CameraCalibration and Reconstruction
of Geometry from Images

David Liebowitz
Merton College

RoboticsReseach Group
Department of Engineering Science
University of Oxford

Trinity Term 2001



David Liebowitz Doctorof Philosoply
Merton College Trinity Term2001

Abstract

Thisthesisaddressetheissuef combiningcameracalibrationconstraintgrom varioussources
andreconstructingceneggeometryfrom singleandmultiple views. A geometricapproacthis taken,
associatingpoth structurerecovery andcalibrationwith geometricentities.

Threesourcesof calibrationconstraintsare considered:sceneconstraints suchasthe paral-
lelism and orthogonalityof lines, constraintsrom partial knovledge of cameraparametersand
constraintglerived from the motionbetweerviews.

First, methodsof rectifying the projective distortionin animagedplaneareexamined. Metric
rectificationconstraintsaredevelopedby constrainingheimagedplanecircularpoints.

Theinternalcamergparametersrreassociateavith the absoluteconic. It is shavn how imaged
planecircular points constrainthe image of the absoluteconic, and are constrainedoy a known
absoluteconicin return. A methodof using planeswith knovn metric structureas a calibration
objectis developed.

Next, calibrationandreconstructiorirom singleviewsis addressedA well knovn configuration
of the vanishingpoints of threeorthogonaldirectionsand knowvledgethat the camerahassquare
pixelsis expressedyeometricallyandsubjectedo degenerag anderroranalysis.The squarepixel
constraintis shavn to be geometricallyequialentto treatingthe image planeas a metric scene
plane.

Useof thevanishingpoint configurationis extendedo two views, wherethreevanishingpoints
and known epipolargeometrydefinea three dimensionalaffine reconstruction. Calibrationand
metricreconstructioriollows similarly to the singleview casewith theadditionof auto-calibration
constraintfrom the motion betweerviews. The auto-calibratiorconstraintsare derived from the
geometricrepresentatiomf the squarepixel constraints py transferringthe imageplanecircular
points betweenviews. Degeneratecasesfor constraintsfrom squarepixels and camerashaving
identicalinternalparametergaredescribed.

Finally, a constrainton the metric rectification of an affine reconstructiorfrom the relative
lengthsof a pair of 3D line segmentsis developed. The constraintis appliedto humanmotion
capturefrom a pair of affine cameras.
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Chapter 1

Intr oduction

A camerais an extraordinarily useful measuringdevice — it not only producesa realistic picture
of a scene,but also provides information from which geometricpropertiesof the scenecan be
measuredReconstructingcenegeometryfrom imagess oneof the mostactive areasn computer
vision. It hasa wide rangeof applicationin suchdiversefields as architecture archaeologyart
history andforensicscienceln addition,theexpansiorof thelnternethasfueleddemandor greater
realismin theinformationcommunicate@nline. Virtual reality ervironmentsandthreedimensional
productcatalogueshave becomefeasibleand commerciallyattractve. Evolving standardssuch
asJava, VRML andthe humanoidanimationstandardHAnim supportthis trend by servingasa
technologicabkubstratdor the explosionin the usesof visiontechnology
Reconstructionechniquesll requiresomeform of calibration. This thesisaddresseémostly)
the casewherethereis rich, regular scenegeometryto provide calibrationinformation. The novel
contrikutions of the thesiswill be addresseanore preciselyin the conclusion. In broadterms,
however, the methodsdescribedntegrate constraintson calibrationand reconstructiorof world
geometryfrom differentsourcesnto a single framavork. Therearethreesourcesof information

considered:

1. sceneconstraintssuchasthe parallelismandorthogonalityof lines andthe known relative

lengthsof line segments,

2. internal parameterconstraints,obtainedwhen someof the internal cameraparametersare
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known, and
3. motionconstraintsderived from the motionbetweenviews.

The objective is both to develop new calibrationconstraintsand methods,andto do soin a
mannerwhich makes them easyto combine. Reconstructiormethodsfrom single and multiple

views will bedescribedandappliedto arangeof differentsceneandcamerascenarios.

1.1 An overview

Visual perceptionof threedimensionainformationfrom a singleimageis a well understooghe-
nomenon- photographseven paintings,accuratelycorvey depthinformationabouttheworld ona
two dimensionakurface. As early as1436the renavnedAlberti describeda methodof producing
a painting with correctperspectie effects: an artist views a scenemonocularlythrougha piece
of glass,draws on the glassandthentransfersthe draving to anothermedium([77.1 Shortly after
theinventionof Alberti’'s window Leonardoda Vinci produceddetailedinstructionsfor artistsex-
poundingon perspectie effects[6Q. Leonardowentbeyond the projectionof geometryincluding
descriptionsof the shadingand colour effects an artist needsto take into accountto realistically
convey depthinformation.Koenderink[6] relateghat,despitethisknowledge therewasuntil rela-
tively recentlya completedenialin the scientificcommunitythatdepthperceptiorfrom monocular
imageswas possible. It is now known thatit is not only possible,but canalso be very strong.
Monoculardepthperceptionis accomplishedy the integration of numeroussources[7} suchas
shadingcastshadws, atmospheriperspectie andgeometrigperspectie effects.
Geometricperspectie hasrecevedthe mostattentionin the photogrammetrandvision litera-
ture,althoughshapdrom contour[§, texture[11] andshading[53 have beenstudiedandtherehas
evenbeenpreliminarywork ondepthfrom atmospherieffects[74. Geometrigperspectie provides
very powverful depthcues particularlythe perspectie effectsinherentin whatthe visualperception

literaturerefersto asthecarpenteedworld: aspacedlominateddy parallellinesin orthogonalirec-

1In fact, the earliestperspectiely correctpaintingis generallyacknavedgedto be Massacic la Trinita, completed
in 1427[59.
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tions. In the famousAmesroomillusion in figure 1.1, for example,otherdepthcuesanddistorted

parallelismandorthogonalitycreatea sizeillusion[55].

.

Figure1.1: The Amesroomillusion, wherethreemenappearo have remarkablydifferentsizes
(from Palmer[71). The Amesroomappears$o bea cuboid,but is in factnot. Theleft cornerof the
room,wherethe smallestfigure appearsis furtherfrom theviewer thantheright corner andlower.
Thevarying heightof the floor of the room createghe illusion thatall threemenare standingthe
samedistancefrom the viewer. The perceptioris reinforcedby thefeatureson thewalls, which are
distortedto appeato theviewerto berectangular

The parallelismandorthogonalityinherentin the way humansconstructthe built ernvironment
meanghatthereareplentiful constraintson calibrationandreconstructiorio be hadfrom images
of buildings or takeninsidebuildings. Thisinformationwill be usedherein anumberof ways.

Thefirstis correctionof perspectie warpingin imagedplanes.Thedistortionthatplanegeom-
etry undegoeswhenphotographedanberecoveredup to anambiguitydependingntheavailable
constraints Suchrectificationhasapplicationto objectrecognition imagemosaicingandgraphics,
andalsoprovidesconstraintsn the calibrationof the cameratself.

With a singleview of threemutually orthogonalplanesandsomeknowledgeof the camergpa-
rameterscompleteinternalcameracalibrationcanbe achieved. This calibrationtogethemwith the
planerectificationtechniquesallow 3D reconstructiorof objectssuchas buildings from a single
view without scenemeasurementd he courtyardshavn in figure 1.2, for example,canbe approx-

imatedby a setof planes.Eachof the planesmay be rectifiedandrelatve orientationswherenot
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assumearthogonalcomputed.Theresultis a 3D modelof the building from which novel views

canbecreated.

Figurel.2: 3D reconstructiorirom a singleimage.(a) Fellons quad,Merton College, Oxford. (b)
(c) Views of thetextured3D modelcreatedrom the singleimagein (a).

Suchplanebasedsingleview reconstructiorhasusefulapplications. It may, for example,be
appliedto caseswhereit is not possibleto take measurementsf a sceneor capturemary views
of anobjectin orderto usestereotechnigues.Reconstructinduildings from photographgo cre-
atemodelsof valuablearchitecturakitesis one suchcase particularlywherebuildings have been
destryed andonly archive imagesareavailable(see for example figure4.26in chapterd).

Monocularreconstructioris not limited to planes,but canbe accomplishedor ary geometry
for which the parameterganbe recoveredfrom a singleview. The Facadesystemof Debevec et
al.[25] andthecommerciapackageCanomafor instanceallow inclusionof anumberof geometric
primitives in a reconstruction. Thereis, however, a substantialdifferencebetweensingle view
reconstructiorandwhatcanbe obtainedrom multiple views.

A singleview reconstructioris restrictedin the sensethat knowvledge of the 3D geometryis
limited to the geometricprimitives. In the caseof sceneplanes for example,the geometryon the
planesandtherelationshipbetweemlanescanbe computed A complete3D reconstructiorof the
scene however, is only possiblefrom two or moreviews, wherein principle a densereconstruc-
tion of anarbitraryshapecanbe computed.With multiple views the accurag of reconstructions
improved andocclusionof partsof the scenecanbe dealtwith. In addition,geometrichypotheses
suchasthe co-planarityof a setof 3D pointscanbetested.

Model and stereobasedmethodscan be combined. The modelbasedsingleview calibration

approachs accordinglyextendedto two views with the additionof constraintdfrom the motion
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betweenviews. Suchconstraintdake the form of the transferof internal calibrationinformation
betweerviews.

Scenestructureconstraintaarealsonot restrictedto built environments.Calibrationandrecon-
structioninformationcanbe obtainedrom dynamichumanmotion.

Motion capturefrom imagesequencess an establishedndustrywith numerousapplications.
Themostprominentof thesds in theentertainmensectoy wheremotioncapturefrom live actorsis
usedo realisticallyanimategraphicscharacterin films andgamesMotion capturedatais alsoused
in clinical gait analysisandathleticperformancesvaluation. A detailedexaminationof movement
aidsrehabilitationof peoplewith mobility impairmentor helpsathletesmprove theirtechniques.

Motion capturesystemsareusuallycarefullycalibratedo ensureaccurate8D measurementin
uncalibratedapproachwill be describecherewherethe body itself is usedto generatecalibration
constraints The constraintmechanisnexploits thefactthatpartsof the body suchasthe upperand
lower armsand legs have a fixed length throughoutthe sequence Figure 1.3 shavs an example
of a pair of framesfrom a sequencef an athletedoinga triplejump anda framefrom the motion
reconstructiorobtainedwith this approach.Uncalibratedmotion captureis particularlyapplicable

to sportscenariobecausef the difficulty of settingup systemsf calibratedcameras.

(b) (c)

Figurel.3: (a) and(b) Two views from a pair of sequencesf anathleteperformingthetriplejump.
(c) A view from thereconstructednotionsequence.

All the constraintsused,whetherfrom structure,motion or known parametersare described
geometrically The consequentelationshipdbetweenconstraintsandwaysof combiningthemare

themesxploredthroughouthethesis.
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1.2 Thinking in pictures

Theapproachakenin this thesisis determinedlygeometricchroughoutassociatinglgebraiccon-
straintswith geometricentitiesthatcanbe computedo effectreconstructiorandcalibration.
Thespecificuseof geometryhasthe analyticaladvantageof linearizingmary of theconstraints
thatareused. Anothermotivation, andonethat shouldnot be underestimateds thata geometric
understandin@f a problemprovidesan extremely usefulway of thinking aboutit. Beingableto
visualizeanddraw picturess apowerful aidto understandingln theirbookon astatisticalapproach
to geometricmethods,Saville and Wood[89 statethat when R.A. Fisherdevelopedanalysisof
varianceand regressionmethods,he did so geometricallyand “derived his inventive inspiration
from thinking in pictures”. It hassincebecomethe normto expresstheseideasonly in algebraic
form which, in the opinion of this author makes them far more difficult to understand.Indeed,
given a cleargeometricrepresentatiomf a problem,it shouldbe muchsimplerto dealwith (see

figurel.4).

Figure1.4: With a sufiiciently geometricunderstandingit becomeschild’s play or: the author’s
cunningplanto includea picture of his sonis histhesis.

Fortunatelythemathematicef calibrationandreconstructioendsitself verywell to geometric
analysisandinterpretation.The spatialconfigurationof camerasmodelsof projective spacesand
aninternalmodelof the cameratself have accessiblggeometricmeaning.In particular the model
of cameranternalparameterghatis usedfor apinholecameraecanbeassociatewith avery special

conic: the absoluteconic. Much of this thesisis concernedvith methodsof finding the absolute
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conic.

1.3 Thesisstructure

The overall layout of subsequenthapterds asfollows. Chapter2 briefly describeghe necessary
backgroundmaterial. The cameramodel and the relevant mathematicof projectve spacesare
introducedandthe conceptsf uncalibratedeconstructiorpresented A broadsuney of the cali-
brationliteratureconcludeghe chapter Specificreferenceo morecloselyrelatedwork is delayed
until laterchapterswhereit canbe describedn contet.

Thetheoryof planerectificationfrom scenegeometryis presentedn chapter3. Earlierwork
on recovering the affine geometryby computingthe vanishingline of the planeis extendedto
metric geometryby obtainingconstraintsrom the anglesbetweenlines in the planeand known
relative lengthsof line segments.Specificattentionis paidto the computationof vanishingpoints
from parallellines since suchcomputationsoccur frequentlythroughoutthe thesis. A maximum
likelihoodestimateof vanishingpointsis describedandafirst ordererroranalysisperformed.

Chapterd movesto computingthe calibrationof a camerarom a singleview usinga combina-
tion of constraintsSource®f informationconsideredncludeparallellinesin orthogonatirections,
scenegplanesandpartial prior knowledgeof camergparameterslt is shavn how calibrationis used
to rectify previously partially rectified planesandcomputethe relative orientationof planes.This
informationis thenusedto compute3D reconstructions.A thoroughdegenerag analysisof the
particularcaseof viewing a cuboidobjectwith a squarepixel cameras performed.Error analysis
of this configurationsupportghe degenerag analysis.It is subsequentlghovn how knowledgeof
the principal point of the cameracanbe usedin degeneratecases.The useof planeswith known
metricstructureto calibratea cameras describecandanerroranalysisperformed.

Chapter5 appliesthe calibrationtechniqueslevelopedin chapter to thetwo view casewhere
the motion betweenviews provides further calibrationinformation. A stratified reconstruction
methodfor two views is presenteéinda measuremergystemdescribed.

Motion captureusingrigid links is describedn chapteré. A generalconstrainton calibration

from the known ratio of lengthsof a pair of line sggmentsis derived. A motion captureapplication
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reconstructinghe movementof athletedrom broadcastvideofootageusinganaffine cameramodel
is thendemonstrated.

Chapter7 draws the thesisto a close,summingup the contritutions madein the researchand
outlining areasof furtherinvestigation.

Thework in this thesisis basedon five paperspublishedover the courseof the research Four
of these[67117, 66, 68] make up the bulk of the material,anddescribewvork donewith Professor
Andrew Zisserman.The fifth[65], the subjectof chapter6, waswritten in collaborationwith Dr

Stefan Carlssorwhile aguestatthe Royal Instituteof Technologyin Stockholm.



Chapter 2

Background

2.1 Intr oduction

Thematerialin thischaptelintroduceghreebackgroundireagelevantto thethesis.Thefirst section
presentsiotationandresultsin thealgebraiadescriptiorof the projective geometryof theline, plane
andthreedimensionakpace.Particularlyimportantarethe metricandaffine specialization®f the
2D and3D projective spacesindthegeometridnvariantswith whichthey areassociatedProperties
of planeconicsareenumerateth somedetail,sincethey will beusedfrequently

Thesecondsubjectis the pinholecameramodelandfundamentatesultsin uncalibratedecon-
structionfrom perspectie cameras.This includesepipolargeometryandthe stratifiedreconstruc-
tion scheme.

Thethird sectionis a brief overview of thecamereacalibrationandreconstructioniterature. The
sectionis intendedto remindthe readerof the wide rangeof methodsfor cameracalibrationand
auto-calibrationandthusto placethe materialin the following chapterdan context. Referencdo
directly relevantwork is delayeduntil laterchapters.

Throughouthethesis scalarquantitieswill bewrittenin italics, suchass. Vectorquantitiesare
representedscolumnvectorsindicatedby a boldfaceRomanfont, for examplea 2D pointx or 3D

pointX. Matricesappeaiin asansseriffont, asin the perspectie cameraP.
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2.2 Projective spacesand transformations

Projectve geometryis anindispensabléool in themodelingandanalysisof vision problems.Using
projective notationandconceptfhiasnumerousadwantagesamongwhichis thatpointsatinfinity in a
projective spacanaybedealtwith in thesamemannerasotherpoints,avoiding limiting procedures
andspecialcases.Projectve geometryalsoallows for compactinear algebradescriptionsof the
geometricentitiesandrelationshipsvhich areencounteredh vision problems.

A generaln dimensionalbprojective spaces definedby n + 2 basispoints,anda pointin the
spaceis representethy ann + 1 dimensionahomogeneousectordefinedup to anarbitrarynon-
zeroscalefactor Projectve transformation®of the spaceare representedy (n + 1) x (n + 1)
homogeneoumatricessimilarly definedup to scale.Specificrepresentation®r geometricentities
in one,two andthreedimensionsaredescribedelov. Notethat,in equationselatinghomogeneous
entities,'=" is usedto indicateequalityupto scale.

Most of the materialin this sectionis taken from the now classictextbook of Sempleand
Kneebone[9l The treatmentis not meantto be rigorous, but to presentthe working tools that
will be metin later chapters.The original text shouldbe consultedfor a thoroughdescriptionof

algebraigrojective geometry

2.2.1 The projectiveline

A pointontheprojectie line, IP!, is representetly ahomogeneoutwvo-vectorp = (py, p2)T, with
the scalarprojectiveparameterdefinedto bep = ﬁ—;.

A homographyof IP! is representetdy 2 x 2 matrix H thattransformsa pointp as

!

p =Hp

An importantresultdefinedon P!, andonethatwill beusedin laterchaptersis theinvariance

of thecrossratio. Thecrossratio of two pairsof pointsp,, py andp., pg With projectve parameters
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a, b, c andd is definedas

a—c b-—c

a—d b—d

&{Pa, Pv; Pc, P} =

The crossratio is invariantto projective transformationof IP': given homographyH and points
p, = Hp, andsimilarly for p;, p, andp/;, with projectve parameters’, ¥/, ¢’ andd’, the cross
ratioremainsconstant:

a—c b—c d-¢ _ b —c
a—d b—d do—d b-—-d

Thepairsof pointsp,, py andp,, pq arecalledharmonicif

€{Pa; Ps; P, Pa} = —1

The harmonicrelation is associatedvith the orthogonalityof directionsin higher dimensional
spaces.
Notethatit is permissiblewith thecrossratiodefinedasabove, to write theprojective parameter

of paint (1, 0)" asco, andto usethisin crossratio computations.
2.2.2 The projective plane

Points and lines

A pointontheprojective planelP? is representetly ahomogeneouthree-ector:x = (z1, z2, z3)".
Theinhomogeneousnite pointx is found from the eliminationof the scalefactorandis given by

thetwo-vector

1 T2\t

—~

X = (jlan) .’L'3’.’173
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A line ontheplaneis definedby athree-ectorsuchthat,for line1 = (i1, I3, I3)" andpointonthe

linex

x'1=0

The point of intersectiorof two linesl; andls is givenby

X:11X12

andtheline passinghroughtwo pointsx; andxj is

l:X1XX2

Theseequationsare an example of the duality that exists for pointsand lines in the plane: ary
theoremof IP? hasa dualresultobtainedoy switchingtherolesof pointsandlines.

The crossratio is definedfor four co-linearpoints on the plane,and dually for four concur
rentlines on the plane. The crossratio of a pencil of four lines canbe viewed geometrically(see
figure 2.1) asthe crossratio of the four pointson ary line intersectingall four lines of the pencil

(exceptatthepoint of concurreng). Thecrossratiois invariantto the choiceof intersectindine.

Figure2.1: The crossratio of four concurrentines. Fourlines1; to 1, intersectin pointv. The
crossratio of the four linesis the crossratio of the four pointsof intersectionof 1; to 14 with ary
line notthroughv. Thatis €{1;,15;13,1,} = €{a,b;c,d} = ¢{a’,b’;c’,d'}.
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A projectie transformatiorof the planeis representetty a 3 x 3 homogeneoumatrix which

transformsa pointx to

x' = Hx

Thecorrespondingransformatiorof aline 1 is given by

I'=HT

Conics

The curves describedby conic sectionsfeatureprominentlyin the discussionghat follow. Such

curvescanbewritten

C12? + Coz1x9 + Cax3 + Caziz3 + Cszaxs + Cexs = 0

More corveniently aconiccanberepresentetty a3 x 3 symmetricmatrix with theform[73]

Ci  Cy/2 Cy)2
C= 02/2 Cs 05/2
Ci/2 Cs/2 Cg

for which all pointson the conicsatisfy

x'Cx=0

Undera pointtransformationx’ = Hx, aconicC transformsas

C'=HTCH! (2.1)
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A conicis thelocusof thesetof pointslying ontheconiccurve. A dualrepresentatiors to consider

theenvelopeof a setof tangentinesto theconic. All linestangento C satisfy

I'c'1=0

andC ! isreferredto asthedualof C.

Degenerateconics

Conicmatricesdescribingcircles,ellipses hyperbolaeandparabolasrerankthree.lt is, however,
alsopossibleto form rank deficientconic matricesto describdines,andrank deficientdual conics
to represenpoints.

A line 1; canbeconsideredisarank1 degenerateonic. Writing theconicl; = 1,1}, all points

onl; satisfy

xhlix=x"L1x=0

A pairof linesdefinearanktwo degenerateonic,writtenL;2 = 1,15 + I17. All pointson either

line satisfy

XT(111£ + 12].11—))( = XTL12X =0

Similarly, a dual conicis definedfor a single point x;. The pencil of all lines incidentwith x;
form the envelopeof the dual conic X; = x;x]. For a pair of pointsx; andxs, the dual conic

X12 = x1x35 + x9x] hasaservelopethe pencilsof linesthrougheachof the points.

Polarity and conjugacy

Thepolarof a pointx with respecto aconicC is theline 1, = Cx. Geometricallythe polaris the
line throughthe pointsof tangeng to C of a pair of linesthroughx, asin figure 2.2 (a). Dually,

x = C !, isthepoleof 1, with respecto C.
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A pair of pointsx andy areconjugatewith respectio a conic C if x lies on the polarl, of y
with respecto C andy lies on the polarl, of x with respecto C (figure2.2 (b)). The conjugate

pointsandlinessatisfy

x'Cy = 0andl,C" 'y =0

(@) (b)

Figure2.2: (a) Thepolarof x with respecto C is 1. (b) Pointsx andy areconjugatewith respect
to conicC.

To computethe pointsof intersectionof a line anda conic the Joachimsthakquationis used.
Supposeheintersectiorof 1, with C is required.Any pointonl, canbeparametrizeésthesumof

two pointsontheline, sayx; andx,. Pointsontheline x; + Ax, which alsolie on C mustsatisfy

(X1 + )\XQ)TC(Xl + )\XQ) =0

The resultingquadraticin A hastwo solutions. If C is a real conic, two distinct real solutions
describethetwo pointsof intersectiona singlereal solutionindicatesthattheline is tangento the
conicandcomple solutionsindicatethatthe line andconicdo notintersect.
Polarityandconjugag arealsodefinedfor degenerateconics.For example,the polarof a point
x with respectto the rank two degenerateconic L1, is the line 1, = Li9x throughthe point of
intersectiorof v = 1; x 1y suchthatthetwo pairsof linesl;, 1s andly, (x x v) areharmonic.This

impliesthatpointsx andy conjugatewith respecto L5 areharmonicwith respecto the pointsof
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intersectiorof 1; andl, with line x x y (seefigure2.3).

Figure2.3: Thepolarof x with respecto adegenerateonicl s is 1, andsimilarly for y. With x
andy conjugatewith respecto L4, thepoint pairsx, y anda, b areharmonic.

Specializationsof the plane

Affine andmetric propertiesof the projective planearedefinedby specializinga line anda pair of
pointsrespecirely. The affine specializatiorof the planeis obtainedwhenaline is selectecasthe
line atinfinity. Affine propertiesarethendefined.For example,setof concurrentines aredefined
to be parallelif they intersecontheline atinfinity.

The metric specializatiorof the planeis obtainedfrom the affine planeby selectinga pair of
complex conjugatepointson 1. Thesepointsareknown asthe circular points: andaredenoted
andJ. Oncethecircularpointsareselectedmetricpropertieof theplanesuchasangleandrelative
lengtharedefined.

