1.
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Figure6.17: Zoomeliminationin imagesfrom frames1, 30 and40 from thesecondcamerain the
footballexample.Theselectedimagepointsfor frame1 appearontheleft. In themiddleandonthe
right (for frames30 and40) arelargefigureswhich areplotsof theselectedimagepointsin those
frames,andsmallerfiguresobtainedby scalingaccordingto therecoveredcameraparameters.
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Figure6.18: Affine reconstructionof the football sequenceafter zoomelimination. Note that the
largescaleincreaseseenin figure6.13is gone.

Figure6.19:Final reconstructionof thefootball sequence.

Figure6.20:Six framesfrom ananimationof thebipedrepresentationof thefootball example.
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6.6 Summary

Thischapterhaspresentedamethodof constrainingthemetricrectificationof anaffine reconstruc-

tion usingtheknown relative lengthsof line segments.Theconstrainthasbeenappliedto motion

captureby modelingthehumanbodyasa rigid link articulatedstructure.Theconstantlengthsof

partsof thebodyasapersonmovesprovide linearconstraintson theabsoluteconic.

Usingtheaffine cameramodelfor camerasviewing sportsevents,anuncalibratedaffine recon-

structionis metricrectifiedby meansof therigid link constraint.Themethodhasbeendemonstrated

for fixedandzoomingcamerasto capturethemotionof athletesfrom broadcastsportsfootage.



Chapter 7

Conclusion

In conclusionof thethesis,this chapterdescribeswhatarebelievedto bethenovel contributionsof

thework andsuggestsareasof furtherresearch.

7.1 Novel contributions

Theapproachtakenthroughoutthethesisis oneof writing constraintson thegeometricentitiesthat

specializeprojective spaces.While the separateuseof theseentitieshasbeenreportedin earlier

work, combiningthemin oneandtwo dimensionsacrosssingleandmultiple views is new. It has

contributed to an understandingof the relationshipbetweenimagedplanesandplaneperspective

distortion,structurerecovery from oneor moreviews, camerainternalparameterconstraintsand

auto-calibration.ì
Themetricplanegeometryassociatedwith thecircularpointsconstrainstheimageof theab-

soluteconic,andthustheinternalparametersof thecamera.In turn,aknown IAC constrains

theimagedcircularpointsof theplane,anddefinesthemif theplanevanishingline is known.

Thustherelationshipbetweenknown internalcameraparametersandimagedplanegeometry

is preciselydefinedby thecircularpointslying on theabsoluteconic.This hasled to a novel

objectbasedcalibrationmethodof computingthe IAC from a numberof views of a plane

with known metricstructure.Otherassociatedcontributionsarethetechniquesof extending

theaffine rectificationof aplaneto metricandMLE line intersection.
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If a camerahassquarepixels the imageplanecircular pointsareknown. It wasshown that

thesecircularpointsprovide two constraintson theIAC, just asany metricsceneplanedoes.

Theimageplanecanthusbetreatedasageneralsceneplanein thissense.ì
A singleview of thevanishingpointsof two orthogonaldirectionsplacesoneconstrainton

theIAC. This shows how scenestructuredefinestheIAC. TheIAC, in turn,constrainsscene

reconstruction:themetricstructureof theplanecontainingthetwo directionsis fully defined

by its circular points,which arethe intersectionof the vanishingline joining the vanishing

pointsandtheIAC.ì
With the vanishingpointsof threeorthogonaldirections,threeconstraintson the IAC are

available. If the camerahassquarepixels its circular pointsprovide two constraintson the

IAC andthefiveconstraintsin totalfully definetheinternalcalibration.Thisconfigurationhas

beenusedbefore,but theIAC basedformulationallows a degeneracy analysisfor a general

configurationof threevanishingpointsandonemetricplane.Theanalysisshows thatwhen

thevanishingline of themetricplaneintersectsoneor two verticesof thetriangleof vanishing

points,thereareonly four independentconstraintson theIAC.ì
In two views, if the fundamentalmatrix is known, matchedvanishingpoints in the images

constraintheplaneat infinity in a projective reconstruction.Threematchedvanishingpoints

thusallow rectificationto an affine reconstruction.In addition, the threesingleview con-

straintson the IAC apply to eachview individually. If thecamerashave squarepixels there

arefiveconstraintson theIAC whichcanbewritten in eitherview.ì
The circular point parametrizationof the squarepixel propertyof a cameraalsodefinesan

auto-calibrationconstraint. The circular pointsof eithercameraimageplanecanbe trans-

ferredto theotherview by the infinite homography. Therearethensevenconstraintson the

IAC. An extensionof the single view degeneracy analysisshows that the numberof con-

straintscanbe reducedto six or five, dependingon the intersectionof the vanishingpoints

with theimageplaneandtransferredimageplaneideallines.ì
Thecaseof thetwo camerashaving identicalinternalparametersis similarly analysed.The
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analysisis basedon thegeometricrepresentationof thefour constraintson theIAC from its

invarianceto transferby theinfinite homography. It shows thatthesevenconstraintsobtained

from invarianceandthreevanishingpointscanbereducedto fiveor four.ì
The final new result is theconstrainton theabsoluteconic from theknown relative lengths

of a pair of line segmentsandits applicationin a motion capturesystem.The constraintis

appliedto the rigid links of the humanbody to reconstructa motion sequenceimagedby a

pairof affinecameras.With fixedcameras,theentiremotionis treatedasasinglestaticaffine

reconstructionof posturesfrom the motion. Linear constraintson the absoluteconic then

allow metricrectification.If thecamerasarezooming,constraintsof theabsoluteconicsin a

setof reconstructionsarewritten from rigid links. Includingauto-calibrationconstraintson

scaledorthographiccameras,thecamerasandstructurecanberecovered.