Theanglebetweera pair of lines,for example,is definedby theirrelationshipo I andJ. Given
apair of lines1, andl, intersectingat x, definethelinesl; = x x I andly = x x J. Theangle#

betweerl, andl, is givenby Laguerres formula: [31] as

cos(260) + isin(20) = €{l,,1y; 11,15} (2.2)

1Thecircularpointsderive their namefrom the propertythatthey aretheintersectiorof every realcircle in theplane
with theline atinfinity.



2.2Projective spacesand transformations 17

Choosingto obsere the crossratio of the two line pairs asthe crossratio of the four points of

intersectiorof thesdineswith 1., (2.2) becomes
cos(20) + isin(20) = ¢{a,b;I,J} (2.3)
wherea andb aretheintersection®f 1, andl, with 1. If 1, andl, areorthogonal(2.3) becomes
¢{a,b;I,J} = -1

andthe pairsa, b andI, J areharmonic. The identificationof orthogonalitywith the harmonic
crossratiois usefulin chapter4.

By choosingthe co-ordinatedor theline at infinity andcircular pointsto bel,, = (0, 0, 1)7
andI = (1, 7, 0)",J = (1, —i, 0)", theaffine andmetric specialization®f the planecorrespond
to the familiar algebraof Euclideangeometry Note thatthe canonicalline at infinity is invariant
to affine transformation®f the plane,andthe canonicalcircular pointsareinvariantto similarity
transformation®f the plane.

Specialization®f the planein the context of imagerectificationis the subjectof chapter3,
whereit will alsobe shavn how theline atinfinity andthe circular pointscanbe consideredand

manipulatedasa singleentity.

2.2.3 Thethreedimensionalprojective space

Thefinal projective spacethatis significanthereis IP3, the spaceof threedimensions.A pointin

IP3 is definedby a homogeneoufour-vector
X = (X1, Xo, X3, X4)"
X1 X X3

with associateihhomogeneoupoint X = (% %2+ X°)- A planeis describedy

™= (7'(']_, 2, T3, 7T4)T
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with pointson planer satisfying

X =0

Theprinciple of duality appliesto pointsandplanesin IP3.

Threepointsdefinea planeandthreeplanesa point. Observinghat

X7 mn=Axm=0

7 canbe computedasthe null vectorof Ax or in termsof the crossproductsof inhomogeneous
forms of X1, X2 andX3[49]. A point canbe computedfrom the intersectionof threeplanesin
exactly the sameway.

Two pointsor two planesdefinealine. Linesoccupy anotationallylesscorvenientplacein 3D,
andcanberepresenteth severalways: astheintersectiorof planesasthe spanof co-linearpoints,
by anantisymmetrianatrix or usingthe Pliicker co-ordinates[4P Computationgisinglinesarenot
consideredurtherhere.

A homographyn 3D is representetdy 4 x 4 homogeneoumatrix which transformpointsas

X' = HX

andplanesas

I —
' =H 'rn

Quadrics

Quadricsurfacesin 3D, suchasspheresparaboloidsandcones arelargely analogougo conicsin

2D. A quadricis representetty a4 x 4 symmetrichomogeneoumatrix Q suchthatpointson the
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quadricsatisfy

X'"QX =0

Thedualrepresentationf aquadricis definedby tangentplanessatisfying

mTQ 'r=0

As with conics, degeneratequadrics,with rank lessthanfour, canrepresent plane, pair of
planesor a cone. Similarly, a point, point pair anddisk quadric canbe written asdegeneratedual
quadrics.Disk quadricshave particularrelevanceto calibrationsincea particulardisk quadricen-
codesthe specialization®f IP3.

A diskquadricis arankthreedegeneratelualquadric. Theplanerq whichis thenull vectorof
thequadricmatrixis in its ervelope. Theremainingplanesn the envelopeform a systemof pencils
of planeswith axeson mq, andthelines of intersectiornof all theseplaneswith wq aretangentto
aconiconmq (seefigure2.4). It is helpful to visualizea disk quadricby consideringhe tangent
planesto anellipsoidthatcollapsesnto oneof its planesof symmetry

Polarityandconjugag of quadricswill notbeencountereaxplicitly in thisthesis.For thesale
of completenesdhowever, notethata point hasa polar planewith respecto a quadric,while the

polarof alineis aline.

Specializationsof IP3

Analogouslyto the plane,specialization®f IP? aredefinedwhenparticulargeometricentitiesare
distinguishedTheaffine spacds definedwhena planeis selectedasthe planeatinfinity, andaffine
propertiesof the spacearesubsequentlyneasurableThe metric specializatiorof 3D spaceoccurs
whentheabsoluteconicon the planeatinfinity is selected.

Theabsoluteconicwasintroducedo vision by Faugeras[3}} andplaysanimportantconceptual
rolein camerecalibrationandscenaeconstructionThe useof theabsoluteconicwill bediscussed

in thefollowing section soit is worthwhile examiningit morecloselyhere.
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Figure2.4: A diskquadric.

The canonicalbsoluteconic (), is oftenexpressedy theequation

X2+ X24+X2+X2=0, X4=0

It canthusbe consideredasa circle on the canonicalplaneat infinity wo, = (0, 0, 0, 1)", albeit
with radiusi[31].

Thecorrespondingymmetricmatrix representatiors

1 00
Qo=101 0 | =1
001

Everyplanein spacentersectsr, in aline, andeachof thesdinesintersects), in thecircular
pointsof theplane.Thisisillustratedin figure4.2,chapted, wherethe propertyinducescalibration
constraintonacamera.

As with theline atinfinity andcircular pointsin the plane,Q), is invariantto similarity trans-

formationsof 3D andthe planeatinfinity is invariantto 3D affine transformations.
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The absoluteconic andthe planeat infinity are encodedn a single entity, the absolutedisk
quadricQs [105] (alsoknown asthe absolutedual quadric). This disk quadrichasthe planeat
infinity in its ervelope,andthe absoluteconic asthe conicformedby the tangentines definedby

the otherplanesin the envelope. The canonicaldisk quadricmatrix representatiors

o o o =
jen) )
= o

o o o O

2.3 Camerasand reconstruction

Knowing the internaland external cameragparameterg@ssociatedvith a sequencef two or more
imagesof a sceneijt is possibleto reconstrucgeometryby back-projectingnatchedpointsin the
imagesto threedimensionabointsin theworld co-ordinatesystem.In fact, with only theinternal
parameter®f eachcamerametric reconstructions possible[96]. In the absencef this or equi-
alentknowledge,however, reconstructiorof geometryis only possibleup to projectve ambiguity
The notion of reconstructiorwithout calibrationwasoriginally developedin the contet of ortho-
graphicprojectionby KoenderinkandvanDoorn[64. Their papershavs thatuncalibratedviews of
ascenecapturedvith affine camerapermitanaffine reconstructionThisideawasextendedo pro-
jective camerady Faugeras[2PandHartley et. al.[47], wherea minimum of sevenmatchedpoints
in two views determinea reconstructiorup to a projectve transformatiorof the true world points.
Calibrationor auto-calibratiorof thecamerass thetaskof computingthis projective transformation
to rectify thereconstruction.

This sectiondescribeshe pinholemodelbasedcameraijts usein projective reconstructiorirom

imagecorrespondencesithout calibrationandanapproacto subsequennetricreconstruction.
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2.3.1 The pinhole camera

The pinholecameramodelsthe procesof projectinga 3D world point X to animagepointx and

is representetdy a3 x 4 projectionmatrix P:

x = PX

= K(R[t)X

RotationR andtranslationt describehepositionandorientationof thecameraelatve to theworld
co-ordinatesystem. Matrix K encodeghe internal parametes of the camera;the focal length f,

skew k, aspectatior andprincipalpoint (ug, vg)":

[k wuo
K=1o0 rf v (2.4)
0 0 1

Theprincipalpointis theintersectiorof theoptic axisof thecamerawith theimageplane.Skaw
k is afactordependenbnthephysicalangled betweertheverticalandhorizontalaxesin thesensor
array givenby k = f cot(6), andis often consideredo be zero. The aspectratio r refersto the
relative verticalandhorizontalscalingin theimage.Althoughoftenassumedo be one,it maytake
on a differentvalueasa resultof the physicalconstructionof the cameraor digitisationhardware.
A camerawith zeroskew andunit aspectatiowill bereferredto asa squake pixel cameg.

The projectve cameramodeldescribesa pinhole camerawith the addition of internal param-
etersto accountfor real cameracharacteristiceind an imagebasedco-ordinatesystem. Physical
lenseshowever, introducedistortionin theimage. This distortionis mostoften modeledoby radial
distortion[107, andsometimedy an additionaltangentialdistortioncomponen{99]. Distortion
will beignoredin this thesis— it is insignificantin the examplesthatwill appearbut canbe cor

rectedwherenecessary[Z7
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2.3.2 Epipolar geometryand reconstructionfrom uncalibrated cameras

Epipolargeometrydescribesheessentiatelationshipbetweertwo camerasndtheirimages.Con-
sidertheimageof the optic centresof eachof two cameraseenby theother referringto figure 2.5.
The optic centreof the first camera, O, is imagedby the secondcamerain a point knowvn asthe
epipole,e’. Thefirst view in turnimagestheoptic centreof the seconccamerad’ asepipolee. The
line segmentjoining O andQ’, intersectingthe imageplanesin e ande’, is the baselinebetween
cameras.Now, world point X togethemwith O and O’ definea planem.. Theintersectionof =,

with theimageplanesdefinestwo lines, e andl,, in thetwo imagestheepipolarlines. Theimages
of X, x andx’, lie ontheepipolarlines. Theserelationsaresummarizedn the fundamentamatrix
F [29], amappingbetweera pointin oneview andits correspondingpipolarline in theotherview.

Specifically

IL=Fx and lo = F'x

whence

Ux=x"Fx=0

0 N

Figure2.5: Epipolargeometry
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Epipolargeometrymethodsof computingF andits implicationshave beenextensvely studied
in vision. F canbecomputechon-linearlyfrom sevenpoints, linearlyfrom eight,andaleast-squares
solutionfound from morethaneight[49. Figure?2.6 shavs the pair of imagesof a building with
threematchedpointsandtheir epipolariines. (Thefundamentamatrix for thisview pairis obtained

by aprocesglescribedn section5.3.)

Figure2.6: Two views of a building shawing threecorrespondingpointsandtheir epipolarlines.

A reconstructiorof the matchedoointsfollows from F. A pair of uncalibratedrojectionmatri-

ces,P, andP}, aredefinedwith P, locatedat theorigin of thereconstructiorco-ordinatesystem:
Py =(110) (2.5)
It hasbeenshawvn thatthe secondprojectioncanbewritten [69]
P, =(G|¢€) (2.6)
whereG is a 3x 3 homaographygivenby
G = [e/]«F — &7}

Vectorm, = (7, 1)" is areferenceplane the choiceof which providesdifferentprojective recon-
structions.An exampleprojectie reconstructiorappearsn figure2.7.

A projective reconstructioris arepresentationf thegeometryof thescenean IP3. Thegeomet-
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o b

Figure2.7: Two views of a projectie reconstructiorof the building of figure 2.6. Notethataffine
andmetricpropertief thestructurearedistorted- parallellinesin theworld donotappeaiparallel
andrelatve lengthsandanglesareincorrect.

ric entities,suchaspoints,linesandplanesareassignedo-ordinatedy the choiceof &, andare
relatedto world structureby a generalprojective transformatiorH suchthat, for world point X,

andprojective reconstructiorpoint X,

X, = HX, 2.7)

Thegoalof areconstructioralgorithmis usuallyto obtainat leasta metric reconstructionpne
relatedto the sceneby a similarity transformation. To accomplishthis requiresthat the internal
calibrationof the camerasandtheir relative posebe computed.The following sectionsdescribea

stratifiedapproacho metricreconstructiorby way of anaffine reconstruction.

2.3.3 Stratified metric rectification

The homographyrelatinga projectve reconstructiorto world geometrycan be decomposedhto
similarity, affine andprojectie transformation§32]. Formally, therectifyinghomography, which

hasl15 degreesof freedomcanbedecomposedhitially into metricandnon-metrictransformations:

H = MN (2.8)
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ThemetricpartM is asimilarity transformatiorof 3D of theform

wheres is anisotropicscaling,R arotationof 3D with threedegreesof freedomandt atranslation
with threedegreesof freedom.M thushassevendegreesof freedom.Thenon-metriccomponenbf
H encodesheremainingeightdegreesof freedomandcanin turnbedecomposeah pureprojectve

andaffine transformations$i, andH, respectrely:

N = HaHp (2.9)

To obtaina metric reconstructionpnly N needbe computed. The geometricnatureof the eight

degreesof freedomin N will now bedescribedn termsof specializationsf IP3.

2.3.4 Specializationin reconstruction

Givena particularprojective reconstructiorof a sceneanaffine reconstructiorcanbe obtainedby

specializingthe projective space Affine propertiesof the scenecanthenbe measuredf the choice
of planeatinfinity 7 is thetrue planeatinfinity in theworld. Similarly, metric sceneproperties
canbeobtainedafter selectionof thetrue absoluteconic.

Transformationof the structureand camerashy N to transformthe planeat infinity andthe
absoluteconicto their canonicarepresentationsesultsin ametricreconstructionThecomponents
of N'in (2.9),H, andH,, areresponsibleor the planeat infinity andabsoluteconicrespectrely.
The first stepis to defineH, asthe transformationthat maps=, to its affine canonicalvalue

(0, 0, 0, 1)". It is simpleto verify thatthisis accomplishedby

Hp = (2.10)

Following transformatiorby H,,, theabsoluteconic(2,, mustbetransformedo the3x 3 identity
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matrix I. Noting thatthe upperleft 3x3 matrix of a4x4 homographyof 3D is a planehomography

of thecanonicablaneatinfinity, H, is the affine transformatiorof 3D

u o
H, = (2.11)
o 1

From (2.1)for conictransformationl is definedby therequirementhat
U Ut =1
whence
Qo =UTU (2.12)

U is in fact the inverseof the internal parametematrix of the referencecamera,aswill now be

described.

2.3.5 Theimageof the absoluteconic

Theabsoluteconicis imagedn arny photograplasaconicdependentnly ontheinternalparameters
of the camera.This resultdemonstratethe similarity invarianceof Q. (its imageis independent
of the poseof the camera)andcanbe obsered by notingfirst thatfor ary cameraP = K(R| t) a

pointX = (X, 0)T on, isimagedas

x = K(R| t) = KRX

Pointsontheimageplaneandtheplaneatinfinity arethusrelatedby aplanehomographyKR. The

imageof theabsoluteconic,or IAC, is obtainedirom transformatiorof 2., by (2.1)to give

w = (KR)"Qu(KR)™! = KTTRTRT'K™! = KT'K™!
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which expandsto

r2f2 —krf —rf(rfug — kvo)
W= —krf f2+K? k(r fuo — kvo) — f2uo (2.13)
—rf(rfuo —kvo) k(rfuo —kvo) — fvo 12 f* + f2v§ + (rfuo — kvo)?

K canberecoreredfrom w by Cholesly decomposition[4D Notethatthereis anambiguityin the

Cholesly decompositionsince,for ary reflectionmatrix B of theform

+1 0 0
B=]10o +1 o |, BB=Iand
0 0 =1

w = K7TK~! = (BK~1)"BK™L. In practicethis sign scalingof ary row of K canbe choserto be
consistentvith theimageaxes.

ThelAC playsanimportantrole in calibrationandreconstruction.lt encodeghe internalpa-
rameterof thecameran aform thatallows linearconstraintdo be expressed- a propertythatwill
beexploredin somedepthin thisthesis—anddoessoin aform amenabléo geometriananipulation
andvisualization.Notethatis is sometimegonvenientto usethe dualform of w: thedualimageof
theabsoluteconicor DIAC, w™!.

ThelAC definesthe affine transformatiorH, asfollows. GiventhatP, = (I] 0), the homog-
raphybetweerthe planeat infinity andtheimageplaneis theidentity Hencew = Q. and,from

(2.12)

UU=Q, =K TK!

andthusthe choiceof

U=K!

achieesthe objective thatH, mapstheabsoluteconicto its canonicalvalue. Thepointtransforma-
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tion thatachievesmetric structurefrom affine is thus

K1 o0
H, =
0" 1

2.3.6 Rectified cameramatrices and the infinite homography

Projectve structureis upgradedo affine by the point transformatiort,. Thatis, point X, in the

affine reconstructiorandpoint X, in the projective reconstructiorarerelatedby
X, = H,X,
Sinceanimagepoint
x = P X, = P,X,

is thesamefor bothaffine andprojective camera/reconstructiqmirs,theaccompaying projection
matricesfor theaffine reconstructiorare

P, = PH,

1 ! _ ply-1
o and P2 =PyH,

Writing oo = (w1, 1)7

Q)

P.=(]0) =Py
— e 1
and
! ! I 0 I ~T ! !
P,=(G|¢€) = (G—emy|e) = (Hx | €) (2.14)
—Too 1

Theleft 3x 3 sub-matrixof P}, Hu, is known astheinfinite homographyH, is thetransforma-
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tion mappingthe projectionsof ideal pointsbetweerviews: for ary ideal 3D pointX = (XT, 0)"

x=P,X =X andx’ = P,X = H.X = Hx

Theprojectionmatricesfor the metricreconstructioriollow from the affine as

Pm=P,H;! =K(I|0) and P/, = P,H,! = (HiK]| €') = K'(R | tc)

with K’ the internal parametematrix of the secondcamera,R. andt. the relative rotation and
translationof thetwo camerasindH,, = K'R.K™1.

The generaltask of uncalibratedmetric reconstructioninvolves finding the eight degreesof
freedomof N; threedegreesof freedomfor w,, andfive for K. Undervariousconditionson the
numberand variationin camerasmotion betweenviews and scenegeometry constraintscan be
obtainedon theseparametersThefollowing sectiondescribes numberof calibrationapproaches,

rangingfrom the useof known world geometryto multiple views with arbitrarycameras.

2.4 Calibration and auto-calibration literatur e

Early cameracalibrationtechniquesvere designedo identify the calibrationparameterso allow
measurementf world featuresor relatve threedimensionarelationships.The technique®f pho-
togrammetryreflectthe immenselydetailedcalibrationnecessaryo make measurements such
contets astopographianappingfrom aerialphotograph$96]. The photogrammetri@approacthis
apparenin early vision calibrationmethods,wherean objectwith known characteristicss used
to infer the internal and external parametergrom images. The adwent of structurefrom motion
andprojective reconstructiorwithout knowledgeof camergparameterbiasmadethis unnecessary;
scena@econstructions attemptedvhereno calibrationobjectsarepresent Auto-calibrationthen,is
concernedvith estimatinghe camergparameteri orderto improve thereconstructioro thelevel
necessaryor atask,beit affine or metric. To this end,constraintoon the parameterareto befound
in theidentificationof invariantentities,the characteristicef typesmotionandtherelationshipde-

tweenthe projectionsof correspondingmagepoints. A numberof approachearediscussednere,
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with descriptionglividedinto four categories:
1. Classicakalibration:usingthe geometryof knowvn objectsin theworld.

2. Auto-calibrationassumingdixedinternalparametersassuminghatthe sameor anidentical

cameras usedfor eachview of ascene.

3. Auto-calibrationwith varyinginternalparametersrelaxing(partially) theassumptiomf iden-

tical cameras.

4. Specialor constrainedcameramotion: solving the specialcasesvherethe motion between

camerass known to beof a particularform.

2.4.1 Classicalcalibration

Classicalcalibrationusingknowvn objectsoriginatedwith photogrammetryaimedat extremelyac-
curatecameracalibrationand making use of speciallydesignedcalibrationdevices. The Direct
Linear Transformatior(DLT) of Abdel-Aziz[1] andthe methodsof Ganapathy[3[faresomeof the
first attemptdo applythecalibrationfrom objectsto commontypesof camerasn acomputationally
directmanner The calibrationgrids of Tsai[107 represent mave towardsautomatedtalibration
from images.Tsaiusesa planarcalibrationpattern(which hascometo be known asthe Tsaigrid)
consistingof a grid of black and white squares.An imageof grid pointswith known world co-
ordinatesallows calibrationfrom a singleview by computingthe projectionmatrix from theimages
of pointsandtheir known world co-ordinates.

The useof cuboid calibrationobjectsexploiting the vanishingpoints of orthogonaldirections
appearsn the photogrammetryiteratureof the 1960s,developedby Gracie[4], andintroducedo
visionby CaprileandTorre[1]. More onthis subjectappearsn chapterst and5, wherethemethod

is examinedin somedetail.

2.4.2 Auto-calibration with constantinternal parameters

Auto-calibrationwasfirst exploredby Faugera®tal.[33] usingthe KruppaequationsThe Kruppa

equationsembodythe constraintthat the epipolarplanestangentto the absoluteconic projectto
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correspondingpipolarinestangento thelAC in eachview. Twoindependenfuadraticconstraints
ontheDIAC canthenbewritten for eachview pair, sothreeviews arerequiredto obtainsufficient

constraintgo solve for the internal parameters.Solution of the resultingsix quadraticequations
hasbeenapproachedising continuation[33 and numericalminimization[113, andis in general
difficult. However, in the simplified casewherethe camerahassquarepixelsandaknown principal

point, a quadraticexpressiorfor focal lengthin termsof the fundamentamatrix canbe obtained
directly from the Kruppaequations[467].

Hartley [44] proposes methodof auto-calibratiorbasedon the structureof the projectionma-
trix. The methodusesconstraintsderived from the obseration that the QR decompositiorof a
metric rectified cameramustyield an uppertriangularK and orthonormalR. An iteratve mini-
mizationonthe parametersf N in (2.9)is performedwith theinitialization for the planeatinfinity
obtainedby consideringhecheiralityof imagestheconditionthatthey aretheprojectionsof points
in front of the camera.Linear programmings usedto obtainthe estimatefrom the setof cheiral
inequalities.

deenandAstrbm[S]J derive a constrainton the DIAC from a formulationthatis recognised

by Triggs[103 asthe projectionof the absolutedisk quadric:
PoQocP) =w™!

Sincew is the samein all views, five non-linearequationson the eight calibrationparametersre
obtainedfrom eachadditionalcameraafterthefirst one.
The modulusconstaint, developedby Pollefeys et al.[81, 8(] is an explicit constrainton the

planeatinfinity. With two identicalcameragheinfinity homography
Hoo = KRK™!

is conjugateo arotationandthushaseigewvaluesof equalmodulus whencea quarticconstraintin
the parametersf the planeatinfinity is derived. Completesolutionis possiblefrom threeviews,

giving the planeat infinity andaffine reconstructionalthoughthis requiressolving a setof trivari-
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atequartics. A subsequenalternatve derivation by Schafalitzky[89] alsoclassifieghe solutions,
reducingthe numberof valid solutionsfrom 64 to 21.
If theinfinity homographybetweertwo views is knovn, LuongandViéville[71] shav thatthe

IAC is constrainedy thefactthatit is the samen bothviews. Writing

wi = HowjHoo

for thelAC’sin views s andj providesfour independenfinearconstrainton the elementof w; =
w;. This constraintis revisitedin chapter5, wherea geometriadescriptionof thefour constraintss
given.

Triggs[10§ describesan auto-calibratioralgorithmfrom a planegiven the homographiebe-
tweenthe imageof the planein thefirst view andits imagein all otherviews. Eachhomography
mapstheimagedcircularpointsof the planeto thefirst view. Theimagedcircularpointslie onthe
IAC (this will be expandedon in chapter4), leadingto two non-linearconstraintson w from each

imagedplane.

2.4.3 Auto-calibration with varying internal parameters

The constantinternal parametetfimitation of mary auto-calibrationtechniquesds impracticalfor
someimagesequencesThe assumptiorthata singlecameraor camerasvith identicalparameters
areusedfor the entiresequencés ofteninvalid, althoughsomeof the parametersnayremaincon-
stant. It is oftenreasonabléo assumefor example, thata camerahasa fixed aspectatio andzero
skew throughouta sequencebut thatthe focal lengthand principal point change. This is the ap-
proachtaken by HeydenandAstrom[52), allowing for thevarying,unknavn focal lengthandprin-
cipal pointof squarepixel camerasAn iterative minimizationwith thesquarepixel parametrization
of the cameras usedto computemetricrectifiedcameras.

The projectionof the absolutedisk quadricto the DIAC is usedby by Pollefeys et al.[79] in
anauto-calibratioralgorithmfor squarepixel but otherwisevaryinginternalparametersAssuming
initially thatthe principal pointis known, linear constrainton Q., areusedto computean initial

estimatefrom threeor moreviews. A minimization allowing focal length and principal point to
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vary follows.

Hartley[43] proposes methodof finding the focal lengthsof two cameragor which the other
internalparameterareknown Themethodusesa singularvaluedecompositiorof thefundamental
matrix written in termsof theinternalcamergparameters.

Nistér[75 modifiesthe cheirality constraintso computea reconstructiorthatis quasi-afine
with respecto the cameracentregatherthanthereconstructegoints. The quasi-afine reconstruc-
tion is importantfor the subsequenauto-calibratiorminimization,asa qualitatve comparisorof

methodsshaws.

2.4.4 Specialmotion auto-calibration

Certaincameramnotions,or restrictionson motion,reducehe numberof ambiguitiesn acalibration
problemor allow simplified solution. The casegnentionechereincludepuretranslationor rotation
of camerasandthe planartranslationof a camerawith rotationaboutan axis perpendiculato the
motionplane.

Whenacamerds rotatingaboutits optic centreandnottranslatingall pointsin apairof images
arerelatedby a homography Furthermorethis homographyis the infinite homographybetween
thecamerasHartley[45] useshis factto write constrainton thefixed camergparametersrom the
invarianceof thelAC undertransformatiorby H,,. Sinceeachview pair providesfour independent
constraints,a minimum of three allows computationof the internal parameters.De Agapito et
al.[24] extendthisto varyinginternalparameterfy expressinghe DIAC in view 7 in termsof He
andthe DIAC in areferenceview:

w; ! = Hoowy THY, (2.15)

2

Iterative minimizationis thenusedto computethe camerasgn all views. A furtherextension[23 re-
turnsto thelAC form of (2.15)andobtainglinearconstraintoonthelACsfrom partialknowledgeof
internalparametersZeroskew inducesaconstrainfrom thezeroentryin w, andsimilar constraints
follow from aknown aspectatio or principal point. This approachasbeengeneralizedo include

translationalcameramotionsby Hartley et al.[50]. Cheirality constraintsare usedto provide an



2.4 Calibration and auto-calibration literatur e 35

initial estimateof the infinite homographyand constraintdrom the transferof the IAC provide a
measuref errorfor subsequernminimization.

For a pair of cameraswith a pure translationbetweenthem, the infinite homographyis the
identity matrix. Accordingly Moonsetal.[72] shav thatfor a sequencén which the first motion
is a puretranslation affine structurecanbe founddirectly. Armstrongetal.[2] usetherequirement
of puretranslatiorfollowed by rotationto obtainmetric structure PajdlaandHlavat[76] useshree
translationof a camerao obtainmetricstructure.

Auto-calibrationschemesxist for the caseof planarmotion and rotation orthogonalto the
translationplane(typically in the context of robot navigation). Undersuchmotions,a fixed line
(the vanishingline of the translationplane)with fixed imagedcircular pointsanda line of fixed
points (the imageof the scrav axis) exist for view pairs. Sincethesefixed entitiesareimagesof
idealentities,theirimageco-ordinatexonstrainthe planeat infinity. Armstrongetal.[3] usethree
views to computethe fixed entitiesandhencethe planeat infinity andaffine structure.Beardslg
andZissermarj5] demonstrataffine reconstructiorwith a stereorig undegoing planarmotion. In
this casethe mappingbetweerthe two view projective reconstructionbeforeandafterthe motion
induceconstrainton the fixedentities. A generaktereccalibrationschemeusingthefixedentities

canbefoundin Zissermaretal.[116] andDevernayandFaugeras[2B

2.4.5 Where this thesisfits in

Themethodgresentedn subsequenthapterscombineelementof calibrationobjects knowledge
of someinternalparameterandauto-calibratiorconstraints.

Much of the materialturnsfamiliar world objectsinto calibrationobjects.In chapter3 it will be
seenhow sceneplanegeometrycanbe exploitedto achieze metric reconstructiorof the plane,as
well asprovide constraint®ntheinternalparametersf thecameraChapter extendsthe notionof
thevanishingpointsof orthogonaHirectionsproviding constraint®nthe cameracombiningit with
the squarepixel cameramodel. Constraintsare obtainedfrom imagesof structuredervironments,
suchashbuildings, wherethe right anglesandparallellinesthatdominatehumanconstructiongpro-

vide calibrationinformation.
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In two views (chapterb) the presencef matchedvanishingpointsdefinesthe planeat infinity.
Auto-calibrationmethodsof computingthe internalparametergiventhe infinite homographycan
thusbeusedin additionto thesingleview constraintsmposedoy thevanishingpoints. Specifically
the infinite homographywill be shavn to transferthe constraintsobtainedfrom knowing thatthe
cameradave squarepixelsbetweerviews.

Eventhe humanbodywill be usedto calibrateaffine cameras- thefixedlengthsof partsof the

bodyasit movesprovide the constraintsn chapter6.



Chapter 3

Perspective Corr ection of Imagesof

Planes

3.1 Intr oduction: From perspectve distortion to fronto-parallel im-

agesof planes

The imageof a world planecapturedoy a cameraexperiencegerspectie distortion. Figure 3.1
shavs suchan imageof a plane,a photographof an externalwall of a building. Obsenre that
rectangularfeatures,suchasthe windows, do not appearas rectanglesn the image: the plane
geometryhasundegonea transformatiorthat distorts Euclideanpropertiessuchaslength, angle
andparallelism.Figure 3.2 shawvs the perspectie correctedwall, wherethe planegeometryis that
which would be seenhadthe original photographeentaken with the cameraronto-parallefto the
wall. Suchperspectie correctionor rectificationis the subjectof this chapter

Perspectie correctionhasa numberof applicationsjncludingimagemosaicing100] andpla-
narobjectrecognition87]. Moretopically, rectificationis essentiafor 3D measuremergndrecon-
structionof objectsincludingplanesa subjectwhich will bedealtwith in thefollowing chapters.

Thenatureof planeperspectie distortionis well understood- the mapbetweertheworld plane
and the perspectie imageis a plane projectve transformation,a 2D homography[3691, 101].

Correctingperspectie distortionis a matterof determiningthe eight degreesof freedomof the
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Figure3.1: A photograptof anexternalwall of KebleCollege, Oxford. The perspectie distortion
of thewall planeis clearfrom the shapeof rectangulastructuressuchasthe windows.

Figure3.2: The perspectie distortioncorrectedin the view of the wall of KebleCollege. Sucha
view would be obtainedfrom afronto-parallelphotograph.
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homographyThe parametersf thehomographydependon therelative positionandorientationof
the world planewith respecto the cameraandthe camerainternal parameters Often, however,
very little or noneof this informationis available.

Collins and Beveridge[15] developeda techniqueof partial planerectification. They shaved
thatoncethe vanishingline of a planeis identified, the transformatiorfrom world to imageplane
can be reducedto an affine transformation. This resultwas usedin registering satelliteimages,
reducingthe dimensionof the searchspacefrom eight, for a full projective homographyto six,
the degreesof freedomof an affine transformation They shaved furtherthatthe orientationof the
planerelative to the cameracanbe computedorovidedtheinternal calibration is known

Thework presentedh this chaptegoesfurther, reducingtheworld to imageplanehomography
to asimilarity transformationMetric measurementsiay thenbe madeon the plane.Therectifying
homaraphyfor the planeis computedrom scenegeometricinformation, specificallyparallelism
of lines, the anglesbetweenines andratiosof lengthsalonglinesin differentdirections. Later it
will be shavn that a rectified planeprovides constraintson unknavn internalcameraparameters.
Cornversely aknown internalcalibrationprovidesconstraint®n theplanerectificationhomography

The chaptemproceedsy examiningthe rectificationhomographymorecloselyanddecompos-
ing it into metricandnon-metricparts. The metric partis thenfurther decomposedhto two parts
associateavith geometricfeaturesthe vanishingline of the planeandthe imagedcircular points.
Variousmethodsof computingtherectificationaredescribed.

Theintersectiornof parallelworld linesin a vanishingpointis acommoncomputationn these
techniquesaswell asin thework of laterchaptersConsequentlya methods presentedo compute
aMaximum Lik elihoodEstimate(MLE) of theintersectiorof a numberof (noisy) measuredines.

Finally, afirst ordererroranalysisof line intersections performedandtested.
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3.2 Rectification geometry

3.2.1 Therectification homography

Therectificationhomographyhatmapsapointontheimageplane x, to apointontheworld plane,

x', is representetdy a3 x 3 homogeneoumatrix H suchthat
x' = Hx (3.1)

H haseightdegreesof freedom.
Justasfor the 3D homographyrectifying a projective reconstructionH may be decomposed

as[37]
H=MN (3.2)

ThetransformationM is the metric partof the homographyandis a similarity transformation,

which canbeareflectionor of theform

M = (3.3)

whereR is arotationmatrix, t atranslationvector ands anisotropicscaling.Therearefour degrees
of freedomin M.

The remainingfour degreesof freedomin the rectifying homographyare encodecdby N, the
non-metriccomponentf H. N hasaffine andprojective componentsvhichwill bedescribedn the
next section.

The establishednethodof computingH is from the correspondencef four (or more) points
with knownpositiorf20]. Givenfour points(3.1) maybewritten out explicitly for knovn x andx’.
Thefour pointsgive eightequationsn theeightdegreesof freedomof H andtheelementf H may
thenbecomputed.OnceH is determinedheimagecanbewarpedontotheworld planeandin this

way arectifiedimageis obtained.
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(@) (b)

Figure 3.3: Two metric rectificationsof Keblewall planein (a) appeaiin (b). The metric rectifi-
cationsdiffer only by a similarity transformationa rotation, translationand scalingof the plane
co-ordinatesystem Metric propertiesonthe planearethesame.

However, it is not necessaryo determinethe entire homographyin orderto obtaina metric
rectification. The metric propertiesof the plane,suchasangleandrelative length,areinvariantto
M sinceit is a similarity transformationThe completemetricrectificationis thusknowvn whenN is
computed.

Considerfor example figure3.3(a). Thedimension®f therectangledefinedoy thefour corners
of the window shavn areknown. The four cornersof the rectanglethus have known world co-
ordinatesas soonasa co-ordinateframe on the world plane,thatis, the building wall, is chosen.
Thetwo imagesin figure 3.3(b) shaw rectificationsfor two differentchoicesof world co-ordinate
frame. Thetwo rectificationsdiffer only by a similarity transformation.

It will be shavn in the following sectionsthat the metric rectificationcanbe computedwith-
out the knawn co-ordinatesof four points. This is doneby parametrizingN by planegeometric

invariantsthatcanbe computedrom geometrideaturessuchasparallelismandangle.
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3.2.2 The non-metric part of H

Thenon-metricpartof H canbe decomposethto two matrices:

N = H,H, (3.4)

Four of the eight degreesof freedomof H have beendiscardedvith M, andit will now be shavn
how theremainingfour degreesof freedomof N areparametrizedby H, andH, andassociateavith

planegeometry Thisin turnleadsto methodsor computingN from scenegeometry

Specializationsof the image plane

The world planeis a Euclideanplane— all the Euclideanpropertiessuchaslengthandangleare
definedon this plane.Theline atinfinity hasthe canonicako-ordinateg0, 0, 1)" andthecircular
pointsare(1, +4, 0)".

In the absenceof further knowledge,the imageplaneis a projective plane. Nothing may be
saidaboutEuclidearor affine propertiesof theimageplanegeometry However, assoonasaline at
infinity 1, ontheimageplaceis choseraffine propertiesaredefined.Thechoiceof apairof circular
pointsI andJ for theimageplanein turn definesmetric properties.Furthermoreijt is possibleto
measurdothaffine andmetricproperties For example theaffine propertyof parallelismis defined
sinceparallellinesintersecbonl,,. Themetricpropertyof anglebetweerinescanbe computedy
Laguerres formulafrom the crossratio of the circular pointsandtheintersection®f thelineswith
loo.

Now, from (3.1) the world andimageplanesare projectively equivalent. The key ideahereis
thatif the particularline atinfinity andcircularpointschoseron theimageplaneareimagesof the
correspondinganonicaklementon theworld plane,the affine andmetric propertiesof theworld
planecanbemeasurean theimageplane.

So,assumeat is possibleto identify the projectionsof the canonicalWworld planeline atinfinity
andcircular points. Selectingtheseasl,,, I andJ, the affine andmetric propertiesof the image

planeareidenticalto thoseof the world plane. The metricrectificationhomographyN cannow be
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Figure3.4: A projectiely distortedrectangleon the left is mappedo a parallelogranby H,, the
transformatiorthatmapsl,, 'to infinity’, to the Euclidearline atinfinity (0, 0, 1)7). Theparallel-
ogramis in turn mappedo a rectangleby H,, the transformatiorthat mapsthe circular pointsto
their canonicalalues.

seento be a homographythat mapsthesechoicesof 1,,, I andJ to their canonicalvaluesso that
measuementson image plane co-odinatescan be transformedo agree with familiar Euclidean
algebra. Thatis, N mapsI andJ to (1, +:, 0)". Thedecompositiorof N in (3.4)is a stratification
of thetransformatiorsuchthatH, mapsl, to (0, 0, 1)" andH, mapsH,I andH,J to (1, £, 0)".

Figure3.4 shavs the effect of transformations$i, andH, onaprojectively distortedrectangle.

Parametrization of H, and H,
Hp is requiredto mapl,, to theline (0, 0, 1)". Writing H, = (p1 p2 p3)" andtransformingthe

line by

0

1

SoH, actsasrequiredif p3 = loo = (loo1, lxo2, loo3)". Therows p; andp, canbechosersothat

Hp hastheform

Ho=]10 1 o0 (3.5)

lool looQ loo3
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Hp hastwo degreesof freedomsincel,, is ahomogeneousector
Thecircularpointslie ontheline atinfinity. Following transformatiorby H,, thecircularpoints
of the affine imageplaneH,I andH,J lie on the canonicalline at infinity andthus have third

co-ordinatezero. Thecircularpointscanthenbewritten as

I, = HJI=(a—iB, 1, 0)'and

Ja = HJ=(a+if, 1,0) =1, (3.6)

I, andJ, may alsobe treatedashomogeneoupointson the projective line by simply neglecting
thethird co-ordinate:pr = (a — i, 1)". Thecircularpointsmaythenalsobe be normalisedand

written asa scalarpair

I=«a—-ifandJ =a+ip

Theparameters: andg aresimply therealandimaginarypartsof 7 andJ.
H, is requiredto mapl, to (1, i, 0)". Sparingthereaderthe details,by writing out

H.I, = (1, 4, 0)" andseparatingealandimaginarypartsH, canbe shavn to have theform

1
5 5 0

Ha=| 0 1 0 (3.7)
0 0 1

The parameters and g of H, accountfor the final two degreesof freedomof N. Note thatthere
remainssomeambiguityonthe metricimageplanesincethecircularpointscannotbedistinguished.
SwappingI, andJ, or equivalentlyinterchanginghefirst two rows of H, resultsin areflectionof
themetricimageplane.

The sequentiabpplicationof H, andH, to the imageplaneis a stratified rectificationof the
plane. It is analogougo the stratifiedrectificationof a 3D projective reconstructiordescribedn
chapterl. An unstratifiedapproactio planerectification,in which the circularpointsareidentified

without explicitly computingl,, will appeaiin section3.5
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3.3 Computing stratified metric rectifications

3.3.1 From projectiveto affine

Thefirst stageis to determineH,, which requiresidentifying the vanishingline 1,,. OnceH, is
computedthe imagegeometrycanbe transformedo affine rectify the image. Imagetexture may

alsobewarpedto produceaview of the plane,asin figure 3.5.

() (b)

Figure3.5: Thefloor of the chapelof MertonCollege, Oxford. (a) A photograptof thefloor. There
areanumberof squardiles andcircle patterns(b) Theaffine rectifiedfloor planeaftertransforma-
tion by H,. Notethatthe parallelismof thetile boundarylinesis restoredbut the anglesbetween
linesandrelative lengthsdo not appearcorrect. Note thatfor aestheticeasons rotationhasbeen
appliedto theinitial imagebeforetransformationThis hasno effect ontheaffine properties.

Thepropertythatparallellinesintersecton 1., providesa corvenientmethodof computingH,,.
A setof parallellinesintersectn avanishingpointin theimage,with 1, thentheline of vanishing

points. Giventwo vanishingpointsv; andv,

loo:V1XV2

If morethantwo parallellinesin a particulardirection are present,the vanishingpoint is over
constrained.A Maximum Likelihood Estimate(MLE) of sucha vanishingpoint is describedn
section3.6. An exampleof setsof parallellinesin two directions shaving the vanishingpointsand
vanishingline for the exampleof figure 3.5 above, appearsn figure 3.6.

A secondnethodof determininga vanishingpoint canbe foundfrom a known ratio of lengths

from areferencan onedirection[44]. Considetthe configurationshavn in figure 3.7, wherealine
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Figure3.6: Two setsof parallellinesintersectin vanishingpointsv; andvs. Thevanishingpoints
definel,, = (0 0121, 0 , 004 )T

1 undegoesa projective transformatiorto I'. The pointfrom which distancesremeasureds taken
astheorigin and,with thetwo known distancesindthe point at infinity, thesedefinea crossratio
of four points,which is a projectve invariant. As such,it hasthe samevalueaftertransformation
andthe vanishingpoint mustbein the samerelationshipafter the projectvity asbefore. It will be
shawvn herethatthevanishingpointcanbe calculatedrom theknown ratio of lengthsalongtheline

by consideringhehomographyof theline directly aswell asby writing out the crossratio.

Figure3.7: Notationfor computingthe vanishingpoint from a known ratio of lengthslong aline.

Treatingthe projective transformatiorof pointsontheline asahomographynIP?! takingpoint
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ptop':

Takingpoints(0, 1)" attheorigin, p; = (d1, 1)" andps = (d2, 1)", andregardingthe origin
asfixedimpliesthat 3 = 0.

The pointatinfinity, p.. = (1, 0)" mapstop/, = ( 1, 2)', sothedistanceof the vanishing
pointfrom theoriginisv = 1/ 9. It is necessarythen,to determinetheratio 1/ 5 to find the
vanishingpoint.

Pointsp) andpi, in inhomogeneouform aregivenby

dq
dy = ———
1 od1 +1

do
d = 172
2 ods +1

beingtwo equationsn ; and . Solvingsimultaneouslyives

dydy(% —
yo 2o Bkly — 1) (3.9)
2 EdQ — dl

Only theratio of original lengthsd, /ds is required. This resultcanalsobe obtaineddirectly from

thecrossratio by considering
€{d1,d2; 0,00} = &{dy, dy; 0,v}

Writing outthe crossratiosgives

dl_d_ll dl2—’U
dy dy dj—wv




3.3Computing stratified metric rectifications 48

and
L ()
adl, —d)

An exampleof computingvanishingpointsfrom a lengthratio appearsn figure 3.8. Theequal
lengthratiosprovided by the sidesof the squardiles provide the two vanishingpoints. The results

aremuchthe sameasfigure 3.6.

Figure3.8: Computingthevanishingline from lengthratios. Thesquardiles provide relatve length
information: vanishingpointv; is computedrom theratio of lengthsof thepointsshavn ascircles,
andvy computedrom the ratio of lengthsof the pointsdepictedby crossesThe vanishingpoints
definel,, = (0 0212, 0 , 4 3130 )". Comparethisto figure 3.6.

Other constraintsmay be usedto determinethe vanishingline. For example,a single setof

equallyspacedarallellineson the planeis sufficient to determind ,[90].

3.3.2 From affine to metric

Having recoveredthe planegeometryup to anaffine transformatiorby applyingthe matrix Hy, the
final stageis the recovery of metricgeometry This requiresan affine transformatiorof the plane,
Ha,, thatwill restoreanglesandlengthratiosfor non-parallelines. The goalis thusto determinex
andg, therealandimaginarypartsof I andJ. Thisfully definesH,. OnceH, is known, the affine
rectifiedplanecanbe metricrectified,asin figure 3.9.

Three constraintson the circular points of the affine rectified planeare derved belov. The
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() (b)

Figure3.9: Metric rectificationfrom affine of thefloor of the chapelof Merton College. (a) Affine
rectificationof the plane. (b) Metric rectified plane. Obsenre the squarefloor tiles andcircle pat-
terns.

constraintarequadratidn « and andmayberepresentedscirclesin thecomple («, S) plane,

allowing solutionby simpleintersectiorof circles. The constraintsarefoundfrom
1. known angleshetweerlines,
2. equalityof unknawvn anglesand

3. known ratiosof lengths.

Known angles

Considertwo linesl, andl, transformedo linesl;, andl; by someaffine transformatiorH,. Angle
0 betweenl, andl, is known, but the directionsof thesetwo lines arenot. Theintersection®of a
linel = (I1, l9, I3)" with 1, is thepoint (—is, 11, 0)T, which canbe consideredasa point along
the onedimensionaline, representechon-homogeneouslgs —I5/11. Theintersectionf I/, and
I, with 1, arepointsdenoteds andb. Takingthe crossratio of a andb with I andJ, Laguerres

formulagives

¢{a,b;1,J} = cos 20 + isin 20
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Writing outthe crossratio andsubstitutinge — 78 anda + i3 for I andJ,

a—(a—1iB) b—(a+1ipP)

~ cos? ' in 2
b= (a—if) a—(atip) cos 20 + ¢ sin 26

Multiplying throughandequatingreal partsgives
o — (a+b)a+ % —cotb(a—b)B +ab=0 (3.9)

which, by completingthe squaretermsin « and 3, represents circle in the complex planewith

centre
(carcp) = (230, Va0,
andradius
~ (a-0b)
~ 2sinf

Equatingimaginarypartsyieldstheidenticalrelationship.

The comple planecircle representsa family of solutionsfor the circular points. In the case
of aright angle,the circle is centredon the real axis and passeshroughboth comple conjugate
pointsT andJ. Circlesobtainedfrom otheranglesmove off thereal axis, passinghroughone of
the circular points,in which casethe complementaryanglebetweenthe samepair of linesresults
in a circle throughthe complex conjugatepoint. Theright anglecaseis by far the mostimportant
sinceorthogonalityis ubiquitousin humanconstructionsThe presencef orthogonalityalonealso
simplifies the parametrizatiorof H, — an algorithmfor the caseof buildings is presentedn the

following section.
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Equal unknown angles

An additionalconstraintcan be found from the knowledgeof two anglesof the samemagnitude.

Taking(3.9)for two pairs of lineswith pointsonl,, atas, b1, as andb,, andsolvingyields

8 coth — —al—b1+a2+62a+ —a; — by + a2+ b
ai — by —aox + bo a1by — agby

Substitutioninto oneof theinitial equationglefinesa circle centredon therealaxisat

a162 — b1a2
a1 — by —a2+b2,

(cascp) = ( 0)

with squaredadius

2 (@b —baz n (a1 —b1)(a1by —azbs) aibr
al—bl—a2+b2 al—bl—ag-l-bg

Known length ratio

Consideitwo lineswith lengthsl; andl, which have endpointsasshavn in figure3.10,andlengths

d; andd, which have known ratio s = d; /ds. Themetriclengthsarerelatedby

(11 —712)% + (11— 12)> = 8%((321 —222)° + (21 — 22)%)

Transforminghe endpointdby H,, this canbe expresseds

(Xu ’ yn)

(Xzz ’ Xz)

(X12 ’ Mz)

(X1 %)

Figure3.10: Affine constrainfrom known lengthratio.
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whichis acircle with centre

andradius

Note alsothat this constraintcan be linearizedby over parametrizinghe affine rectificationt

Thesquarednetriclengthof aline segment x’ = H, x isitsinnerproduct
d>=(MH, x)"H, x= x"(HJH,) x
Giventwo line sgments x; and xo, with ametriclengthratio s, the constraint

x1(HIH,) x| = §° x3(HIH,) xo

This waspointedout by Dr Stefan Carlssorin the 3D affine reconstructiorcontext, andforms the basisof the 3D
affine rectificationconstrainin chapteit.
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providesa singlelinearconstrainion the elementsof

1 -« 0
H;Ha =| —a o + ,32 0
0 0 ,32

In the examplesthatfollow, the quadraticform is used,sincethis allows directcombinationof the

differenttypesof constrainton o« andg.

Example constraints

The threetypesof constraintsdescribedabore are demonstratedh figure 3.11. Two pairsof or-

thogonallines provide two known angleconstraintsthe equality of the anglesbetweenthe lines
providesathird constraintandafourth is computedrom theratio of lengthof the sidesof asquare
tile. The metricrectifiedimageplaneshown in figure 3.9 is obtainedfrom theseconstraints.The
inevitable presencef imagenoisemeanghatthecirclesdo notall intersectin asinglepoint, sothe
affine parameterareestimatedy computingthe pointon theupperhalf of the («, ) planeclosest

to all thecircles. A few commentsarein orderatthis stage:

1. All threeconstraintsare functionsof line directionratherthanline position. Parallel lines

thusprovide identicalconstraintsn theabsenc®f noise.