7.2 Further research

Commentson areasof futurework aredivided into threecategories:automationof dataselection,

erroranalysisandfinal sectiononpossibleextensionsof thegeometricconstraints.

7.2.1 Automation

A common,andvalid, criticism of the resultsshown hereis that they dependon manualselection

of data. User interactionto specify the geometrysupplyingconstraintshasbeenrequiredfor all

the examplesthat have appeared.While suchinteraction(usually)providesdatafree of outliers,

automationis desirable.

Many of the methodsrely on the computationof vanishingpoints. Thereis a large body of

literatureonfindingvanishingpointsautomaticallyin structuredenvironments,in whichtechniques

asdiverseastheHoughTransform[15, 108] andtheBayesianinferencemethodof Coughlanand

Yuille’s ManhattanWorld[18] have beenemployed. Rother[86] computesthreevanishingpoints

specificallyfor cameracalibration,andusesthetheexpectedcamerastructureto testconstraintsof

mutualorthogonalityof thepoints.Theplanargroupingmethodof Schaffalitzky andZisserman[90]
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explicitly usesthe geometryof repeatedelementsto computevanishingpointsandlines. It also

includesa methodof finding the parametersspecifyinga regular grid that may be well suitedto

detectingfeatureson calibrationobjects.

Any of theseapproachesshould,however, be usedwith care. Many real world scenescon-

tain geometrywith threedominantdirections,but oftenalsohave structurealignedcloselybut not

perfectly to thesedirections. Adjacentbuildings androads,for example,areoften not precisely

parallel. Facadeelementson old woodenbuildings arefrequentlywarpedor not constructedwith

perfectorthogonalityandparallelismin thefirst place.Evensomeclassicarchitecture,notablythe

Taj Mahal1, appearsto fit thecuboidmodel,but is actuallynotconstructedwith its sidesorthogonal

andparallel. Experiencewith the two view measurementsystemdescribedin chapter5 indicates

that even humanselectionof datais sometimeserroneous,andautomaticmethodsarenaturally

proneto includingsuchgeometry.

Manualselectionof joints for motioncapturein a pair of sequencesis particularlytedious.As

a system,motioncapturewould begreatlyimprovedby automatedtrackingto replace,or comple-

ment,themanualprocess.Fully automatedtrackingis unlikely to becompletelysuccessfulgiven

thequality of somedigitisedbroadcastvideo. However, even partial trackingin conjunctionwith

operatorinteractionwill significantlyspeeduptheprocess.Thereis aconsiderableamountof active

researchin thearea,includingmostof the literaturecited in chapter6. It is feasiblethat simulta-

neouscalibrationfrom therigid link constraintandtrackingcouldbeimplementedfor uncalibrated

motion capturesystems. The rigid link constraintcould also be appliedto marker data,where

reflective markersareattachedto thebodyto facilitatetracking.

7.2.2 Err or analysis

First ordererroranalysishasbeenperformedfor someof thealgorithmsdescribed:theuncertainty

in vanishingpoint computationandthecameraparametersfoundusingplanesandthreevanishing

pointshave beenquantified.Onearearequiringfurtherwork is extendingtheuncertaintyin cam-

eraparametersto measurementscomputedwith the aid of theseparameters,suchas the relative

1Discovering this factwhile on a trip to India, somecolleaguesconcludedthataskingfor a cameracalibrationfrom
animageof theTaj Mahalwould bea fine practicaljoke.
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orientationof planesandthemetricrectificationparameters.

In particular, the two view measurementsystemrequiresthat uncertaintyin thecomputed3D

co-ordinatesanddistancesshouldbe suppliedto the user, alongthe lines of thesingleview mea-

surementsystemdevelopedby Criminisi[19]. This meansextendingthe singleview analysisto

two views, alsotaking into accountuncertaintyin theepipolargeometry. Themotioncapturesys-

temwould similarly benefitfrom ananalysisof sourcesof errorandits propagationthroughto the

reconstructedsequence.

The error analysisusesan assumptionof Gaussiannoisein imagedata. In the caseof line

intersection,thedistribution erroron endpointsof detectedline segmentsis taken to beGaussian.

This determinestheerror in vanishingpointsandthenin cameraparameters.The validity of this

assumptionis questionable.Certainly, morework onthenatureof thenoisein imagemeasurements

of varioustypesshouldbedone,andincorporatedinto theerroranalysis.