2. Consistentonstraintscan be obtainedfrom differentmethods.For example,the constraint
that the sidesof a squarehave the samelengthandthe constraintthat the diagonalsof the

squareareorthogonalareidentical.

3. As afundamentaproperty the circular pointscanalsobe computeddirectly from the inter-

sectionof theline atinfinity andacircle ontheplane.

3.4 The caseof buildings

Rectificationfrom sceneggeometryis particularlyusefulin thereconstructiorof buildings. Suchre-

constructiong€ommonlyrequirerectificationof building facadesvhererectangulastructuresxist,
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Figure3.11: Constraintson the affine rectificationparameters(a) Two pairsof line segmentsfrom
which constraintsareobtainedn two ways: (b) two constraintsiefinedby theright anglesbetween
the pairs and (c) a single constraintfrom the equality of the anglesbetweenthe two line pairs.
(d) The lengthratio of the sidesof the squareprovides a single constraint,shavn in (e). All the
constraintarecombinedin (f). Thecomputedaffine parametersrea = 0 3 andg =1 23
Theseparameterareresponsibldor the metricrectificationof figure 3.9.

suchasthe facadeoutline or windows (asin figure 3.1). The typical structurepresentsrthogonal
setsof parallellinesin the vertical and horizontaldirections. The vertical and horizontalparallel
linesdefinel,, andtheaffine rectificationof the plane(seefigure 3.12).

The orthogonalityof the vertical and horizontaldirectionsprovides a single constrainton the
affine circular pointsandthus on the affine rectification. A one parametefamily of affine trans-
formationsremains— the ambiguity correspondingdo the relatve scaleof vertical and horizontal
directions. Figure 3.13 shavs two of the possiblerectificationsof a building facade. Thefirst is
computedwith anarbitraryselectiorof relative scaleof awindow onthefacade Thesecondshavs
therectificationfrom thebeginningof thechapterwheretheaspectatio of awindow is known from

measuremergndtheambiguityis thusremoved. A parametrizatiowf therectificationhomography
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thatmakesthis ambiguityexplicit will nov be described.

() (b)

Figure3.12: A typical building facade$astwo pairsof parallellinesin orthogonaldirections.The
parallellinesdetermind,, andthusthe affine rectificationof the plane.

(a) (b)

Figure3.13: Theaspectatio ambiguityin relative scaleof verticalandhorizontaldirections.(a) An
incorrectlyscaledimage. (b) The correctlyscaledimage,from the known lengthratio of the sides
of awindow.

The previous sectionshave describedhe stratifiedrectificationof a planein two stagesfirst a
projective andthenan affine transformation.In the caseof a pair of orthogonaldirectionsandthe
aspectatio in thesedirectionsit is possibleto further stratify the rectificationby decomposind,

as

Ha = A2A1Ra

Thethreestageof the decompositiorhave the purposeof

1. R;: Rotateadirectionto the horizontalaxis.

2. A:: Transforma seconddirectionto the vertical axiswithout changingthe orientationof the

horizontalaxis.

3. Ag: Settheaspectatio of verticalandhorizontaldirectionswithout changinghedirectionof

either
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To parametrizeA,, A; andR,, considertwo orthogonalvanishingpoints ; and 2. Hg is
computedaccordingto (3.5). Theeffect of H, on the vanishingpointsis to transformthemto the
formv; = (x, X, 0)7, wherethey definedirections v; cancanbe written asa unit norm
directionvectorv; = (cos( ), sin( ), 0)", where istheanglev; makeswith the horizontal

axis.Now R, is arotationmatrix thatrotatesv; tothehorizontalaxis:Rv,; = (1, 0, 0):

cos( ) sin( ) O
Ra=1]—sin( ) cos( ) 0
0 0 1

If theanglebetweenv, andvy isf, vo now makesanangleof © — 6 with the vertical axis

andthetransformation

0 0 1
meetscriterion 2 above.
Thefinal transformatiorA is simply
00
Ao=10 10
0 01

where correctstherelative scalein horizontalandverticaldirections.

Therelative scaling is theunknavn parametedefiningthe ambiguityabove. It maybedeter
minedfrom measuremengsin the example,but it is alsopossibleto computeit usingtheinternal
parametersf the cameraln chapterd it will be shavn how therelationshipbetweerplanerectifi-

cationandcameranternalparametersanbe usedto resole the ambiguitywithoutmeasurement.
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3.5 Unstratified rectification

Thestratifiedapproacho planerectificationconsideredhusfarin this chapterseparatethe projec-
tive andaffine componentsf therectificationhomographyThisis ausefulfeature-it is possibleto

combineconstraintfrom a rangeof geometriccharacteristicso computethe projectve andaffine

parametersOf the four rectificationparameterstwo are associateavith 1., andtwo with I, and
J,, thecircular pointson the canonicaline atinfinity. However, it is alsopossibleto considerthe
circularpointsontheprojectve imageplane,I andJ. TogetherI andJ encapsulatall four degrees
of freedomof therectificationhomography The needto combinethemin orderto performuseful
calculationdeadsto a dual conic representatiof the point pair. This conicis a 2D analogueof

theabsolutedisk quadric,encodingoothprojective andaffine specializationsf theplanein asingle
entity, just asthe absolutedisk quadricdoesin 3D. The conic andits parametrizatiorwill be de-
scribedfirst, followed by somepropertiesandfinally a methodto computethe circular points,and

thustherectificationhomographyfrom orthogonalineson the plane.

3.5.1 The conicdual to the circular points

A conicD4, dualto thecircularpointscanbedefinedas

Doo = IJ7 4 JT' (3.10)

Onthemetricplane(denotingmetricentitieswith primes)I’ = (1, 4, 0)" andJ’' = (1, —1, 0)7,

and

100
DI, =TI"+JT"=| 0 1 0 (3.11)

000

Ontheimageplanethe circularpointsandD,, canbe parametrizedy transformatiorof I’ andJ’
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from the metricplaneby N—!

D = IJ7T4JI"

— NflllJlTNfT + NflJIIITNfT

_ a2 B2 _
Oz2+,32 o a® B 31 a2
= a 1 —* 1 2 (3.12)
3
- a? ,32 1—a 2 —a 1 2 a 1 22,3221
3 3 2,

OnceD,, is determinedthe four rectification parametersre readily extractedfrom the matrix

elementsaandproperty3 below.

Propertiesof D

1. Incidence. D, is dualconicfor which

I'Dol = 1"TII1+ 1"JT1 = 0

for ary line 1 incidentwith eitherI or J, sincetheneitherl'T =0 or1'J = 0.

2. Rank. A conicdualto a pair of pointsis degenerateandits representate matrix of rank 2.
In this particularcase hotefrom (3.11)thatD/ is clearlyrank2. D, remainsrank 2 under

ary (full rank) projective transformation.

3. Null vector. Thenull vectorof D, is 1, theline incidentwith bothI andJ:

Doolee =130 + JI'l,c =0I4+0J =0

4. Polarity. Thepoleof aline 1 with respecto D, is apoint

X = Dol

Thepoleis incidentwith 1, sincex'l,, = I'Dy1,, = 0, andits positionon 1, dependon
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thedirectionof 1.

Consideralinel’ = (i1, 1}, I5)" onthemetricplane:
x' =Dl = (I3, I, 0)

D, 'extracts’the directionalinformationfrom theline 1. Additionally, the magnitudeof the

directionvectoris givenby
124+ 1,2 =1"D Y

5. Angle. Givena secondline ', property4 provides a compactexpressionfor the inner

productof thedirectionalcomponent®f two lines1 and
L= (4, ), )T =( Dk, 2D cosd  (3.13)

Theadwantageof (3.13)is thatit canbemappedunderaprojective transformationTheresult

Dyl
( Do )2(I'Duol)?

cos(f) = (3.14)

is arestatementf Laguerres formula[9], andallows Euclidearmeasuremerdf angleto be

madeon the projectie plane.

6. Conjugacy. When andl areorthogonakos 6§ = 0 and(3.14)simplifiesto aconjugacy A

pair of orthogonallinesl and  areconjugatewith respecto D, and

Dol = 0 (3.15)

Dueto boththe prevalenceof orthogonalitiesn the man-madevorld andthe non-linearity
of (3.14),theinvestigationgdescribedn the following sectionsare mostly restrictedto right
angles.It will beshawvn in thenext sectionhow (3.15)is usedto linearly constrainD, from

orthogonakcendines.
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3.5.2 Computing

D, is asymmetricmatrix with six elementsHowever, D, is definedup to scaleandis ranktwo,
leaving five elementshatmustbe computedandtherankconstraint t(Do,) = 0. Thatleavesfour
degreesof freedom,agreeingwith the parametrizatiorof (3.12).

D canbe computedfrom orthogonallines on the image planeusing (3.15). Eachpair of

orthogonalinesgivesonelinear equationn the six elementf D

TDoolz(l 2 3) 2 3 5 la

= gl 1+( 2li+ 1le) 24+ oo 3+ ( shi+ 1l3) 4
+( slo+ ol3) 5+ 3l3 6

_ d=0 (3.16)

whered = ( 1, o, , 6)  and isthevectorof coeficients.

A numberof line pairscanbe combinednto a constraintmatrix for which
A = : =0 (3.17)

If five or moreline pairsareavailable,D, canthenbe computedasthe null vectorof A . In the
presencef noise,thevectorassociateavith the smallestsingularvalueof A s the estimateof
thatminimizes A subjectto theconstraint = 1.

With only four orthogonaline pairs,the rank constraintmustbe applied. This is a cubic con-
straintwith threesolutions.Additionally, thereis a degenerag associatedvith the four constraints
obtainedfrom parallellinesin two dimensions the constraintbtainedfrom arectangle.Thisis

exploredin the next section.
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3.5.3 Therectangleambiguity

Thefour anglesatthe verticesof arectangledo not provide four constraint®on D,,. Geometrically
it is obviouswhenoneconsiderghe natureof the four orthogonalityconstraints Describingthree
of the four anglesat the cornersof a rectangleasin figure 3.14 (a), asright anglesimplies that
the fourth is alsoa right angle. Thesefour constraintslo not thenconstrainD, entirely but offer

threeof its four degreesof freedom. This is exactly the ambiguitydescribedn section3.4, where
the orthogonalityof two pairsof parallellines determineshe planerectificationup to anunknavn

aspectratio. Algebraically therankof A for four line pair constraintss four. It is significantthat
four independentonstrainton the elementsf D, arenotfour independengquationsn the four

rectificationparameterslt will beshavn now thatthereasorfor thisis thattherankconstrainimust
besatisfiedoy all memberf thefamily of D,’s definedby thefour orthogonalitief arectangle.

m;

m,

(@) (b)

Figure3.14: Thefour orthogonalitie®f arectangle.

Using the notationof figure 3.14 (b), the two parallelside pairsof the rectanglearel;, 1, and
1, 92, with vanishingpoints andv. Thefour constraintdefinedby the orthogonalityof line

pairsare

D 1 = O
Dy 2 = O
LD 1 = O

Dy 2 = 0 (3.18)
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Four constrainton five parametergmpliesa oneparametefamily of solutionsof the form

Deo( 5 )= Doo1+ Deo, (3.19)

for homaeneougparametewector( , ). It is possibleto describethis family by definingtherank

1 degenerateonicsdualto the singlepoints

Dot = andDgg = vv' (3.20)

It is simpleto verify thatD,,; andD2 satisfyall of (3.18). In additional,they arebothrankone,
andthusindividually andin ary linear combinationsatisfy the rank constrainton D,,. Therank
constrainthusprovidesno furtherinformationandthereremainsa oneparametefamily of conics
satisfyingall availableconstraints.

Finally, notethatthedirectionsdefinedby andv areorthogonalsothefour pointsonl,,, |,

v, I andJ, areharmonic thecrossratio¢( ,v;I,J) = —1.

Resolvingthe Ambiguity .

An additional orthogonalline pair, at a different orientationto the rectanglesides,resoles the

ambiguity If lines andt areorthogonal

T( Dot + Doog)t = T( T+ VVT)t =0

canbesolvedfor / .Inanalternatve implementation(3.16)canbeusedto addafifth constraint
toA . An exampleof thediagonalof asquareroviding theextraconstrainppearsn figure3.15.
The orthogonalityof the diagonalsof a squarecanalsobe interpretedasdefiningthe ratio of
lengthsof the sidesof the square. The constraintis thus relatedto the stratified constraintsof
section3.3. Otherangleandlengthratio constraintsaarenon-linear(asin (3.14)),but couldalsobe

usedto constrainD .
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/
¢

Figure3.15: A squarefloor tile providesall the constraintsnecessaryo computethe rectification
parameterslirectly. Thelinesshavn provide five orthogonalityconstraintsandthe computedpa-
rametersarel,, = (00 44, 0 , 4420 )",a=-1010 ands =2 10 . Notethata andg
aredifferentfrom theexamplein figure 3.11becausén thatcasethe affine rectificationwasrotated
beforeaffine constraintsverecomputed.

3.6 Maximum Lik elihoodline intersection

Theintersectionof parallellinesto computea vanishingpointis animportantfeatureof the plane
rectificationtechniquegresentedn this chapter Vanishingpointscontinueto play an extremely
importantrole in the calibrationandreconstructiommethodsof the following chaptersln addition,
line intersectioris commonlyusedto definefeaturepointsin animage.It is thuscrucialto compute
an optimal estimatefor the intersectionof a numberof lines. The problemis that, dueto noise
in measurementjnes which shouldbe coincidentdo not in factintersectin a uniquepoint. This

sectiondescribes MaximumLikelihoodEstimate(MLE) of theintersectiorpointandtheerrorin

thecomputedpoint.

3.6.1 ML estimation

A numberof approache® estimatinghevanishingpointhave beenproposedCaprileandTorre[11]
calculateof a weightedmeanof all pairwiseline intersections. A more elaboratetechniqueby
Collinsinvolvestheapplicationof Bayesiarstatisticgo errorin projective space$l6]. Kanatani56]
computessanishingpointsfrom the null spaceof a setof normalisedines. A numberof methods
also exist to computevanishingpoints automatically for example using Hough transformmeth-

0ds[15, 94, 22]. The estimationand errorsare then dependenbn the Hough parameters.The
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approachtaken hereassumeghat the set of coincidentlines is knowvn. The problemis thento
computean estimateof the point of intersectionof a numberof givenline segmentsin a way that
minimizesa meaningfulerror

The erroroccursin theimage,in the line sgmentscomputedirom imagegradienttechniques
suchasCanry edgedetection[1(, andin the subsequenprocessingedgelinking; segmentatiorof
the edgelchainat high curvaturepoints; andfinally, straightline fitting by orthogonalregression
to the resultingchainseggments. It is thussensibleto minimize the errorswherethey occur It is
assumedelow thatthe errorin the fitted line segmentscan be modeledby isotropic zeromean
Gaussiamoiseon the endpoints.However, this is donefor demonstratiopurposesandsimplifies
the analysis;it doesnot precludethe developmentof a more accuratemodel of the uncertainty
which could,for example,startwith imagenoiseandpropagatehe subsequenincertaintythrough
thevariousalgorithmsteps.

TheMLE is definedby consideringhelikelihood a probability densityfunction (pdf) describ-
ing the probability of obtaininga measuremergiventhetrue valueof a variable[49. In this case,
it is assumedhatthe likelihoodfor eachline sgmentendpointhasa zero meanisotropic Gaus-
siandistribution, andthat eachof the endpointmeasurementare independenaind have the same
variance 2. Consequentlythe likelihoodfunction for the setof all line segmentendpointsis the
productof the Gaussiampdfs of eachof the measurementsExplicitly, for the setof measured
line sgmentswith endpointsa; andb; which have true valuesa; andb; definingconcurrentine
sgmentsthelikelinoodis

1 2 - 2 -

2 2

({as, bi}|{a;, bi}) =
i
whered?(a, a;) is the squarediistancebetweerpointsa anda;.

The MLE is then the estimateof endpointsand intersectionpoint that maximisesthe log-

likelihoodfunction,andthusminimisesthe geometriccostfunction

d*(a;,a;) + d*(b;,b;) = d° (,a;) +d° (1, by)
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subjectto the constraints 'I; = 0 4. Thepointsa; andb; areestimatef the true values,and
definea setof line sggmentd; whichintersectn point (figure3.6.1).An alternatve costfunction
underdifferentnoiseassumptionsgs given by Kanatani[57].

In fact, the costfunction is the Mahalanobidistancebetweerthe vectorof inhomogeneous

measuree@ndpoints andthevectorof inhomogeneousndpointestimates — -

where isthecovariancamatrix of theinhomogeneousgectorof endpointsegments.Sincevariance
is equalfor all endpointstherelative weightinginducedby fallsoutof thecost.It could,however,

bereintroducedyivena moreaccuratanodelof theendpointnoise.

/>

Figure3.16: MLE vanishingpoint estimation: The vanishingpoint is estimatedasthe intersec-
tion of thefitted lines]; (in gray), which minimize the orthogonaldistancegrom the endpointsof
measuredmagedparallelline sggments(shavn in black).

Themethodof finding the intersectiorpointis thento applyanumericalminimization,varying
the positionof andcomputing . However, for each thereis a pencil of lines for which d?
could be computed.lt is thereforenecessaryo computethe minimumerror for eachline sggment

giventhe point

The minimum error given

Objective: Givena andb, the endpointsof a line sgment,and a third point , find the error

associateavith theline through minimizingtheperpendiculaerrorto a andb, asshavn in figure
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3.17.

o .
‘\\\\j%

b

ce

Figure 3.17: Geometryof the costfunction: givenpoint andtheline segmentwith endpointsa
andb, erroris measuredby d? + d2

Sincethe endpointsof the line areobserationsin animage,they maybeassumedo be finite
andwritten asa = (a1, a2, 1)" andb = (b, by, 1)". Point = (u, ug, u3)" is treated
homogeneouslyTheerroris written with respecto theline 1 = (11, l2, I3)", andthe costfunction
is then

@)%+ (b')? _ (al)? + (b'1)?
B+ I'D/ 1

) =d*+d* = (3.21)

Now, 1 canbe parametrizedy two points. Since liesonl andl mustalsointersectline ab,

choosehepoints andc = (k a+ k b). Then

1 = x(ka+kDb)
= x[ab](k k)T

= [ Ix[ab] (3.22)
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and is
() (a'"(_x[ab] ))*+ (b"( x[ab] ))?
([ Ix[ab] )DL([ ]x[ab] )
("(ax[ab] ))*+( "(bx[ab] ))?
[ Jx [ab]" Di[ ]« [ab]
((0(axb)] )+ ( "([(a xb)0O] ))>
[ ]x[ab] D[ ]« [ab]
_ 2( (axb))? T
"lab]'[ [IDL[ 1« [ab]
= (3.23)
where
1 T T 11 12
A= 5 ab] [ [iDg[ Jx[ab]=—

2( T(ax b))? b

= Q(bgul — biug — urag + buzas + usa; — bQU3a1)2

11 = (—aous+ U2)2 + (—u1 + U3a1)2
12 = (—agus + ug)(ug — bous) + (—u1 + usai)(bius — uq)
92 = (ug —boug)? + (brug — u1)?

Following the Courant-Fischeminimaxtheorem[39], the minimum of the costfunction ( )
is given by the inverseof the larger of the eigewvaluesof A. Takingthe larger of the rootsof the

characteristipolynomialof A:

n+ 2+ (11— 22)2+4 %2

Thequalitatve behaiour of thefitted line 1 is shavn in figure 3.18,wherethepoint is moved
relative to theline sggmentendpointsandits intersectiorwith themeasuredine sggmentillustrated.

With  closeto theline andequidistanfrom a andb, 1 is parallelto the line sggment,eventually
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intersectingheline sggmentat its midpointwhen isideal.

a i b a i b a i b a § b
e ' | o R
I \;S\ | ! l u ! |

@ (b) © (@)

Figure 3.18: The intersectionof the MLE line with the measuredine sggment. (a) An extreme
example,with equidistanfrom a andb. Fittedline 1 is parallelto themeasuredine sgment.(b)
and(c) As movesfurtherfrom the endpoints] approachethe mid pointof the line segment.(d)
When isideal 1 intersectshe measuredine sggmentmid way betweem andb.

Computing

Once canbe computed, ( ) canbeminimizedover usingthe Levenbeg-Marquardtnu-

mericalalgorithm[82] to minimize

. i
— - (3.24)
i i i 2

i it et (- w4

In practice Jeastsquarealgorithmsof this sortareimplementedo computeavectorof residualerror

terms.It isthereforenecessaryo computeheeigevectorsof A in (3.23), ; from (3.22)andthereby
and . An initial solutionfor is obtainedfrom the null vector of the matrix

via singularvaluedecompositio(SVD). Experiencandicatesthatwith suitablenormalisatiorthe

SVD providesa very goodinitial estimateof the point of intersectionsinceit is the point which

minimizesanalgebraicerror An exampleMLE vanishingpointappearsn figure 3.19.

3.6.2 Error propagation

Giventhe assumptiorof normally distributed error on the endpointsof the parallelline sggments,
it is naturalto askwhatthe errorin the computedpoint of intersections. Furthermoreit is useful
to know how the error distribution changeswith data. It would be expected,for example, that
increasinghe numberof parallel segmentswould reducethe uncertaintyin theintersectionpoint,

andthatlinesfar apartin theimagewould resultin a differentcovarianceprofile from thoseclose
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%

(@) (b)

Figure 3.19: Seven parallellines. (a) The fitted lines (black) minimize distanceto the endpoints
of the measuregarallelline sggments(in white) andintersectin the MLE of the vanishingpoint

shavn. Note that parallellines do not needto be co-planar (b) A close-upof two of the line

sgments,shaving the small (but noticeable)deviation betweernthefitted lines andthe imageline

sggments.

together To answerthesequestionsthis sectionpresentsa first order error propagation. Given
the covariancematrix of the imageline sgmentendpoints,an estimateof the covarianceof the
intersectionpoint is computed.The sectionproceedsy first computingthe covarianceof a point
obtainedrom theintersectiorof two linesusingthe Jacobiarof thecrossproduct. This s followed
by the covarianceof the ML estimate. In the latter case,the numericalestimateof the Jacobian
computedaspartof theiterative gradientdescenglgorithmis used.Monte Carlosimulationsverify
the useof first ordererror models,andthe sectionconcludeswith a discussiorof the behaiour of

theerrorundervariousconditions.
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Err or with two line segments

Given only two line sggments,the point of intersection is, writing T and

T

Theline sggmentendpointanbe shapednto avector

The (homogeneousyovarianceof , , canbe estimatedrom the Jacobian of the function

mappingtheline sgmentendpointdo [31, 13

T T T (3.25)

andthe covarianceof theendpointvector



3.6 Maximum Lik elihood line intersection

71

TheJacobiarhascomponents

and
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Inhomogeneouscovariance

The point is homogeneousasis its covariance. The covariancematrix is definedup to scale
andhasranktwo. To obtainaninhomogeneougpoint andassociatedovariance,an additional

transformatiormustbeappliedto . If isfinite theinhomogeneoupoint is givenby

with Jacobian

andthe covarianceof theinhomogeneoupoint follows asbefore:

If the point is ideal, with , the covarianceof the directionvector T is thetop left
sub-matrixof

Note that computationsare performedon conditionedimage co-ordinateswhere the image
boundsarescaledandtranslatedo approximatelythe unit squarecentredon the origin. Condition-
ing simply scalesthe endpointcovariancematrix. The Jacobiarof the deconditioningfunctionis

justthe deconditioningmatrix, andsoposeso problem.

Error in the MLE

Thefirst orderestimateof the covarianceof an MLE is a far cry from the straightforvard caseof
anexplicit function, suchastheintersectiorof two lines. The methoddescribedelov follows the
descriptiongivenby Hartley andZisserman[4

The two line sgmentcaserequiredthe Jacobiarof the function mapping to , —. In the
MLE case however, the covarianceof estimatedntersectionpoint  dependwn the Jacobiarof

thefunction thatmaps to theprojectionof the measuredlataontoa spacewhereit is consistent
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with the estimate.Thatis, thevectorof measuredine segmentendpoints

determinesan ML estimateof intersectiorpoint . This pointis mappedby to thevectorof line

sggmentendpoints

thatdefinea setof lines concurrentith

Hartley andZissermarshaw that,underappropriateconditions the covarianceof  is ther?

T (3.26)

where istheJacobiarof givenby

evaluatedattheestimated .
hasbeendeterminedanalytically but it is a large and cumbersomexpression,muchtoo
largeto bewritten down. It is alsounnecessargincethe Levenbeg-Marquardifunctionminimizes

it computeghegradient

aspartof theminimizationprocedurelt is no surprisethat
it computeghegradientextremelyaccuratelywith analyticalandnumericalestimatesdentical(up
to scale)up to five significantfiguresin experiment.In fact, this appliesevento thetwo line case,
wheretheresidualerroris alwayszero,but theminimizationalgorithmcomputeshegradientin the

vicinity of thesolutionasit verifiesthis.

>Thenotation  representshe pseudo-imerseof
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Experiments

Armedwith , thefirst issueto consideris how realisticthe first orderestimateis, andfor what
degreeof noise.It wouldfurtherbeanticipatedhatthecovariancechangessafunctionof thenum-
berof line sggmentsusedandthe distancebetweerthem. Theseissuesareinvestigatecbelon. The
experimentautilise syntheticdatato which noiseis added.To ensurea realisticdataset,synthetic
datais extractedfrom the exampleof figure 3.19 by usingthe closestendpointsto the measured

sggmentson thefittedlines Thesyntheticline sgmentsareshavn numberedn figure 3.20.

Figure3.20: A setof syntheticparallelline sgmentsextractedfrom arealexample. The synthetic
sgmentsareobtainedfrom the measuredine segmentsdefiningedgesof the structure(segment?7
is theresultof memging threecollinearroof edgesegments)andusingthefitted linesresultingfrom
the MLE algorithm.

To begin, figures3.21,3.22,3.23and 3.24 shav Monte Carlo simulationsof line intersections
for two casesThefirst of thesefigure3.21,shavs 10000pointscomputedastheintersectiorof two
lines sggments(segmentsl and4 from figure 3.20). Meanzeroisotropic Gaussiamoiseis added
to the endpointsof the two line sggmentstheintersectiorpointis computedandthe covarianceof
the computedpointscalculated.The threestandarddeviation ellipsefor the datawith noisewith a
standarddeviation of pixel is shavn in figure 3.20(a). This ellipsetogethemwith theoretical
covarianceellipse,computedrom (3.25),is plottedin (b). The sameexperimentwith anadditive

noise pixelsappearén figure3.20(c) and(d). Obsenrethattheexperimentabndtheoretical
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ellipsesarenearlyindistinguishablen thefigures. This indicatesthatthefirst orderapproximation
isvalid. Thetheoreticakovarianceellipsesfor thetwo noiseconditionsareplottedonthesameaxes
in figure 3.22, wherethe effect of noisemagnitudeis clearly visible. Note alsothe orientationof
the covarianceellipses,the majoraxisapproximatelyalignedwith the directionsof theintersecting
lines.

Figure3.23is identicalto theabove experiment but usingall sevenlinesfrom figure 3.20.1t is
clearthatthe covarianceis slightly underestimatety thefirst ordercovarianceestimatefor noise
with pixel, althoughthe differences not evidentwhen pixels.

The Monte Carlo comparisonsuggesthatthefirst orderapproximatiorto the covarianceis a
goodonefor the purposesat hand. Considerthe noiselevelsused.A onepixel standarddeviation
impliesthe beliefthatthereis a 99.7%chanceof thetrue pointlying within threepixelsof themea-
suredpoint. Thiskind of accurag would be expectedof a userselectinga clearfeaturepointin an
imagewith a mousewhile sub-pi>el accuraciesreoftenquotedfor the morecommonmethodsof
computingpoints,suchasfrom correlation[§. The estimatesrecertainlygoodenoughto provide
aqualitative senseof how theintersectiorpointbehaes. The effect of the numberof line segments
andthe spacingbetweerthemareinvestigatedn the following experiments.

Turningfirstto thenumberof line sggmentaused:figure 3.25plotsthecovarianceellipsesfor the
intersectiompoint of differentnumbersof line segmentswith pixels(thenumbersn braces
refersto figure 3.20). Thereis a consistenteductionin covarianceasthe numberof line sgments
increasesalthoughit is mostmarked for the two largestellipses,both for two line sgments(the
largerof which correspondso thesegmentsusedin Monte Carlosimulation).Thelargercovariance
is computedusingsegmentsl and4, which areclosertogetherin theimagecomparedo sggments
1 and7, andhave a smalleranglebetweerthem. This suggestshe next experiment,observingthe
effect of theanglebetweerline sgmentson the uncertaintyin theintersectiorpoint.

The effect of the relative orientationof line segmentson the magnitudeandorientationof co-
variances investigatedor the configurationshavn in figure 3.26. A pointof intersection is fixed
andtwo line segmentswith anangle to the horizontalare usedto computethe covarianceof

assumingendpointnoiseof pixels. The lines are symmetricaboutthe horizontal,sothe
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Figure 3.21: Monte Carlo simulationof the intersectionof line segmentsl and4 with isotropic
Gaussiamoiseontheendpointg§a) =1 pixel: 10000pointsandthe  covarianceellipse.(b) =

1 pixel: The10000point covarianceellipseandthetheoreticakcovariancefrom (3.25). Theellipses
arevirtually identical,with no differencevisible atthis scale.(c) = 0.5 pixels: 10000pointsand
the covarianceellipse.(d) = 0.5pixels: The10000pointcovarianceellipseandthetheoretical
covariance Again, thedifferences notvisible. As expectedthefirst orderapproximations agood
one,evenatnoiselevelswith a standarddeviation of a pixel, andreduceswith smallernoiselevels
(seefigure 3.22).
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Figure 3.22: The (theoretical)covarianceellipsesfor the intersectionof line segmentsl and4 on
the sameaxes. The effect of lower noiseon theerrorin the estimatedpointis clear

covarianceellipsesarealignedwith the axes.

Figure3.27shaws the covarianceellipsesobtainedasthe anglebetweerlinesis increasedand
plotsthestandarddeviationsin  and . Notethatat , whenthelinesareatright angles,
the covarianceplot is a circle andthe error is isotropically distributed. The standarddeviations
asafunctionof indicatethe the horizontalvarianceis high for lines with a small differencein
orientation,and decreasesapidly as the angleincreases. Vertical variancedisplaysthe inverse

behaiour, increasingastheanglebetweerlinesincreases.

3.7 Summary

Metric rectificationof animagedplanefrom scenegeometryhasbeendescribedn detail in this
chapter extendingearlierwork on affine rectificationfrom the vanishingline of animagedplane.
The new techniguesisegeometricpropertiessuchasangleandrelative lengthto computethe im-
agedcircularpoints. Thisis donein bothstratifiedandunstratifiedcontexts.

The stratifiedapproachfirst computegthe vanishingline of the imagedplane,typically from
parallellines, and then definesquadraticconstraintson the circular pointsin the affine rectified
plane. Thesequadraticconstraintstake the form of circles on the plane of the two degreesof

freedomof the circular points, the real andimaginarypartsof the 1D coordinatesf the circular
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Figure 3.23: Monte Carlo simulationof the intersectionof all seven line sgmentswith isotropic
Gaussiamoiseon the endpoints(a) =1 pixel: 10000pointsandthe  covarianceellipse. (b)

= 1 pixel: The 10000point covarianceellipse andthe theoreticalcovariancefrom (3.25). The
ellipsesare close,but a small differenceis visible at this scale. (¢) = 0.5 pixels: 10000points
andthe  covarianceellipse. (d) = 0.5 pixels: The 10000 point covarianceellipse and the
theoreticalcovariance. The differenceis smaller barelyvisible in this case.Again, the first order
approximations agoodone,even at noiselevels with a standarddeviation of a pixel, andreduces
with smallernoiselevels (seefigure 3.24). Therelatve errorsasa function of the numberof lines
is comparedn figure 3.25.
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Figure3.24: The (theoretical)covarianceellipsesfor the intersectiorof all sevenline segmentson
n the sameaxes. The effect of lower noiseontheerrorin the estimatedointis clear
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Figure 3.25: Covarianceof an intersectionpoint as a function of the numberof line segments.
3 covarianceellipsesaredrawn for differentnumbersof line segments,the numbersreferringto
figure3.20. Thecovarianceellipsesdecreas@é sizewith anincreasen thenumberof line sgments
used.
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Figure3.26: The configurationinvestigatingthe effect of line spacingon the magnitudeandorien-
tationof the covarianceof theintersectiorpoint.
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Figure3.27: Covariancein theintersectiorof two linesasa functionof relative line orientation.(a)
Covarianceellipsesfor a setof line pairswith a changingrelative angle. The covarianceellipses
with horizontalmajoraxesarefor linescloseto parallel,with the majoraxisdecreasingn sizeand
thenextendingin the vertical directionas increasedbeyond . (b) Standarddeviationsfor the
vertical( ) andhorizontal( ) component®f theintersectiorpointasa functionof
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pointsontheidealline. Theconstraintcanbewrittenfor theknown relative lengthsof pairsof line
segmentsknown anglesandpairsof equalunknavn angles.

An unstratifiedapproacho rectificationhasbeendevelopedusingthe conicdualto thecircular
points,a conic representatiolf both circular pointsandthe vanishingline. The conicis linearly
constrainedy orthogonaline segmentson the world plane. Particularattentionhasbeendevoted
to the caseof rectificationof arectangleof unknavn aspectatio, wherethreeof thefour degreesof
freedomof therectificationhomographyareavailable,andthe associate@mbiguity Therectangle
casehasimportantapplicationto imagesof buildings, whererectangulastructureson the facades
are plentiful. It will be shavn in the following chapterhow the aspectratio ambiguity can be
resohedwherethereis sufiicientinformationto computeinternalparametersf the camera.

Finally, aMaximumLik elihoodestimateof thepointof intersectiorof asetof nominallycoinci-
dentline segmentsaundernoisy measuremerdonditionshasbeendeveloped.Thisis veryimportant
for planerectificationbecausef the relianceon vanishingpointscomputedirom the intersection
of imagedparallellines. It alsoprovesimportantin the following chapterson singleandtwo view
calibration,wherevanishingpointsarevital andimagefeaturesare obtainedfrom the intersection
of boundaryedges.

A first order error analysisof line intersectionhas beenperformedand found to be a good
estimataunderthenoiseassumptionsSyntheticexperimentson the covarianceof a pointcomputed
fromline intersectiorsuggestshattheuncertaintyin thecomputedointbehaesmuchaswould be
expected.Increasinghenumberof linesreducesheuncertaintyandthedirectionof theuncertainty

depend®ntherelative orientationof theline sggments.



Chapter 4

Calibration and Reconstructionin One

View

It is, | think, agreedby all, thatdistanceof itself, andimmediately cannotbe seen.For
distancebeingaline directedend-wiseto the eye, it projectsonly onepointin thefund
of theeye. Which pointremainsnvariably the same whetherthe distancebelongeror
shorter

Berkeley, An EssayTowardsa New Theoryof Vision, 1731

4.1 Intr oduction

This chapterdetailsmethodsof usingthe ubiquitouscarpentereavorld geometryto calibratecam-
erasandcompute3D informationfrom a singleview. Thereareseveralreasonsvhy cameracali-

brationis importantin this context.

1. Known internalcalibrationallows completerectificationof planesgivenonly their vanishing

line.

2. With known internalcalibrationandthevanishingline of a plane the orientationof the plane

relative to the cameranaybe computed.
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3. With internalcalibrationandtwo vanishinglinestherelative orientationbetweernwo planes

canbecomputed.

Thusinternalcalibrationtogethemith the planerectificationtechnique®f the previouschapter
allow 3D reconstructiorof objectssuchas buildings from a single view without world measue-
ments

Informationfrom scenestructureandpartialknovledgeof the camergarameterarecombined
to performthe calibration.Thechaptermproceedsy describinghreesourcef singleview calibra-

tion constraints:
1. thevanishingpointsof orthogonadirections,
2. metricrectifiedplanes,
3. knowledgeof someof theinternalcamergparameters.

All constraintareexpressedn termsof thelAC. Thisapproactastheconsiderabladwantage
thatthe constraintsarelinear equationdgn the elementof the IAC. The constraintfrom different
sourcesnaythusbe combinedeffortlessly Furthermoreit is shavn thatthe oftenusedconstraints
of known aspectatio and(zero)skew aregeometricallyequivalentto the constraintsarisingfrom a
metricplane.Thisin turnleadsto constructiongor the combinationof constraintsTheseconstruc-
tions prove particularlyusefulin thedegenerag analysisthatfollows.

Section4.2 describeghe applicableconstraints.Section4.3 examinesthe frequentlyencoun-
teredcarpenteredavorld case:the vanishingpointsof threeorthogonaldirectionsarevisible in an
imagetaken with a camerawith unit aspectratio and zeroskew. Degenerateconditionsare ad-
dressedn detail. Section4.4goesonto describeafirst ordererroranalysisandtheuseof additional
constraintsn thethreevanishingpoint scenario.

A novel cameracalibrationobjectis describedn 4.5. It is createdby placingsquaregor other
planarobjectswith known geometry)on two or more planesin the image. The rectification of
theseplanescalibratesghe camerawithout ary knowledgeof 3D measurementgndthe planesdo

not needto be orthogonal. In section4.6 it is shavn how the rectangleambiguity describedn
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section3.4is resohedwith calibration. The specificcalibrationscenarioghatappeatin thechapter
aresummarizedn table4.1.
Sectiord.7 drawsthe calibrationandrectificationtechniquesogetheranddescribeseconstruc-

tion from asingleview with severalexamples.

| | Sceneconstraints | Internalparameteconstraints |
1. | Vanishingpointsof threeorthogonaldirections| Squarepixels

2. | Vanishingpointsof threeorthogonaldirections| Squarepixelsandknown principal point
3. | Threemetricsceneplanes None

Table4.1: Singleview calibrationconfigurationsnvestigatedn this chapter

4.2 Constraintsonthe IAC

This sectiondescribesingleview calibrationconstraintsasgeometricconstructionsnvolving the
IAC andpointsandlinesin theimage. The linearity of the constraintdbecomesvidentwhenthe
expressionareexpandedn the unknavn elementof

Thealgebraiaepresentationf thelAC is asymmetricmatrix with elements

(4.1)

Linearexpressionsn theelementof arewrittenin theform

where T isthevectorof theelementof and T isthevector
of coeficients.

Thesectiondollowing will shav how theseconstraintsnaybe combinedn varioussituations.
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4.2.1 Vanishing points of orthogonal dir ections

Thevanishingpointsof directionsorthogonaliin spacehave a specialrelationshipto the IAC —the
pointsareconjugatewith respecto (seefigure4.1). For vanishingpoints and , conjugay is

expressed

T (4.2)

This is a thinly disguisedstatemenbf the fact that the back-projectedays of the vanishing
pointshave a dot productof zero,andmaybederived asfollows. Thevanishingpoints and are

the projectionsof pointsatinfinity in 3D. Let thesepointsbe

T T T and T T T
and,sincethey areorthogonal,
.
Points and areprojectedoimagepoints and by projectionmatrix to
and
Now
T T T T
T T T
T T T

Thelinearity of theconstrainion is clearon expanding(4.2). Writing Tand
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Image plan

Figure4.1: The vanishingpoints of orthogonaldirectionsare conjugatewith respectto . For
example,the parallellineson two orthogonalsceneplanesareimagedwith vanishingpoints and
. Then liesonthepolarof withrespecto and onthepolarof

T, (4.2)takestheform

(4.3)

In vectorform, with the coeficient vector

(4.3)becomes
T 4.4)

For eachpair of orthogonalanishingpoints,anadditionalconstraintof this form is obtained.Five

suchconstraintsdetermines andthence . In the carpenteredvorld, however, linesin three



4.2 Constraintsonthe IAC 87

orthagonal directionsarecommonlyfound. This caseis examinedin section4.3.

4.2.2 Metric rectified planes

Theimagedcircularpointsof a planelie onthe |lAC andthussatisfy

and T (4.5)

As with the vanishingpoint propertyabore, this relationmay be simply derived. Considera point

ontheabsoluteconic

T T
Since lineson , it satisfies
T T
Point  is projectedby to
So T and
T T T T T T

Thecircularpointsoccurin complex conjugatepairs,andthe above appliesequallyto
conj
This propertyof the circularpointsalsohasa cleargeometrianterpretatiormentionedn chap-
ter2. Any plane intersectghe planeatinfinity in aline. Thislineis theidealline of , and

it intersectghe absoluteconicin thecircularpointsof , asillustratedin figure4.2.
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Figure4.2: A plane in spacentersectghe planeat infinity in aline. Thisline is theline at
infinity or idealline of plane . Theideallinesintersectdhe absoluteconic in two points
and —thecircularpointsof theplane.

projectsto , theidealline isimagedasthevanishingline  of theplane,andthecircular
pointsprojectto and , asin figure 4.3. The vanishingline andimagedcircular points define
the metric rectificationof the imagedplane (describedn chapter3), andthusif the rectification
parameterfor asceneplaneareknown, (4.5) providestwo linearconstrainton the elementsf
In practice,all the circular point informationis containedin one of the complex conjugate
points. Writing outtherealandimaginarypartsof either * or T yieldstwo linear

expressionsn theelementof , denotedn vectorform

and (4.6)
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scene plane
AN

Figure4.3: Projectionof to , and to and andtheideallineof to . Knowing
therectificationparameter$or theimageof determineswo linearconstraint§rom (4.5)

4.2.3 Inter nal cameraparameters

Thegenerafive parametemternalcameramodel(2.4) maybesimplifiedin mary casesy a priori
knowledge of someof the parameters.A numberof commonconstraintsfrom known internal

parameterin variouscombinationsarepresentedbelow.

Zero Skew

Thatcameraskew is zerois the mostcommonlyappliedinternalparameteconstraint.It specifies
thatthe vertical and horizontalimaging axes are orthogonal. This is a reasonablessumptiorfor
most camerasalthoughthere are caseswhereit doesnot apply for exampleif a photographic
negatie is enlaged,andthe paperis not parallelto the planeof the negative.

The assertiorthat canbe appliedby specifyingthatthe vanishingpointsof the vertical



4.2 Constraintsonthe IAC 90

andhorizontalaxesareorthogonalandthusconjugatewith respecto [117]

or simply

Aspectratio

It is possibleto write a quadiatic constrainton elementof  whenthe aspectratio of a general
cameras known. By inspectionof the elementf in (2.13),a knowvn aspectatio yieldsthe

following constraint[11Y

The constraintbbecomedinear, however, whenthe camerehaszeroskew and . In this case,
the constraintcanbe posedgeometricallyasthe orthogonalityof ary pair of directionswhich are

orthogonalbonly aftertransformatiorby

In practiceCDD cameraganoftenbe consideredo have zeroskew andunit (or known) aspect
ratio—to have squarepixels. It will now beshavn thata squarepixel camergprovidesmetricplane

constraintonthelAC identicalto thoseof ary sceneplane.

The square pixel camera

A squarepixel camerahastheform

4.7)
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Since exhibitsisotropicscalingandhasno skew factor it is a similarity transformationNow,
pointson a world plane coincidingwith the imageplaneare projectedto image co-ordinatesy
simply transformingby . The circular points of the image plane,with canonicalco-ordinates

T arethusimagedto the points

Tand T

But, since is asimilarity, thesepointsareinvariantto transformatiorby and

T T and T T

The imagedcircular points of a planearethusknown, and canbe usedto constrainthe IAC
justaswith any sceneplanefor which theimagedcircular pointsareknowvn. Expanding(4.5) and

consideringealandimaginarypartsoneobtainsthe expectedequations

and (4.8)

The circular point interpretationmight appearsuperfluous sincetheserelationsare obvious
from theform of . The geometricapproachdoes,however, pay dividendsin what follows, par
ticularly in section4.3. The mostimportantpointis thatthereis no intrinsic geometricdistinction
betweerthe constraintobtainedfrom the knowvledgethatthe camerahassquarepixels andmetric
informationfrom animagedsceneplane.

Note thatthe squarepixel formulationappliesequallywell to any camerawith zeroskew and
known aspectatio (thatis, with rectangulapixels). Theimageplanecircularpointsarestill known,

althoughthey do not have their canonicako-ordinatesandlinearly constrain .



4.3 Threevanishing points and a square pixel camera 92

Known principal point

The principal point is the intersectionof the optic axis andthe imageplane. It is thuscommonly
locatedat the centreof the image, provided the imageis not cropped. A known principal point
providestwo constrainton  and since and areknown. Geometricallythe centreof the

IAC is translatedrom the origin to the principal point

The centreof a conicis definedgeometricallyasits pole with respectto to the ideal line, which

givesapair of linearequationn from thehomogeneoupolarity
T (4.9)

Theresultinglinearequationsare

(4.10)

4.3 Threevanishing points and a square pixel camera

This sectiondescribeghe calibrationof a squarepixel camerafrom a single imageof a cuboid
object. Sincethe carpentereavorld is repletewith approximatelycuboidobjects thisis a powerful
andwidely applicableapproachThe solutionappearedn thethe photogrammetryiteraturein the
work of Gracie[4] andwaslaterreproducedy CaprileandTorre[1]].

In Gracies approachthe vanishingpoints of threeorthogonaldirectionsare computedn the
imagefrom the intersectionof parallellines or known lengthratios(asin chapter3). The back-
projectedraysof the threevanishingpointsare expressedn termsof the principal point andfocal
length. Theseraysareorthogonakndthustheir dot productsarezero,giving formulasfor thethree

internalparametersA constructions alsogiven: the principal point lies at the orthocentreof the
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triangleof vanishingpoints.

Themethodpresentedhereis muchthe same put is extendedn threeways
1. Constraintfrom thevanishingpointsareexpressedn termsof thelAC.
2. Degenerayg conditions,wherethe camergparametersarenot fully constrainedareanalysed.
3. Errorsin theimagedata(the vanishingpoints)andassumptionsboutcamergparameterare
propagatedo give a covarianceon the computednternalparameters.
4.3.1 Fiveconstraintson

Using(4.2),theconjugay constrainbn from apairof orthogonakanishingoointsmaybeapplied

to eachpair of vanishingpoints

for vanishingpoints , and . This providesthreeindependenlinearconstrainton . Sincethe

camerahassquarepixels,thecircular pointsof theimageplaneconstrain  from

giving two moreconstraints.
Therearethusfive linearconstrainton thefive degreesof freedomof , which maybewritten

in matrix form as

(4.11)
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where

Thefirst threecolumnsof T arethe coeficientsin vectors and , obtainedfrom the
threepairs of vanishingpoints. The two remainingcolumnsarethe constraintsfrom the imaged
circularpoints.

Thesolution isthenull vectorof (if isrank5). Thesymmetricmatrix canthenbe
formedfrom and computedoy Cholesly decomposition.Figure4.4 (a) shavs animageof
a building with linesin threeorthogonaldirections. The vanishingpoints of eachof thesethree
directions,shavn in figure 4.4 (b), provide the threeconstraintson the internal parametersand
definethetrianglewith theprincipal pointatits orthocentre.

It is now necessaryo askunderwhatconditionstheseconstraintsaredegeneratewhere  will
have ranklessthanfive. Thenull spaceof isthenmorethanonedimensionalandthe camera
is notuniquelydefined.lt is clear for example from the orthocentreconstructionthatif oneof the
vanishingpointsis ideal the orthocentrdies anywhereon the line joining the two finite vanishing
points(seefigure4.10). The principal pointis thusconstrainedo lie onaline. A generalanalysis

of degenerayg follows.

4.3.2 Degeneracyanalysis

It will be shavn herethatthe internal calibrationof a camerafrom the vanishingpoints of three
orthogonaldirectionsand metric knowledgeof anyworld planeis degenerataf the vanishingline
of theworld planeintersectsanyvanishingpoint

The generalconstructionfor the five constraintsappearsn figure 4.5. The threeorthogonal
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(a) (b)

Figure4.4: Internalparameteestimation.(a) Imageof theRadclife Obseratory Oxford, with sets
of parallelline sggmentsdefiningvanishingpointsof threeorthogonaldirections. (b) Thetriangle
with thevanishingpointsasvertices.The principal point of the camerdies atthe orthocentreof the
triangle. =1048.6, =398.8and =567.1.Theimagesizeis 768by 1024.

vanishingpoints,which for notationalcorveniencewill becalled , and , aretheverticesof

aself-polartriangle. Thatis, since

T (4.12)

eachvanishingpointis conjugateto the othertwo with respecto , andlies ontheintersectiorof

the polarsof the othertwo with respecto . Thepolars , and arethesidesof thetriangle

andsatisfy

and 7
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Figure4.5: Constructiorfor theconstraint®n obtainedrom thevanishingpointsof threeorthog-
onaldirections, , and ,andametricplanewith imagedcircularpoints and . Notethatthe
constructioris arepresentationf threemutualpolarity relationshipsvith respecto avirtual conic.
It is thusnot possibleto draw the self-polartriangleshaving all threepolaritieswith tangentines,
sinceoneof thepoles( in thiscase)appearsnsidetheconic. Neverthelessthe diagramprovides
ausefulgraphicalsummaryof the constraints.