Theuseof soft constraintson camerainternalparametersresults,in over constrainedcases,in

cameraswherethe constraintsarenot satisfiedexactly. In the combinationof conjugacy, square

pixel andprincipalpoint constraintsin chapter4, thehomogeneousconstraintsarewritten directly

from the geometry. The resultingIAC, however, dependson the relative scalingof the rows of

the coefficient matrix. A statisticallyrigorousapplicationof priors suchas the known principal

point shouldconsiderthe relative weightingof theseconstraints,basedon their uncertainty. An

investigationinto thenatureof thisuncertaintyon priorsoncameraparametersis thuswarranted.

7.2.3 Geometry

An obviousextensionof vanishingpointbasedcalibrationis applicationto largernumbersof views.

Thetwo view calibrationmethodusingmatchedvanishingpointsof orthogonaldirectionscanpro-

vide a goodinitialisationfor subsequentauto-calibrationbundleadjustmentsuchasthoseof Polle-

feys et al[79] andNistér[75]. Inclusionof vanishingpointsis aidedby thefact that thepointscan

becomputedin widely separatedviewswithout thesamecomponentsof thestructurebeingvisible.

Thevanishingpointof thesameworld directioncan,for example,becomputedfrom thefacadesof

oppositesidesof abuilding.
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In addition,back-projectingthevanishingpointsprovidesa convenientparametrizationof the

absolutediskquadric.If thethreepointsare í '
, í�� and í +

,
¹�î

canbewrittenasa linearcombi-

nationof threerankonedegeneratedualquadrics:

¹ î³ï � ' í ' í T' ² � � í � í T� ² � + í + í T+
This parametrizationis at mostrank three,andthusexplicitly satisfiesthe rankconstrainton

¹]î
.

It is anover parametrization,requiring15 degreesof freedomif thethreepointsarehomogeneous

(andthey shouldbe,sinceby definitionthey maywell becomeidealin thecomputation).

In themotioncapturemethod,a partialsolutionto theocclusionproblemcanbefoundwhena

sectionof semi-occludedframescanbeomittedfrom a sequence,but thebodycanstill be recon-

structedfrom theremainingframes.An occludedpoint,now aknowndistancefrom anunoccluded

3D point, canlie anywhereon a spherecentredon theunoccludedpoint. If theoccludedpoint is

visible in oneview, theback-projectedray definedby the imagepoint intersectsthespherein two

points,oneof which is theoccluded3D point.

Bundleadjustmentis alsodesirablefor motion reconstructionto fit a truly rigid linked model

to the imagedata.This is a complex non-linearoptimizationproblem,andshouldusea kinematic

modelwith appropriatedegreesof freedomfor variousjoints. It thushasa largenumberof degrees

of freedom.

The relative lengthconstraintimplementationusesan affine cameramodelto generatean ini-

tial affine reconstruction.For sometypesof sportsbroadcasts,with camerasfar from theplayers,

this is a reasonableassumption.It is not, however, essential.An affine reconstructioncanalsobe

constructedfrom aninitial projective reconstruction.Thevanishingpointsof parallellinesborder-

ing thefield of play, for example,couldbeusedto constrainthe infinite homography. Orthogonal

andparallel lines on the field alsoprovide calibrationinformation,asdemonstratedby Reid and

Zisserman[84] in their analysisof thefamousfootball goalthatwasn’t.

Alternatively, the relative lengthconstraintmight be applieddirectly to the projective recon-

struction,althoughit is no longer linear. The metric lengthof a line segmentin a projective re-

constructioncanbe written in termsof the elementsof themetric rectifying homographyð . The
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metric rectificationof endpoint ñ , say, is ð!ñ , which must thenbe convertedto inhomogeneous

co-ordinatesbeforeadifferencevectorcanbewritten. This is wherethenon-linearityemerges.So-

lution of theresultingsystemof non-linearequationsmustbeinitialized. Onepossibilityfor doing

so is to make an initial affine cameraassumptionto obtainan estimateof metric structure. The

transformationbetweenthemetric estimateandthe projective reconstructionwould thenserve as

aninitial estimateof ð .

Additional constraintsof thetypedevelopedfor planerectificationcouldalsobeappliedin 3D.

The constraintfrom equalunknown anglesbetweenpairsof lines, for example,canconstrainthe

absoluteconic.

Finally, the relative lengthconstraintis a 3D constrainton ò î
, while mostof the othercon-

straintsthathave beenusedareimageconstraintson ` . They canstill becombined,however. The

homographybetweenthe imageplaneandtheplaneat infinity in a reconstructionis the left three

by threesub-matrixof theprojectionmatrix. For a canonicalcameraprojectionmatrix ózô õ	öº÷ , this

homographyis theidentity and

` ï ò î \
Constraintscanthusbetransferredfrom oneplane,andoneconic,to theother.
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The Jacobianof a ø ù ø Cholesky

decomposition

Theinternalcameraparametermatrix � is typically recoveredfrom theimageof theabsoluteconic` by Cholesky decomposition.Writing theelementsof � asa vector ú , the termsof theJacobian

of theCholesky decompositionû Tü ïþý üýÁÿ�� are
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