Theanalysisproceeddy parameterizinghe degreesof freedomremainingin -~ onceit is con-
strainedby thevanishingpoints. The effect of addinga pair of imagedcircular point constraintss

thenexaminedmoreclosely

Parameterizing

Giventhethreeequationf (4.12),therearethreeconstrainton thefive degreesof freedomof
This leavesatwo parametefamily of conicsthatsatisfy(4.12). Considemow the polarlines

and asdegeneratdrankl) pointconicsof theform T. For example,a pointlying onthe conic

T of thisform satisfies 7 . It is thenpossibleto definea conic
T T T (4.13)
It is straightforwardto verify that 7 . Thus satisfiegheconjugay constraints

of the self-polartrianglewith the two free parameter®f the conic encodedby the homogeneous

vector T. We considemow how the imagedecircular points constrainthesetwo degreesof
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freedom.

Imaged circular point constraints

Applying (4.5)to

T (4.14)

In general,(4.14) determines by constrainingthe two degreesof freedomin . The
problemnow is to find underwhatconditionsthetwo parametefamily of  is notfully constrained

by (4.14).1t will beshavn that

Theorem 1 Givena self-polartriangle with respecto andtwoimagedcircular pointson , is
notfully determinedf theline throughthe circular pointsontheconicintersectsat leastonevertec

of theself-polartriangle.

Proof The constraintsn (4.14)arelinearin the parameters " from (4.13),andmay be
written
T T T
(4.15)
T T T
In generakhis matrixwill have rank2. However, if it dropsranktheambiguityin the conicis

notresohed - thereremainsat leasta oneparametefamily of conicssatisfyingall the constraints.
Algebraically the coeficient matrix ~ dropsrankif all the sub-matricesresingular So,

writing thedeterminant®f all threesub-matrice®f

T T (4.16)
T T (4.17)

T T (4.18)
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Thesubscriptoof  arechoserto reflectwhich sides and of the self-polartriangleappearin

the expressiongor eachdeterminantThegeneraform is

T T T T
Now, by differenceof squares
T T T T T T T T (419)
By theidentity of Lagrange [63]
T T T T T
thefirsttermin (4.19)becomes
T T T T T T
where is thevanishingline of the metricplaneproviding the circular point constraints.

Thesecondermcanbewrittenin theform of adegenerateank2 pointconicconsistingof thelines

and

Thus(4.19)mayberewritten as

T T (4.20)

Theterm s zeroif theline  through and intersectshevertex  of the self-polar
triangle. Theterm  iszeroif and areconjugatewith respectotheconic . Theconditions
underwhich theseoccurwill now be described.Therearethreecasedo consider; intersecting

two vanishingpoints of the self-polartriangle, intersectingone vanishingpoint of the self-polar
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triangle and no intersection. For the sale of clarity, the generalsubscriptswill be replacedby
numbersreferringdirectlyto , andsoon. Sincethe problemis symmetricin thesequantities,

thereis nolossof generality

Casel: intersectgwo vanishingpoints.

Whentheline  intersectdwo vanishingpoints,say and and because
and . But, since and arenotincident(seefigure4.6). Now

it will beshavn that 7 andthus . Theequality 7 istrueif and are

conjugatewith respecto thedegenerateonic . Fromsection2.2.2,they areconjugatéf thetwo
pairsof points and and and areharmonic.Now, since and arethevanishingpoints
of orthogonaldirectionsand and aretheimagedcircularpointsof theircommonplane thetwo

point pairsareharmonicand '

|
|
1
1
|
|
1
1
I
I
1
1
I
I
&
Figure4.6: Constructiorfor casel, intersects and

Case2: intersectonevanishingpoint.

Whentheline  intersect®nevanishingpoint,say , because . But, and
since doesnotintersect or (seefigure4.7).It will nov beshavnthat 7

andthus . By symmetrythis alsoappliesto ' . Again, theexpression T

istrueif and areconjugatewith respecto thedegenerateconic . The sameconsiderations

asin casel applybecausary point on isthevanishingpoint of a directionorthogonalo
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Thereforejf point istheintersectiorof and , pointpairs , ,and , areharmonicand

and areconjugatewith respecto

Figure4.7: Constructiorfor case2,  intersects

Case3:  doesnotintersectary vanishingpoints.

Whentheline  doesnotintersectary vanishingpoints,noneof theterms  arezero. Also,
intersectgheself-polartrianglein two pointsnotatthevertices, and (seefigure4.8). Thesewo
pointsarethusnotthevanishingpointsof orthogonalirectionsandthepoints , , and arenot

harmonic.Noneofthe  termsvanishand is full rank. This completeghe proof

Figure4.8: Constructiorfor case3,  doesnotintersectary vanishingpoints.
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The oneparameter family

It hasbeenshawvn that, given threeorthogonalvanishingpointsandthe imagedcircular points of
onemetricplane(usuallyfrom a squarepixel camera)a degenerag existswhenthe vanishingline
of themetricplanepasseshroughoneof thevanishingpoints.Only 4 independentonstrainton
exist whenthis degenerag occurs,leaving a 1 parametefamily of conicssatisfyingthe self-polar
triangle conjugag and circular point pair constraints. A parameterizatiorof this family is now
given.

Assumethattheimagedcircularpoints and lie ontheline , whichintersectghetriangle

of vanishingpoints inthevertex . Referringto figure4.9,constructhelines .
, and . Thesefour linescanbe considereagstwo degenerate
(rank 2) conics T T and T T . It will beshavn belov thatthe one

parametefamily of properconics

satisfiesall 5 constraintsinderconsideration.e. theconjugag constraints 7 andcircular
point pair constraints i

Thecircular point pair constraintsareclearly satisfiedoy since and lie onbothconics

and . Theconjugayg constraintsnusteachbeconsideredor and . Firstly, ' and
T ,since T and T . Similarly ' and T

It remainonlytoshavthat ™ and 7 . Thisfollowsfrom thesamereasoning
asin theproofof Theoreml, sincepointpairs , ,and , areharmonic, and areconjugate
with respecto the conicconsistingof thelines and . Thesameappliesto '

In thecasethat  intersectdwo verticesof triangle,say and , and

T andthe parameterizatiostill holds.



4.3 Threevanishing points and a square pixel camera 102

Figure4.9: Constructiorfor the oneparametefamily of conics

The square pixel cameradegeneracycases

Theparticularcase®f thedegenerag arisingwith threevanishingpointsandasquarepixel camera
occurwhenone or two of the vanishingpoints are ideal. The image planeis the metric plane
providing circular point constraintsandits vanishingline is theidealline T . Thus,when
animagedvanishingpointis ideal, it lies onthe vanishingline of the metricplane,andis collinear
with theimageplanecircularpoints.

One ideal vanishing point: This is commonin photograph®f buildings whenthe camerais
heldsothattheimageplaneis vertical. Verticalscendinesareparallelto theimageplaneandtheir
vanishingpoint is imagedat infinity. An exampleappearsn figure 4.10. The orthocentreof the
triangle of vanishingpoints, the principal point, is definedanywhereon the line throughthe two
finite vanishingpoints— seefigure4.10(b). Thecoeficientmatrix from (4.11)is rankfour.

Two ideal vanishing points: Two vanishingpoints imagedat infinity is lesscommon, but

can occur whenthe image planeis parallelto a sceneplane,asin figure 4.11. Thereis again
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UNTNI. !

(@) (b)

Figure4.10: A singleview of a building with the vanishingpoint of the vertical directionimaged
atinfinity. (a) Imagedparallelline sgmentsin threeorthogonaldirections.(b) Thefinite vanishing
pointsandlinesin the pencilthroughthe orthocentre The principal pointlies on the horizontalline
shawvn throughthe two finite vanishingpoints.

aoneparametefamily of camerasparametrizedy unknavn focal length. This follows from the
obserationthatif two of threeorthogonakanishingpointsareideal,thethird mustbethevanishing
pointof the optic axisof thecamerawhichis the principalpoint. Again, thecoeficientmatrix is

rankfour.

Figure4.11:Imageof adoorway wherethevanishingpointsof theverticalandhorizontaldirections
areideal. Thefinite vanishingpointis atthe principal point of the camera.

A graphical explanation

Theambiguityin internalcamergarametersomputedrom a cuboidobjectandametricplanemay

alsobeunderstoody consideringhe dualrelationshipbetweercameraandstructure.Thedegrees
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of freedomremainingin the incompletelycalibratedcameraare associatedvith transformations
thatmay be appliedto the structure.Thiswill becomeclearerwith the examplethatfollows.
Considerfigure 4.12, which shavs animage of a cuboid building and an abstractionof the
cuboidstructure. The orthogonalityof the threedirectionsof the cuboid axes providesthe three
constraintson the camerdrom the self-polartriangleof vanishingpoints. Thetwo degreesof free-
domremainingin the camergparametersireequivalentto the transformationshatcanbe applied
to the structurewhile preservingorthogonality asin figure 4.13. Specifically ignoring similarity
transformationsthe structurecanbe scaledby differentamountsn thethreeorthogonadirections.

Thistransformatiorhastwo degreesof freedom(ignoringglobalscale).

(@) (b)

Figure4.12: (a) Fellons quad,Merton College, Oxford. The dominantplanesof the building are
representeddy threeorthogonabplanesn (b).

In the generalcase,the vanishingline of the metric planedoesnot intersectary verticesof
the self-polartriangle. Structurally a metric sceneplaneis defined,indicatedin figure 4.14 (a)
by a planewith a squareon it. Thereis no transformatiorthatwill presere the orthogonalityof
the cuboid planeaswell asthe structureof the metric plane. The constructionon appearsn
figure4.14(b).

The degeneratecasewherethe vanishingline of the metric planeintersectdwo verticesof the
self-polartriangleappearsn figure 4.15. In this casethe metric sceneplaneis parallelto one of
the cuboidplanes.Arbitrary scalingof the structurein the directionorthogonalo the metric plane

will presere the metric plane structureand the orthogonalityof the cuboid planes. This is the
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@) (b) (c)

Figure 4.13: Examplesof transformationghat presere orthogonality Therearetwo degreesof
freedomin transformation®f the structurethatpresere orthogonality

() (b)

Figure4.14:(a) A generaimetric planeconstraint.No combinationof scalingasin figure4.13can
presere the orthogonalityof the cuboidplanesandthe metric planestructure.(b) Constructioron
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remainingdegreeof freedom.Figure4.15(b) shavs the constructionwith thevanishingline of the

metric planecoincidingwith onesideof the self-polartriangle.

! 5 \)

() (b)

Figure4.15: (a) The degenerag occurringwhenthe metric planeis parallelto oneof the cuboid
planes.(b) The constructionwith the vanishingline of the metric planecoincidingwith a side of
the self-polartriangle.

Finally, the seconddegeneratecaseoccurswhenthe metric sceneplanehasonedirectionin
commonwith the cuboidaxes,asin figure 4.16. Any scalingorthogonal to the commondirection
with resultantequalto the scalingin the commondirection preseres cuboid orthogonalityand
metricplanestructure-theonedegreeof freedomin thecalibration. Theconstructiorof figure4.16
(b) shavs theimagedcondition,the vanishingline of the metricplaneintersectingonevertex of the
self-polartriangle.

Thedegenerateasesaresummarizedn table4.2.

Incidencecondition Imageplaneis Independent

for ary metricplane metricplane constrainton
intersectsno vanishingpoints || all vanishingpointsfinite 5
intersectonevanishingpoint || onevanishingpointideal 4
intersectdwo vanishingpoints || two vanishingpointsideal 4

Table4.2: The numberof independentonstrainton  for threevanishingpointsandthe circular
pointsof a metric plane,for botha generakceneplaneandtheimageplane.
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(a) (b)

Figure4.16: (a) Thedegenerag occurringwhenthemetricplanehasonedirectionin commonwith
the cuboid. (b) The constructionwith the vanishingline of the metric planeintersectinga vertex of
the self-polartriangle.

4.4 Uncertainty and additional constraints

The uncertaintyin cameraparametergomputedirom threevanishingpoints and squarepixels is
guantifiedin this section. Using a first order error propagationthe covariancematrix for camera
parameterss developedandextendedo theadditionof aknown principal point constraint.Before
addressinghe computationsa numberof commentsarein order

Thereis a distinctionto be madebetweenhardand soft constraintoon the internalparameters
of a camera. For example, specifyingthat a camerahaszero skew by writing is a soft
constrainton . Explicitly parametrizing with elements aszerois a hardconstraint.A hard
constraintensureghatthe computedcamerahasa zeroentryin the secondcolumnof thefirst row,
while thesoftconstrainof skaw zeroon can,in theover-constraineadaseresultin acamerawith
a (usuallysmall) non-zeroskew.

Whenit comesto combiningconstraint§rom cameraparametersvith sceneconstraintsthe
choiceof hard or soft constraintseffects the computationrequired. For a squarepixel camera,
applyingthezeroskew andunit aspectatio conditionsashardconstraintyieldstheparametrization
of (4.7). Thethreeconstraint§rom the vanishingpointsof orthogonaldirectionscanbe expanded

for thisform of  to give closedform expressiongor , and . In generalhowever, thereare
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severaladvantagedo soft constraints:
1. Softconstraintsnaybecombinedwith otherconstraintandweightedby relative confidence.
2. Uncertaintyin thespecifiednternalparametersanbeincludedin erroranalysis.

3. Degenerag analysisis simplified by the consistentrepresentatiorof different constraint

types,asin theprevioussection.

In termsof the error analysisof the squarepixel cameracase,using soft constraintsmakes
computinga Jacobianmore difficult, althoughthe resultis the same. For hard constraintsdirect
differentiationof the closedform expressiongyields a Jacobiarfor the threeinternal parameters,
andthuscovariance.Here, however, the full form of is retained,andthe skew andaspectatio
constrainedisingtheimageplanecircularpoints. The solutionfor  is thenthenull vectorsolution
of (4.11).Since isdefinedby animplicit function,theJacobiarcannotbecomputedirectly and
requiresthe methodoutlinedin thefollowing section.The extra effort, however, is justifiedfor two
reasonskFirst, the methodis trivially extendedto the over-constrainedase suchaswhenaknown
principal point with an associategrior uncertaintyis introduced. Second the over-constrained
estimateof hasnon-zercskew andnon-unitaspectatio, andcovariancesn theseparametersan
be computed.

Introducinga known principal point constraintto a squarepixel cameran the presencef the
vanishingpointsof threeorthogonaldirectionsis often useful. The degenerateconditionthat fre-
guentlyoccursin imagesof buildingswheretheverticalvanishingpointis closeto idealmeanghat
the principalpointis poorly constrainedThe principal point of mostdigital camerashowever, lies
closeto the centreof theimage.How closeis dependendn themanugcturingprocesshut in mary
caseghe constraintthatthe principal point is at the centremay be appliedaslong asthe imageis
notcroppedwith unknavn parametersApplying the constrainis simple. Thetwo equationg4.10)
areaddedto (4.11) by addingtwo rows to the coeficient matrix. The algebraicninimumgivenby
the singularvectorassociateavith the smallestsingularvalue of the coeficient matrix providesa
solutionfor . TheJacobiarfollows directly from thefive constraintcase with theadditionof the

derivativeswith respecto the two additionalvariable( and ). An exampleof the degenerate
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casewith andwithout the principal point constraintsandincluding the error analysis,appearsn

sectiond.4.2.

4.4.1 Error propagation

A first ordererror analysisof the squarepixel configurationis presentedn this section. The five
constraintapproachis analyzedassumingGaussiarerror on the endpointsof the imagedparallel
line sggmentsdefiningvanishingpoints. Theresultingcovariancematrix describeghe uncertainty
in the computedcameraparametersMonte Carlo simulationis usedto verify that the first order
approximations valid atreasonabléevels of noise,andtheanalysisis shavn to be consistentvith
thedegenerayg resultsof the previous section.

Theerroranalysisntroduceswo nev components
1. Covarianceof thenull vectorsolutionof (4.11),thevectorof elementof

2. Covarianceof thecamergparametergheelementof | giventheelementof andtheas-
sociateccovariancematrix. Thisrequiresafirst ordererrorpropagatiorthroughthe Cholesly

decompositiorof athreeby threematrix.

The null vector

The covarianceof the vector  obtainedas the null vectorin (4.11) may be computedusing
a generalapproachdescribedby Faugeras[3]L The descriptionbelov follows the treatmentby

Clarke[14]. Themethodpraovidesanestimateof the Jacobiarof the singularvectorassociateavith

the smallestsingularvalue of the coeficient matrix in (4.11). Usingthe SVD basedapproach
allows easyextensionto over constrainecases.

Giventheconstraintequation

thealgebraiominimumis foundby consideringheproblemto bea constraineaninimizationof the



4.4 Uncertainty and additional constraints 110

costfunctionsubjectto the constrainthatthehomogeneousector hasnorm1:

n subjectto

The solutionis given by the vector correspondingo the smallestsingularvalueof . This may

equialently beexpressedsthe eigewvectorcorrespondingo the smallestigevalue of the matrix

T

where istheeigervectorand thesmallestigewalue.With five constraintonthecalibration,

the solutionis exactand . Theproblemnow is to find the Jacobian—, where

for thethreevanishingpointsof orthogonaldirections , and eachcomputedrom theimages
of asetof parallellines.

Thedifficulty isthat  is definedby animplicit function,soit is notpossibleo simply compute
thederivative expressionsFaugerasppealgo theimplicit functiontheoremfrom analysisto shav

thatfor thefunction

afunction is definedfor whichthe Jacobian

canbecomputed Hence writing

T and — T
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thefirst termin the Jacobiarexpressions approximatedy the pseudo-inerse

The secondterm is computeddirectly asfollows. Eachelementof T canbe written T

where Tisthe throwof T . So,

and,definingmatrices

T and i

TheJacobians then

andthecovarianceof , is givenby

T T (4.21)

where
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Cholesky decomposition

TheCholeslk decompositiorof the by symmetricpositive definitematrix determineslower
triangularmatrix  suchthat T. The elementsof are usually definedrecursvely[63].

Writing theelementof row  andcolumn of as , andsimilarly for the elementsof

_ (4.22)

Since T, substituting T and gives

—

Invertingandnormalizingby , theinternalcalibrationelementsanbewritten asa vector

(4.23)
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TheJacobian™ — thenfollows from straightforward differentiation. The elementof ™ are
written outin full in appendixA
Now, given the covariancematrix of the elementsof , the covarianceof the internal

cameraparameters’s

T (4.24)

Uncertainty exampleand Monte Carlo simulation

It is necessaryo make someassumption@boutthe noisein the image measurementsFor the
sale of demonstrationanisotropic Gaussiaruncertaintywith a standarddeviation of 0.5 pixelsis
assumean the endpointsof theimagedparallelline segments.Theinternalparametecovariance
is computedvy first determiningthe covarianceof  using(4.21)andthenapplying(4.24).
Returningto the imageusedasan examplein section4.3.1,figure 4.4, the computedcamera
parameterand appeain table4.3belown. Sincethecameras notover-constrainediheskew and
aspectatio areperfectlyrecorered,andthereis no uncertaintyin their values.Also, threestandard
deviationsof thefocal lengthis approximately40 pixels. Thisis areasonabl@ncertaintygiventhe

assumedmagenoise.

Camergparameters Covariancematrix
1048.6 176.8862 0 176.8862 136.0478 6.7529
0 0 0 0 0 0
1048.6 176.8862 0 176.8862 136.0478 6.7529
398.8 136.0478 0 136.0478 308.1398 -36.3323
567.1 6.7529 0 6.7529 -36.3323 94.7298

Table 4.3: The cameraparametersand first order covariancematrix for the example appearing
in figure 4.4, usingthe measuredmagedateand assuminga 0.5 pixel standarddeviation on the
measure@ndpointof imagedparallelline segments.

The validity of this resultis verified by computinga Monte Carlo simulationfrom ideal data.
The syntheticdatais createdoy computing,asin section3.6.2,a setof parallelline segmentsthat

do intersectin a uniquepoint for eachvanishingpoint. The Monte Carlo simulationproceedsy
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addingrandomisotropic Gaussiamoiseto the endpointsof the syntheticline sgments.Thethree
vanishingpointsarecomputedand(4.11)is solved. Theresultof 10000iterationswith line segment
endpointnoisestandardieviation of 0.5 pixelsappearsn table4.4. Comparingthis with table4.5,
thecovariancefrom (4.21)and(4.24)appliedto thesyntheticdatawithoutnoise,it is clearthatthere
isvery closeagreemenbetweerthelinearerrorpropagatiomesultsandthosecomputedrom Monte
Carlosimulation.Thesimilarity is readilyapparentn plotsof the covarianceof the principalpoint.
Figure4.17(a)shaws the threestandardieviation ellipseof the principal point computedrom the
syntheticdata,and(b) the computedprincipal pointsandthreestandardieviation ellipse obtained

from Monte Carlosimulation.Theellipsesareplottedtogetheiin figure 4.17(c)

Meancamergparameterg Covariancematrix
1048.5 177.5390 0 177.5390 134.4944 6.5635
0 0 0 0 0 0
1.0485 177.5390 0 177.5390 134.4944 6.5635
398.7 134.4944 0 134.4944 308.5633 -41.4693
567.4 6.5635 0 6.5635 -41.4693 96.5144

Table 4.4: Monte Carlo simulationcameraparametersand covariancematrix for syntheticdata
extractedfrom the examplein figure 4.4. RandomGaussiamoisewith a standardieviation of 0.5
pixelsis addedto the syntheticdatain 10 000iterations.

Camergparameters Covariancematrix
1048.6 176.9172 0 176.9172 136.0746 6.7510
0 0 0 0 0 0
1048.6 176.9172 0 176.9172 136.0746 6.7510
398.7 136.0746 0 136.0746 308.1869 -36.3393
567.1 6.7510 0 6.7510 -36.3393 94.7401

Table4.5: The cameraparameterandfirst order covariancematrix computedfor syntheticdata
extractedfrom the examplein figure4.4.

4.4.2 Adding the constraint of a known principal point

The lAC is over constrainedvhenthe two constraintsobtainedfrom a known principal point are

introduced. The resultis a coeficient matrix with seven rows, and generallyof rank five in the
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(@) (b)

()

Figure4.17: Thethreestandarddeviation ellipsesof the principal point computeda) from (4.21)
and(4.24). (b) from Monte Carlo simulation. (b) alsoshaws the principal pointsfor all 10 000
iterations.(c) shavs thetwo ellipsesfrom thesyntheticdata(solid line) andMonte Carlosimulation
(filled circles)simultaneously
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absencef noise. With noise,however, therankincreasego six and  canbe estimatedoy the
singularvector associatedvith the smallestsingularvalue. Note that, in termsof the associated
Jacobianthe smallesteigervalue of the constrainimatrix is not zero,sothe Jacobians anapprox-
imation. Also, the relative scaleof constraintrows in the coeficient matrix hasan effect on the
solution,sorows canin principle beweightedaccordingo confidenceTheexampleswvhichfollow
neglectsuchweighting,with reasonableesults.

This sectionproceedsdy giving anexampleof a neardegenerateaseof calibrationfrom three
vanishingpointsanda squarepixel camera.The uncertaintyin the camergparameterss shavn to
beconsistenwith thedegenerag analysisandis thencomparedo theresultsobtainedafteradding
the principal point constraints.

An exampleof a nearidealverticalvanishingpoint appearsn figure 4.10. Table4.6 shavs the
camergparametersind covariancematrix computedrrom (4.21)and(4.24) with datavariancesas
in thelastsection.Thethreestandardleviation ellipseof the principal point appearsn figure4.18.
The variancefor focal length andthe horizontalcomponentof the principal point are extremely
large. The principal pointis constrainedo lie ontheline connectinghefinite vanishingpoints,in
this casedefiningthe horizontalline, andthisis in factthe orientationof the majoraxis of theerror
ellipse.

Table 4.7 shavs the cameraparameterand covariancematrix computedfrom (4.11), (4.21)
and(4.24),with (4.11)and(4.24) updatedo take into accountthe principal point at the centreof
theimage. Standarddeviationsareasbefore;0.5 pixels on endpointof line segments but with 10
pixelson and . Thethreestandardleviationellipseof the principalpointappearsn figure4.18.
Monte Carlo simulationconfirmsthe accurag of theseresults. Thetablesareomittedfor the sale
of brevity.

Constraininghe principal pointto the centreof theimageensureghattherearesuficient con-
straintson to estimatethe cameran the presencef degenerateeonditions.Note thatthe covari-
anceof the principal point obtainedfrom the error analysisis differentfrom the prior covariance
assumeadn its co-ordinates.This reflectsthe combinationof the prior uncertaintyandthe uncer

tainty associatedvith the othercalibrationconstraints.
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Figure4.18: Principalpoint threestandardieviation ellipsesfor the internalparametersomputed
from (4.11). Thedirectionandextent of the ellipseagreeswith the degenerag analysis- the prin-
cipal pointis constrainedo lie ontheline joining the two finite vanishingpoints.

Figure4.19: Principalpoint threestandarddeviation ellipsewith the principal point constrainedo
lie atthecentreof theimage.
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Camergparameters Covariancematrix
1094.3 22662 0 22662 -94479  -453.5
0 0 0 0 0 0
1094.3 22662 0 22662 -94479  -453.5
429.3 -94479 0 -94479 3.953e+05 1907.8
385.1 -453.5 0 -453.5 1907.8 45.548

Table4.6: The cameragparameterandfirst ordercovariancematrix for the caseof onenearideal
vanishingpoint.

Camergparameters Covariancematrix
1071.3 97.4838 -0.1725 97.4833 -32.0640 0.3081
-0.0001 -0.1725 0.8822 -0.1743 -0.0840 0.2564
1071.3 97.4833 -0.1743 98.6306 -32.0639 0.3253
512.0 -32.0640 -0.0840 -32.0639 99.9984 -0.0978
384.4 0.3081 0.2564 0.3253 -0.0978 39.2935

Table4.7: The camergparameterandfirst ordercovariancematrix with oneideal vanishingpoint
andthe principal point constrainedo lie atthe centreof theimage.

4.5 A threesquare calibration object

It wasshawn in section4.2.2thatthe imagedcircular pointsof ary world planelie on andpro-

vide two constraintson . Chapter3 wentinto somedetail concerningthe relationshipbetween
knowledgeof thegeometryof animagedplaneandtheimagedcircularpoints. Thekey pointin this
sectionis thatknowing the metric geometryof theimagedplaneis equvalentto knowing the im-

agedcircularpoint parametersit is thusclearthatif the metricrectificationof animagedplanecan
be computedheimagedcircularpointsareknown, andthustwo constrainton the cameranternal
parametersreavailablefrom (4.5).

The calibrationobject presentedereexploits the metric sceneplaneconstraintsdy capturing
animageof threesquares.Sincethe squaresare simpleto rectify, threepairs of imagedcircular
pointsareeasilycomputedgiving six linearconstrainton . An exampleandconstructiorappear
in figure 4.20,shaving theintersectionof ~ with the vanishinglines of eachplanein the imaged
circular points. The main advantagef sucha calibrationobjectarethatthe imagedplanesneed

not be orthogonalandthe 3D co-ordinate®f the calibrationpatternneednot be knowvn. Theonly
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constrainton the planesis that they are not coplanar and so definethreeunique pairs of image
circularpoints.

This methodis closelyrelatedto the planarauto-calibratiormethodof Triggs[106, but differs
in thattheimagedcircularpointsof eachplanearecomputedxplicitly, leadingto linearconstraints
on . A similarapproactto constrainingcamergparameterfrom metricplaneshasbeendeveloped
by both SturmandMaybank[97, andZhang[114. Both presentheconstrainton obtainedrom

ametricplanein termsof the columnsof theworld to imageplanehomography , writing

T T (4.25)

for thefirsttwo columns and of . (Notethatthat ,thehomographysedin thesepapers,
is the inverseof the rectifyinghomayraphyin chapterd.) Thattheseconstraintsare equivalentto
imagedcircularpoint constraintsanbe seenasfollows.

Theimagedcircularpointsof a planecanbetransferredrom theworld planeby to give

That lieson isthen

Equatingrealandimaginarypartsto zeroyields(4.25).

Note thatthe threesquareconfigurationis chosenmainly for easeof use— a squarepatternis
easilycreatedandrectified. Any planefor which metric propertiescanbe computedcanbe used,
suchaspatternswith rectangler circles,or arbitrary patternswith known planegeometry It is
alsopossibleto usefewer squaresn combinationwith otherconstraintssuchasthe squarepixel
constraintand/ora known principal point. Patternswith multiple squaresnay alsobe used. The

implementatiorhereusesthe orthogonalityof the sidesof the squarego computerectificationpa-
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(@) (b)

Figure4.20: A threesquarecalibrationobject. (a) Imageof threesquares(b) The six pointson
obtainedrrom theimagedcircular pointsof threeworld planes.

rametergdescribedn section3.5). Sincethe edgesof theimagedsquaresareused,Jong, unbrolen
edgeareadwantageous.

With threepairsof pointsgiving six constraintsthe calibrationis over parametrized A MLE
solutionis thuspresentedvhich minimizesthe geometricerror A first ordererror propagations

computedandverified usingMonte Carlosimulation.

4.5.1 Linear computation of

The circular pointsfor eachimagedsquareare determineddirectly from the orthogonalityof the
sidesof the squareandthe diagonals.Theseconstraintsare suficient to fully definethe conic
dual to the circular pointsfor eachimagedplaneusing (3.17). The circular point parametersire
theneasilyextractedfrom by referringto (3.12). Theresultingthreeimagedcircular point pairs
, definesix coeficient vectors for six linear

constrainton  from (4.6)

T (4.26)

Since hasfive degreesof freedom,it is over-constrained.Underideal conditions, hasrank

five andthe solutionfor is its null vector Noise on the measurementdjowever, resultsin a
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rank six coeficient matrix. The singularvectorassociatedavith the smallestsingularvalueof is
the estimateof  thatminimizes subjectto . As before, follows from by
Cholesly decomposition.

However, the computedby algebraiominimizationwill not exactly satisfyall the constraints.
Geometricallytheimagedcircular pointsconstraining will not necessariljfie on the conic(see
figure 4.21). The algebraicminimum canbe improved by a Maximum Lik elihood Estimateof
(andtheimagedcircularpointson ) thatminimizesthe errorin the measurementshe cornersof

theimagedsquaresThisis the subjectof the next section.

K

Figure4.21: Thesix imagedcircularpointsdo not necessarilyie ontheconicobtainedrom singu-
lar valuedecompositiorof

45.2 A Maximum Lik elihood Estimate of

The goal of this sectionis to computethreepairsof imagedcircular pointsthat meettwo criteria;
they lie on the sameconic and minimize reprojectionerror. The reprojectionerror is the Maha-
lanobisdistancebetweenthe cornersof the squaresneasuredn the imageandthe cornerscom-
putedby mappingsof eachof the world planecornersto the image. It is in the latter computation
thatthedifficulty lies, sincethe mappingsmustbe consistentvith . Theimagedcircularpointsdo
not lie on the sameconic, but eachof the pairsencodea rectificationhomographythat transforms

animagedsquareto a perfectworld planesquare.If thesepointsare constrainedo be consistent
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with thecomputed , therectificationparameterslefinedby the new circularpointswill notrectify

theimagedsquarego asquare Thisis illustratedin figure 4.22.

» ‘
\
\

world plane

image

Figure4.22: Theimagedcircularpointsof a particularimagedsquareencodearectificationhomog-
raphythat mapsit to a perfectsquare(solid lines on the right). Any otherpair of imagedcircular
points, constrainedo lie on  for example,definea homographythat doesnot map the imaged
squareo a perfectsquargdashedinesontheright).

Thedecompositiorof thegeneralprojective transformatiorbetweeraworld planeandits image
describedn chapter3 discardghe similarity transformatiorto retainonly the projectve andaffine
componentsf thehomographyTo computeareprojectiorerroratransformatiorfrom world plane
to imageis requiredthat, given a pair of imagedcircular points, mapsa world plane squareto
the closestquadrilateal to theimaged squae. Applying a similarity transformatiorto the perfect
squarerepresentinghe world planepointsbeforethe transformatiordefinedby the circular points
malkesthis possible sincethetransformatiorappliedis thenagenerahomographyThe problemis
to determinethe similarity transformatioraswell astherectificationparameter$or eachsquare.

Including a similarity transformationincreaseshe numberof degreesof freedomassociated
with eachsquarefrom four to eight.Thisleadsto aniterative minimizationschemeo computethe

MLE of usingtheLevenbeg-Marquardtalgorithmasfollows:

1. Computethe linear estimateof  from (4.26)to initialize the minimization. This includes

computingtherectificationhomographies for eachsquarethetransformations
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thatmaptheimagedsquarego perfectsquare®n theworld plane.

2. Constructthevectorof co-ordinate®f the 12 cornersof thesquares

The objective now is to computea setof points suchthattheimagedsquaregiefinedby
arerectifiedto perfectworld squaredy the threepairsof imagedcircular points and
for . Furthermore, and mustall lie ontheconic , andminimizethe sumof

squaredMahalanobiglistances

3. Write theparametersf in vectorform as T andconstructhevector

where is the normalizedvanishingline of imagedplane

and encodeghe similarity parametergor scale , rotation andtranslation

has23 parametersfive from , six from the vanishinglines and 12 from the similarity

transformations.

4. Minimize thecostfunctionover

At eachiteration, is determinedy theelementof in astraightforvardmanner:First is
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computedrom . Theimagedcircularpointslying on arecomputedrom theintersection
of thevanishinglines with usingthe Joachimsthaéquationdescribedn section2.2.2.
This definesaprojective transformation for eachsquareVectors definesimilarity trans-
formations . Theworld planesquaregiefinedby therectifications arethenmappedoy

to theimageto give .

The cameraparametergomputedfor the imageof figure 4.20 appearin table4.8. The sides
of theimagedsquaresarecomputedby runninga Canry edgedetectorfollowed by line fitting and
manualselectionof the appropriatdines. (It is certainly possibleto automatethe entire process,
but thatis beyond the scopeof the currentdiscussion.) Cornersfor the MLE are definedby the
intersectiorof line pairs. Althoughwith six constraintoon  the differencebetweerthelinearand
MLE resultsis small,the MLE computations importantin two respectsFirstit generalizegasily
to largernumberof square®n aplaneandlarge numberof imagedplanegsuchasmultiple views
with afixedcamera) Secondthe Levenbeg-Marquardicomputatiorprovidesgoodnumericalesti-
matesof the Jacobianwhich male first ordererroranalysissimple. The erroranalysiss described

in thefollowing section.

Method
Linear | 1143.4 -5.7 1152.1 545.3 371.6
MLE 1143.4 -5.2 11525 544.6 371.3

Table4.8: The cameraparametergomputedirom threeimagedsquareausingthe linearand ML
methods.

4.5.3 Error propagation

A first orderestimateof theerrorin theestimatedcamergparameterfollows the sameprocedureas
for theMLE of line intersectiorin section3.6.2. Theminimizationalgorithmestimateshe Jacobian

of function mapping to numerically
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andthe covariancein the parameterector is givenby

T (4.27)

Thecovarianceof is thena sub-matrixof

The camergparametersind covarianceof the exampleabore assuminga standardieviation of
0.5 pixels on the cornersappeaiin table4.9. A Monte Carlo simulationhasalsobeenperformed
to testthe validity of the results. Syntheticdatais obtainedfrom the sameexampleby usingthe
squareslefinedby . Theresultof 10 000iterationsaddingnoiseto the cornersandcomputing
appeain table4.10,andthe MLE andits covariancein table4.11. Theresultscompargavourably
indicatingthatat thesenoiselevels, thefirst ordererroris areasonablestimate.Plotsof thethree
standarddeviation ellipsesof the principal point for the Monte Carlo andfirst order experiments

appeaiin figure4.23.

Camergparameters Covariancematrix
11434 134.1190 -13.9892 128.3311 4.7180  1.3870
-5.2 -13.9892 41.8636 -13.4386 -10.1093 -19.9487
1152.5 128.3311 -13.4386 160.1897 20.1507 -12.6657
544.6 47180 -10.1093 20.1507 86.9062 -9.3151
371.3 1.3870 -19.9487 -12.6657 -9.3151 107.1209

Table4.9: Thecamergarameterandfirst ordercovariancematrix computedrom the ML method
on the measuredmagedatausingthe threesquarecalibrationobjectwith a standarddeviation of
0.5pixelsonthesquarecorners.

Camergparameters Covariancematrix
1143.2 131.7136 -13.4498 125.5439 3.6433  0.1815
-5.2 -13.4498 45.6875 -13.3108 -17.3785 -18.1345
1152.3 125.5439 -13.3108 157.7291 21.7178 -13.9876
544.7 3.6433 -17.3785 21.7178 101.2858 -9.9145
371.3 0.1815 -18.1345 -13.9876 -9.9145 108.8555

Table4.10: The cameragparameterandfirst ordercovariancematrix computedrom Monte Carlo
simulationusingthe syntheticthreesquarecalibrationobjectwith a standardieviation of 0.5 pixels
onthesquarecornersin 10 000iterations.
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() (b)

()

Figure4.23: Thethreestandarddeviation ellipsesof the principal point computeda) from (4.27).
(b) from Monte Carlo simulation. (b) alsoshaws the principal pointsfor all 10 000 iterations.(c)
shavsthetwo ellipsesfrom thesyntheticdata(solidline) andMonte Carlosimulation(filled circles)

simultaneously
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Camergparameters Covariancematrix
11434 134.1189 -13.9892 128.3310 4.7180  1.3870
-5.2 -13.9892 41.8636 -13.4386 -10.1093 -19.9487
11525 128.3310 -13.4386 160.1896 20.1507 -12.6656
544.6 47180 -10.1093 20.1507 86.9063 -9.3151
371.3 1.3870 -19.9487 -12.6656 -9.3151 107.1209

Table4.11: The cameraparametersindfirst order covariancematrix from the ML methodusing
the syntheticthreesquarecalibrationobjectwith a standarddeviation of 0.5 pixels on the square
corners.

4.6 Calibration and the rectangleambiguity

The rectangleambiguitydescribedn section3.5.3occurswith imagedrectanglesf unknavn as-
pectratio. It is possibleto rectify the planeso that the orthogonalityof the rectangularsidesis
restoredput anunknawn relative scalingin the directionsof the sidesremains.It wasalsopointed
outthatthisis acommonoccurrencen imagesof building facadesywheremary rectangulastruc-
turesexist. Thissectiorwill shav how computingthecameranternalparameterprovidesamethod
of completingthe metricrectificationof sucha plane.

Thekey is in the geometricrepresentatiof metricinformationon the plane. Whenthe co-
ordinatesof the imagedcircular pointsare known, the metric rectificationis fully determined.In
the caseof animagedrectanglethe vanishingline is known, but thereremainsa one parameter
family of conicsdualto thecircularpointson  (see(3.19)). However, if the cameras calibrated,

is known. Now, sinceall imagedcircularpointslie on , the planerectificationis definedby the
intersectiorof and inthepoints and . (seefigure4.24).

Theunknavn component®f and aretheaffinerectificationparameters and (definedin

chapter3) . They canbecomputedoy solving
T (4.28)

for theunknavn and . Expandingthe expressiorfor in termsof , andthevanishingline
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image plane

scene plane

Figure 4.24: The intersectionof the vanishingline of aplaneand fully determinegheimaged
circularpointsof the plane,andthusits completemetricrectification.

(asin chapterl)

(4.28)simplifiesto aquadratidn

(4.29)

With non-zercanda squarepixel camerg4.29)furthersimplifiesto

(4.30)

The solutionsof (4.29)or (4.30)arecomple, with and given by therealandimaginaryparts
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respectrely.

An earlierversionof this approachby Karras[58 usesdirect computationof the rectification
transformationfor a camerawith (hard) constraintsof zero skew, unit aspectratio and principal
point atthe centreof theimage. Focallengthandthe orientationof the world planerelative to the
camerdollow from two vanishingpoints.

As an example,considerfigure 4.25. The building facadehastwo dominantdirectionswhich
areorthogonal but the rectangleambiguityexists for the rectification. The vanishingpointsof the
orthogonaldirectionspravide oneconstrainton  from (4.2). Assumingthethe camerahassquare
pixels, (4.8) providestwo constraints.Constrainingthe principal point to the centreof the image
providestwo further constraint§rom (4.10), giving a total of five linear constraintson .  can
thus be computedand (4.30) appliedto computea metric rectificationof the planeappearingn
figure4.25(b).

A secondexample,bringingtogetherthe rectangleambiguity metric planeconstraintsandcal-
ibration degenerag, appearsn figure 4.26. It shavs a photographof the Municipal Theaterof
Athens,which wasdestrged in 1938. The camerais unknavn andthe imagehaspossiblybeen
croppedsothe principal point cannotbe constrainedo lie attheimagecentre.Additionally, there
areimageparallellinesin threeorthogonaldirections but the vertical vanishingpointis practically
ideal. Thus,the threevanishingpointsandthe squarepixel constraintsdo not fully determine .
Imagedparallellinesfor two orthogonaldirectionsvisible on the front facadedefinethe vanishing
line of the facadeandrectificationup to therectangleambiguity Theambiguitycannotberesohed
asin the previousexamplebecause is unknavn.

A solutionis to completethe metricrectificationof thefront facadgrom the ellipsesoverlayed
in figure4.26(a). Theseellipsesaretheimagesof semi-circulararchesandsointersecthevanish-
ing line of thefacaden its imagedcircularpoints. Oncethemetricstructureof thefacadds known,

its imagedcircular points constrainthe camera.Combiningthe vanishingpoint, squarepixel and
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metricfacadeplaneconstraintgjivesthe camera

The imageis of size pixels, the computedaspectratio is 1.05andthe anglebetween
theaxesis 88.15. Thesquarepixel constraintsarenot perfectlysatisfiedsincethe cameras over
constrained Therectifiedfacadeappearsn figure 4.26 (b). It is architecturallyinterestingto note
thattheassumptiorthatthearcheshawn in (a) aresemi-circulaiis notconsistentvith semi-circular
archesonthelower tier.

Furtherexamplesof calibrationandrectificationappeain thefollowing section.

(a) (b)

Figure4.25: Planerectificationvia partialinternalparameters(a) Originalimage.(b) Rectification
wheretherelatve scalingof verticalandhorizontaldirectionsassumes squarepixel camerawith
theprincipalpointatthecentreof theimage.Measuremendf theaspectatio of awindow indicates
adifferenceof 3.7%betweerntrueandcomputedralues.Notethatthetwo parallelplanestheupper
building facadeandthe lower shopfront, areboth correctlyrectified, but sceneplanesnot parallel
to thesetwo aredistortedby the rectificationhomography This distortionis visible on the areaof
overhangof theupperfacade.

4.7 3D reconstructionfrom singleviews

Calibrationtechniquesaindthe metric planerectificationdescribedn chapter3 canbe combinedo
producethreedimensionalreconstruction®f planarobjects[6§. In generalthe taskis to recon-

structa scenefrom recognizablesceneprimitives suchaslines, planesand spheredy computing
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(a) (b)

Figure4.26: Planerectificationusingthe propertief circles. (a) TheMunicipal Theatef Athens,
with ellipsesoverlaid onimagedsemi-circulararches (With thanksto Geoge Karrasfor providing
theimage.)(b) Therectifiedfront facade.

their spatiallayout. The main applicationis to buildings, mostly planarstructuresvherethereare
plentiful constraintgo be hadfrom parallelismandorthogonality Reconstructiofis fundamentally
modelbased- thearchitecturabcends describedy a cuboidmodel,andcalibrationandrectifica-
tion allow the parametersf the cuboidto be computed.This sectiondescribesuchreconstruction
from singleviews andsetsof minimally overlappingviews. Minimally overlappingviews arecases
wheremultiple view methodsareinapplicablebecausensuficient pointsarevisible in morethan
oneview, but imageshave sufiicient scenestructurein commonto stitch individual single view
reconstructionsogether

Building architecturaimodelsin this manneris similar to the photogrammetricechniqueof
Debevecet al.[25]. However, in the Debarec systemscenemeasurementarerequiredto position
thecamerasandthecameranternalcalibrationmustbeknowvn. Thesearenotneedecdere.Theuse
of severalvanishingpointsfor scenanodelingfrom singleimagesalsoextendsthework of Horry et
al.[54], wherea singlevanishingpointis used.A singleview reconstructiorsystemusingthesame
approachasdescribedabove for calibrationhasbeendevelopedby SturmandMaybank[98. Their
systemallows a userto definepointsandparallellinesaswell asorthogonaldirections.Pointsand
planesarethenreconstructegimultaneouslyisinga constraineptimization. Singleview recon-
structionusinga metric groundplaneanda vanishingpointsoff the planehasbeendemonstrated
by Criminisi etal[21]. Thedistance®f pointsin thedirectionof the vanishingpointarecomputed

relative to areferencesothevertical vanishingpoint andoneheightmeasuremerdresuficient to
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reconstruct building.

The single view techniquesare complementaryto reconstructiormethodsapplicableto mul-
tiple images,such as an image sequenceacquiredby a video camerawhen walking arounda
building[4, 103 112. More will saidaboutmultiple view techniquesn the next chapter It must,
however, be notedthatsingleview reconstructionarenotcomplete3D reconstructiongn thesame
senseasstereoor multiple view reconstructionsA single view reconstructioronly allows world
measurement be madeon particularsetsof planesor in specificdirections. Measuremenof

propertiessuchasthe 3D distancebetweenwo generalpointsis not possible.

4.7.1 Singleview reconstructionsof buildings

The generalapproacho reconstructingouildings is to modelthe building asa cuboid, with three
orthogonalplanesvisible in the image. Theseplanesprovide parallellines in three orthogonal
directionsfrom the facadeoutlinesandrectangulafeaturessuchasdoorsandwindows. The aim
is to measurehe dimensionsof the cuboid and adjacentplanesforming part of the structure,as
illustratedin figure4.27.

Therearetwo component$o thereconstructiomprocessFirst,thecameracalibrationandmetric
structureof eachplaneis computed.The secondstageinvolves stitchingthe individually rectified
planestogetheraccountingor the arbitraryscalefactorsin the rectificationof eachplaneandthe
relative orientationof planesnotknown to be orthogonal.

Thefirst part, the calibrationandrectificationprocesscompriseshreesteps:

1. Calibratea squarepixel camerafrom threevanishingpoints of orthogonaldirections,also

usingthe known principal pointconstraintsf possible.

2. Computethe vanishingline of eachplanein theimage.Again, thisis usuallydonefrom the
vanishingpoints of imagedparallellines on eachplane. The vanishinglines defineaffine

rectificationof eachof theplanes.

3. Metric rectify eachplaneby computingthe imagedcircular pointsfrom the intersectionof

thevanishingline and using(4.30).
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() (b)

(c) (d)

Figure4.27:3D reconstructiorirom asingleimage.(a) Fellows quad,Merton College, Oxford. (b)
Thedimensiongupto aglobalscale)requiredto computeareconstruction(c) and(d) Novel views
of thetextured3D modelcreatedrom the singleimagein (a).

Onceall building planesare rectified, model constructionproceedsy assigningthemappro-
priate Euclideanco-ordinates.The first considerationn this is the relative scaleof planes. Each
metric rectified planehasan arbitrary global scalefactor (seefigure 4.28), so the planesmustbe
scaledfor consisteng. Therelative scalingof a pair of planescanbe computedrom ary two points
commonto both planesby finding the two lengthsbetweerthe commonpointsdefinedby the two
rectificationhomographiesf the planes.The Euclideardimension®f oneplanecanthenbescaled
by theratio of theselengthsto make it consistentvith the otherplane.

The stepsdescribedthus far are sufficient to reconstructthe orthogonalplanesdefining the
cuboid. Takingtheleft facaden figure4.27(a)asreferencefor example,its correctlyproportioned

width and heightare determinedby rectification. The right facadeand groundplanesare orthog-
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Image Recitified facade planes

Figure4.28: Two pointscommonto a pair of planeshave differentlengthsin thetwo rectifications
becauseachpointpairis knowvn up to anarbitraryscalefactor

onalto the referencealthoughthereare insufficient sceneconstraintso rectify the groundplane
independentlyHowever, scalingof therectifiedright planefrom the pointscommonto the planes
wherethefacadesneetcompleteghecuboidmodel. Thedimension®f the cuboidarenow known,
andthe groundplanerectificationhomographyanbe computedrom thesedimensions.

Thefinal aspeciof the reconstructions to determinethe relative orientationof planesthatare
notohviously orthogonal Computingtherelative orientationof apair of planesequiresacalibrated
cameraandthe vanishinglinesof bothplanesaswill now beexplained.

Thevanishingline andthecameraogetherdeterminehe orientationof theworld planerelatve

to thecamera[lpasfollows. Thenormalto aplane in cameracentredco-ordinatess

This resultfollows from consideringa 3D plane T. The orientationof the
planeis describedby the normal vector T. Plane intersectsthe planeat
infinity Tin theline . Thisline is imagedasthe vanishingline of the plane

T . Theangle betweentwo planesthenfollows from the inner productof the two
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planenormals:

(4.31)

The roof planesin figure 4.27(a)are reconstructedising (4.31). The vanishinglines are ob-
tained the regular patternof tiles, using an automaticmethoddevelopedby Schafalitzky and
Zisserman[9D In this method,the geometricgroupingof imagedequally spacedparallellines
definesthe vanishingline by invarianceof the crossratio of theline pencit-.

A secondexampleappearsn figure 4.29. Four planesareclearly visible in the scenethreeof
which areorthogonal.In addition,suficient parallelline setsareavailableto determinehe camera
internal parametersand vanishinglines for eachplane. All planescanthus be rectified, andthe

relative orientationof the non-orthogonaplanedetermined.

4.7.2 Multiple singleviews

It is often difficult to obtainsequencesf imagesof buildings that are suitablefor multiple view
reconstructionechniquesOcclusionsandviewpointrestrictionsdueto the presencef otherbuild-
ingscancauseseveredifficulties. With only aminimal proportionof thescenén common however,
it is possibleto stitchtogethera numberof singleview reconstruction$o obtaina completemodel
of a building.

Therequirementor areasof overlaparethe sameasfor planesin a singleview. To join the
reconstructiorof planesfrom partsvisible in two views theremustbecommonworld pointsin both
views. This allows therelative scaleof thetwo rectificationsto be computed.

Two examplesfollow, bothreconstructionef Oxford college quads.Thefirst is Fellovs quad,
MertonCollege,the samescendhatappearsn figure4.27. Theseconds in Oriel College,a model
createdo adwertisea studentball. The reconstructions augmentedvith additionalstructuresand

aratherfancifulfire (all attherequesbf the studentsnvolved). Theaugmentatiomprocessxploits

twith thanksto FrederickSchafalitzky for computingthe roof vanishinglines.
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@) (b) (c)

Figure4.29: Singleview reconstruction(a) The Radclife Obseratory Oxford. (b) and(c) Views
of thetexturedreconstruction The anglebetweerthe non-orthogonaplaneandthe facadeplanes
hasbeencomputedrom (4.31)to be46 . Thetrueangleis 45 .

thepower of VRML to createthe additionswith texturedimagesandappropriatdighting.

4.8 Summary

This chapterhasexaminedsingleview calibrationof a camerafrom sceneandinternal parameter
constraints.Sceneconstraintsare obtainedfrom the vanishingpoints of orthogonaldirectionsand
metric sceneplanes,exploiting the geometricpropertiescommonto built ervironments. Internal
parameteconstraintsarewritten from knowledgeof somepropertief the camera.

Particular attentionhasbeenpaid to the caseof a squarepixel camera,which provides cali-
brationconstraintsdenticalin form to a metric sceneplane. The commoncaseof sucha camera
viewing ascenevherethevanishingpointsof threeorthogonabirectionscanbecomputechasbeen
analyseddetailingthedegenerateonditionsunderwhichthis configuratiordoesnot fully constrain
the camera.A first ordererroranalysisof the squarepixel andthreevanishingpoint configuration

hasbeenpresentedndverifiedwith Monte Carlosimulation. The erroranalysisresultsareconsis-
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Sourceimagesof thequad.

Threeviews of thereconstruction.

Figure4.30: Sourceimagesandviews of the multiple singleview reconstructiorof Fellows quad,
MertonCollege.
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Figure4.31: Sourceimagesof Oriel College, Oxford, for the augmentedeconstruction.

tentwith thedegenerateonditions,andthe effect of introducinga known principal point constraint
hasbeenexamined.

The metric planecalibrationconstraintshave beenexploitedto createa calibrationobjectcon-
sisting of squaresandlinear and Maximum Likelihoodtechniquesf computingthe camerade-
scribed.A first ordererroranalysisfor the latter casehasalsobeenpresente@ndverified.

Cameracalibrationhasbeenappliedto singleview reconstructiorof architecturakcenesThe
metric rectificationdescribedn chapter3 andsingleview calibrationhave beencombinedto pro-
duceaccurateandrealisticmodelsof buildingsfrom singleviews andsetsof minimally overlapping

views.
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Figure4.32:Views of theaugmentedeconstructiorof Oriel College.

The following chapterextendssquarepixel cameracalibrationusing vanishingpointsto two
views. The constraintsvalid for a single view apply to eachcameraand canalsobe transferred
betweenviews, providing additional constraintsfrom motion. It will be shavn how, evenif a

degeneratecondition in eachview is present,calibrationand metric 3D reconstructionare still

possible.



Chapter 5

Calibration and Reconstructionin Two

Views

5.1 Intr oduction

The taskdirectly addressedh this chapteris asfollows. Giventwo views of a scenecontaining
a cuboid objectwith correspondingpoint sets,computea metric reconstruction.As an example,
considerfigure5.1,two views of abuilding, andfigure5.2, wherethetextured,reconstructeduild-
ing createdwith the methodsdescribedn this chapteris seenfrom novel viewpoints. The cuboid
objectdefinesthe vanishingpointsof threeorthogonaldirections,asin the casewith single view
reconstructionThereis animportantdifference however, betweenra stereoreconstructiorof such
an objectanda singleview reconstruction.A stereoreconstructiorallows true 3D measurement
of the scene sinceary point thatis visible in both views may be back-projectedratherthanthe
restrictedmetricspace®btainedfrom asingleview.

The approachtaken hereassumeshatthe epipolargeometryof the view pair, andthusa pro-
jective reconstructionis available. A metric reconstructions obtainedfrom the projective by the
stratifiedschemedescribedn section2.3.3:theplaneatinfinity andtheimageof theabsoluteconic
arecomputedo yield a metricreconstruction.

The chapterproceedswith a descriptionof the constraintson the planeat infinity andIAC
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Figure5.1: Two views of a building.

Figure5.2: Two novel views of thereconstructedbuilding.

obtainedfrom two views of a cuboid object. The casethat both camerashave squarepixels is
developedin somedetail, and its implementationin a two view metrologytool is describedin
section5.3. Section5.4returnsto theoreticaissuesspecificallythe additionalconstraintsavailable

whenthetwo cameradave identicalinternalparameters.

5.2 Calibration constraints

Thetaskof calibratinga pair of camerass approachedtierein the muchthe samemannerassingle
view calibration. The vanishingpoints of threeorthogonaldirectionsconstrainthe imageof the
absoluteconicin eitherview. Furtherconstraintareobtainedvhenthe camerasave squarepixels.
Importantadditionalconstraintsexist, however, becausehe vanishingpointsarecomputedn both
views. The threematchedvanishingpoints are the imagesof pointson , sothe planecanbe

computedandthe structureaffine rectifiedfrom (2.10). Theinfinite homography , whichmaps
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projectionsof all ideal points betweenviews is also computed. This allows constraintssuchas
the known imageplanecircular points (for squarepixel cameraspndtheinvarianceof  (for two
cameraith identicalparametersjo be transferrecbetweerviews. It is thusthe motionbetween
cameraghatintroducedurtherconstraintn the camerasn eitherview.

A similarapproachbut withoutrelianceon computingepipolargeometryis reportecby Cipolla
andBoyer[17. Their methodrelieson first computingthe calibrationsin eachview independently
from threevanishingpointsassumingzeroskew andknown principal point. Therotationbetween
views is computedasthe transformatiorbetweenthe vanishingpoint setsafter correctionfor the
internalparametersTranslatiorfollows from theobserationthatthetranslationvectorandtherays
throughthe cameracentredefinedby any matchedpoint arecoplanar While no directcomparison
of thetwo approachebasbeemmadeit is likely thatusingaccuratelydeterminecpipolargeometry
will resultin a moreaccuratecalibrationsinceit usesmotion constraintan additionto structural
constraintsHowever, in caseswhereit is difficult to accurateestimatethe epipolargeometrytheir

approachs probablypreferable.

5.2.1 Vanishing pointsin two views

An ideal 3D point projectsto avanishingpointin eachof two views (seefigure5.3). Thevanishing
pointscanbe computedasbefore, from imagedparallellines,suchasthoseshavn in thetwo views
of figure 5.4. Notethatit is the directionof the lines that determineghe vanishingpoint, so the
samelinesneednot bevisible in bothviews.

Thethreematchedranishingpointsdefineboththe planeatinfinity andtheinfinite homography
if the epipolargeometryis known. Givenaninitial projectve reconstructiorand back-projecting
thevanishingpoints , and inthefirstviewand , and inthesecondjivesthree3D
points and on . Thehomogeneouplanerepresentatiofor follows from a null
spacecomputatiordescribedn section2.2.3and  from (2.14). Affine structureandprojections
are now defined. The projectve model of figure 2.7, for example, can be affine rectified, asin
figure5.5.

The pairsof vanishingpointsof orthogonaldirectionsconstraintheinternalparametersf each
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D

image 1 image 2

Figure5.3: An ideal point is projectedto a vanishingpoint in eachof two views. The vanishing
pointscanbe computedrom imagedparallellinesin eachview (not necessarilfhe samedines).

A a

Figure5.4: Imagedparallelline segmentsshavn in two views of a building definethreevanishing

pointsin eachview.

Figure5.5: Two views of an affine reconstructiorof the building of figure 5.1. Note that affine
propertiesof the structureare correctlyrepresentedparallelworld lines areparallelin the recon-
struction),but metric propertiesremaindistorted. The modelis shavn in orthographigrojection
(ratherthanperspectie) to male this clearer
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camerafrom the conjugay constraint(4.2). In the vector notationof (4.4), theseconstraintsare
, , in thefirst view. Therearethusthreeconstrainton thefive parametersf
leaving atwo parameteambiguity
Justasin thesingleview case furtherconstraintcanbewritten on eachcamerdf it hassquare

pixels. It will be shavn now how the constraintcanbetransferrecetweernviews.

5.2.2 Square pixel camerasand the motion constraint

The constraintthatthe first camerahassquarepixels, (4.8), providestwo additionalconstraintson
sinceimageplanecircularpoints and lie on . Therearethenfive constraintson , which
may bereducedn degeneratecasedo four (section4.3.2). Now, if the secondcamerahassquare
pixelsthe secondmageplanecircular pointsare T in imageco-ordinates Additionally,

is known, sotheseimageplanecircular pointsandthe idealline canbetransferredo thefirst

view (figure5.6), giving

T and

with  and thesecondmageplanecircularpointsasseenby thefirst camera.

image plane 2

image plane 1

Figure5.6: An ideal pointis projectedto a vanishingpointin the secondview, andmappedo the
firstby . Thisappliesto theimageplanecircularpoints,known if theseconccamerahassquare
pixels,whicharemappedo and in thefirstview.



5.2 Calibration constraints 145

and areprojectionsof pointson , andthuslie on in thefirst view. Two additional
constraintson  areavailablefrom 7 and T . Thetwo constraintcoeficient
vectors and follow from expanding ' andtakingrealandimaginaryparts.

Therearethusa total of seven constrainton to befoundfrom two squarepixel camerasA

constructiorappearsn figure5.7.

|3 \;

Figure5.7: Sevenconstrainton |, threefrom theconjugag of thevanishingpointsof threeorthog-
onaldirectionstwo from theimagecircularpoints,andtwo from the transferrectircularpoints.

5.2.3 Square pixel degeneracies

Degenerateonditionsoccur andcanbetreatedsimilarly to the singleview casedescribedn sec-
tion 4.3.2. The vanishingpointsof threeorthogonaldirectionsdeterminea two parametefamily
of conics parametrizedby linesforming the sidesof the self-polartriangle (4.13). Con-
straintson theremainingtwo parametersanbeobtainedrom theimagedcircularpointsof thefirst
imageplaneandthetransferrectircular pointsof the secondmageplaneasdescribedabore. The
transfer by , dependwn the relative orientationof the two camerasso the rotationbetween
views thuseffectsthe numberof constrainton

The degeneratecondition that the circular points on a line througha vertex of the self-polar
triangle provide only a singleconstrainton applies.Intersectionf theidealline of the

firstimageplane andthetransferreddealline of thesecondmageplane  with verticesof the
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self-polartrianglethusinducedegeneracieslf only oneof theimageplaneideallinesintersectsa
vertex of the triangletherearesix independentonstrainton . This might occurasin the single
view casewith oneor two vanishingpointideal,or mightbetheresultof oneor two finite vanishing
pointslying on . The latter implies that, sinceincidenceis presered underhomographythe
relevantvanishingpointsareidealin thesecondmage.To clarify, say  intersects/ertex in the

first view, it follows that is idealin thesecondview:

If and bothintersectavertex, thereis only a singleconstraintfrom eachpair of circular
points, giving a total of five constraints.Note thatif thereis no rotationbetweencameras and

coincide,andthesituationis identicalto the singleview case.

It is commonin practicethat and  bothintersecta vertex of the self-polartriangle. The
two views in figure 5.1, for example,arebothimagedwith the cameraplanevertical (the axis of
rotation betweenviews is vertical). The vertical vanishingpoint is thusideal in both views and
intersectdooth  and in thefirst view (seefigure 5.8 for a construction).Therearea total of

five constrainton in eitherview.

Vi Vs

Figure5.8: Degenerateondition. Five constrainton |, threefrom the conjugay of the vanishing
pointsof threeorthogonaldirections,one eachfrom the first view imagedcircular pointsandthe
transferredsecondview circularpoints.
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5.2.4 Metric structure from calibration

The calibrationconstraintsobtainedfrom threevanishingpoints and squarepixels in both views
allows computatiorof theinternalparametersf bothcamerasandmetricrectificationfrom (2.11).
The exampleof figure 5.1, which was seento be degeneratestill providesfive constraintson

Thecomputedcamerador thatexampleare

and

andthe metric rectified structureis shavn in figure 5.9. The textured structureappearecearlier
in figure5.2. A comprehense descriptionof therectificationprocesdetailingthe computational

stepsat eachstagefollows.

Figure5.9: Two views of the metricreconstructiorof the building of figure5.1. The metricrecon-
structionis obtainedfrom the affine by calibratingthe camerasn eachview usingthe vanishing
pointsof threeorthogonaldirectionsandthe constraintghatboth camerathave squarepixels.

5.3 Implementation: 3D metrology from two views

This sectiondescribes 3D measuremergystembasecn two squarepixel views of the vanishing
points of three orthogonaldirections. It is thus suitedto imagesof built environments,mainly
indoorsor outdoorbuilding scenesvheretherearemary rectangulafeatures.The systenrequires

the userto manuallyselectmatchedpointsandsetsof parallellinesin theimages.Theseareused
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to computeaninitial projectve reconstructiorandits metricrectification.Line segmentsof knowvn
lengthcanthenbedefinedto calibratethe overall scaleof thesystemf{inally allowing the Euclidean
distancebetweenary two pairs of matchedpointsto be computed. The detailsof the algorithm
implementedy the system(andusedto producetheresultsseenin the previoussectionswill now

bedescribedThe systems implementedisingthe TamgetJrlibraries[17.

5.3.1 Line segmentsand matched points

Thefirst computatiorperformedby the systemis to find line sggmentsalongintensityedgesn the
image.Theline sggmentsareimportantfor two reasonsFirstly, they areusedto definepointsin the
imagesby line intersection.This is usefulfor pointsat cornersof structuralfeaturessuchaswalls
anddoorways,andis moreaccuratehanpoint selectionwith a mouse.Secondthe line sggments
definingimagedparallellinesarerequiredfor the calibrationstage.

Line sgmentsaredetectedby: Canry edgedetectionat sub-pixel accurag[10]; edgelinking;
segmentatiorof the edgelchainat high curvaturepoints;andfinally, straightline fitting by orthog-
onalregressionto theresultingchainseggments.Figure5.10shavs theline segmentscomputedor

apair of building imageswith afeaturepoint definedby line intersectiorisolatedin figure5.11.

File Lines Points Epipolar Calibrate Cameras Measure
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Merging straight edges done !

Figure5.10: Line sggmentscomputedor animagepair of a building in Wadhamcollege.

Theepipolargeometryof theimagepair mustbe computedo defineaninitial projectve recon-
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Figure5.11: Defininga pointby line intersection A pair of linesaccuratelydefinesthe cornerof a
doorvay.

structionof the scene.The fundamentamatrix is computedn atwo stageprocessfirst computing
aninitial estimatefrom a usersuppliedsetof point matches.This estimates subsequentlyefined
usingaguidedsearclprocess.

Experiencandicatesthatin atypical building scene25 to 30 points, distributedin the images,
provides a reasonablenitial estimateof . Two or morelinesintersectingin a featurepoint are
manuallyselectedandthe intersectioncomputedusingthe MLE methodfrom section3.6. Addi-
tional pointscanbe definedby direct mouseclicking. This is lessaccuratehanline intersection,
andis oftennotneededn building scenesFigure5.12illustratesa setof matchedoointsobtained
by line intersectioralone.

The initial estimateof is computeddirectly from the manual correspondencessing the
methodof Luong and Faugeras[7D Its accurag, however, can be significantlyimproved by a
densessetof correspondence3ypically, hundredof matchesarerequiredto provide a suficiently
accuratgfundamentaimatrix. However, sinceaninitial estimateis available, a searchfor further
correspondences guidedby the estimatecepipolargeometry Therefinemenprocesbeginswith
computatiorof a setof interestpointsin theimagesjdentifiedby Harriscorners[42, atypical step
in automaticcomputationof epipolargeometryusedin long sequencealgorithmssuchasthoseof

Fitzgibbonand Zisserman[3h Rolust correspondenceatchingfollows usingthe randomsam-
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Figure5.12: A setof userdefinedmatchedointsfor initial computatiorof thefundamentamatrix.

pling andconsensu$RANSAC) approach[104 A minimal setof sevenpointsin thefirst view is
choseratrandomwith matchesn thesecondsiew guidedby theinitial estimateof thefundamental
matrix. A new fundamentamatrixis computedandits supportevaluatedby calculatingtheerrorin
epipolarmatchedor theremaindeiof the data. This processs repeatedintil a fundamentamatrix
with the supportof the majority of the cornerss obtained.

A pair of projective camerasarecomputedrom thefinal epipolargeometnyin theform of (2.5)
and (2.6), paving the way for stratified calibration. Note also that Hartley-Sturm[4§ correction
of theimagepointsis performedin subsequentalculations:imagepoint pairsare adjustedo be
consistentvith epipolargeometry Specifically givenapair of matchingpoints and , T
Hartley-Sturmcorrectionresultsin a pair of points and suchthat T’ andthedistances

and areminimized.

5.3.2 Calibration

Thecalibrationstagerequiregheuserto selecthreeorthogonaketsof imagedparallellinesin both
views (figure 5.13). The threematchedvanishingpointsthendefinethe infinite homographyand
constraintheinternalcamergparameters.

Thevanishingpointsarecomputedrom imagedparallelline segmentswhich, dueto noise,do
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Figure5.13: Userdefinedsetsof parallellinesin two views

notintersectn a uniquepoint. As in the singleview case.a maximumlikelihoodestimate(MLE)
of eachvanishingpointis computedput takinginto accounbothviewsin aniterative minimization
process.

Initially, eachvanishingpoint is found independentlyin eachview asin section3.6. A cor
respondingpoint pair is Hartley-Sturm correctedand back-projectedo give a 3D point . The
MLE is thenobtainedoy varying , which projectsto thevanishingpoints and in thefirstand
secondviews respectiely [32] (seefigure5.14). TheML estimateof  is determinedby a simple
extensionof the single view vanishingpoint computationtaking into accounterrorsmeasuredn
bothviews: by minimizing a costfunction of the sumof squaredrthogonaldistancegrom theend
pointsof theimagedparallellinesto linesthrough in thefirst view andthrough in thesecond,
usingthe Levenbeg-Marquardtalgorithm.

Threematchedvanishingpointsdefine andaffine structure.Metric structurefollows
from the internal parameterof the camerain the first view. This is computedusing the three
conjugay constraint§rom thetriad of vanishingpointsandthe squarepixel constraintdrom both
views.

Thefinal calibrationsteprequiredis to definethe global scaleof the reconstruction.The user

selectshe matchedendpointsof one or moreline sggmentsof known 3D length (figure 5.15). A
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Figure5.14: MLE Computatiorof from vanishingpoints.

globalisotropicscaling is computedfrom the ratio betweenthe metric reconstruction®f these

lengthsandthetruelengths.

ding1

Figure5.15: Userdefinediine sgmentsof known length.

With a calibratedsystem the useris ableto measurevorld distancedetweenselectedooints,

asin figure5.16.
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Figure5.16: 3D measurementf distancedetweerselectegoints.

5.4 Cameraswith identical internal parameters

Two views from a camerawith fixed internal parametergor two identical camerasprovide con-
straintson when  isknown. Theconstraint@risefrom theobserationof LuongandViéville[71]

thatthelAC is unchangedindertransformatiorby . Thatis, with and ,
T (5.1)

The initial formulation of the constraintSollows from expanding(5.1) in eachof the six unique
elementof . Theresultingsix constraintsarenotindependenthut have a total rank of four. The
following sectionsdescribethe four constraintggyeometricallyand examinethe degeneracieshat

occurwhenthey areappliedin the context of atriad of vanishingpointsvisible in bothviews.

5.4.1 Constraints from identical cameras

Thefour calibrationconstraintsarisingfrom a pair of identicalcamerasanbe identifiedexplicitly
in termsof the imagedaxis of the rotationbetweencamerasandthe planeorthogonalto this axis

[117]. The vanishingpoint of the rotation axis, , andthe imagedcircular points of the plane
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orthogonalko theaxis, and arethefixedpointsof . They arethustheeigewectorsof

The genesisof this computationis fairly straightforvard [116]. Under3D rotation, thereare
threefixed points on the planeat infinity correspondingo the threeeigervectorsof the rotation
matrix. Its onerealeigervector correspondingo theunity eigervalue,is thedirectionof the axis of
rotation. The complex conjugatepair of eigevectors,with eigervaluese , arethecircularpoints
of the planeorthogonalto the rotation axis. Geometrically it is clearthat the projectionof the
direction of the axis of rotation, the vanishingpoint of the axis, is invariantto the rotation. The
planesorthogonato this axisexperiences 2D planerotation,andhave a pair of fixedpointsonthe
planeat infinity, the similarity invariantcircular point pair. Now, comparingEuclideanandaffine

camerasit canbeshowvn that

The axis of rotation can be written asa homogeneougeal point ™ T, which is imagedas

ToT . Thefixedpoint propertyfollows as

andsimilarly for — and
Also, theeigemwectorsof T arethevanishingline of the planeorthogonato therotationaxis,
, andthelines and
Constraintson  from theseentities(seefigure 5.17) arefirstly, that and areimaged

circularpointsandthuslie on , so

and T (5.2)

Secondly and arebothconjugatdo sincethey aretheimagesof orthogonalidealpoints:

and T (5.3)
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Thefour linear calibrationconstraint§rom the infinite homographyetweertwo views with iden-
tical cameradeavesa one parameteambiguityin . The ambiguity canbe parametrizedy the

conicsdescribecby , and [117]

T T (5.4)

satisfieshoth(5.2)and(5.3).

The one parameterambiguityin  can be resolhed by supplyinginformation aboutcamera
parametersuchasthe aspectratio, skew or principal point. Degenerateconditionsunderwhich
specifyingoneof thesedoesnotresole theambiguityhave beenanalysedn Zissermaretal[117].
Thefollowing sectiongoeson to considerthe combinationof the fixed cameraconstraintsandthe

constraintoobtainedrom the vanishingpointsof orthogonaldirections.

I d

Figure5.17: Fourconstraintn canbewrittenfrom thefixedpointsof . Thevanishingpoint
of the axis of rotationbetweencameras, , is conjugateto both the imagedcircular points of the
planeorthogonako theaxis, and . Thelatteralsolie on

5.4.2 ldentical cameradegeneracies

Thefour calibrationconstraintobtainedfrom identicalcamerasequireknowledgeof , which

canbe computedfrom the fundamentalmatrix andthreematchedvanishingpointsin two views.
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When the vanishingpoints represenrthogonaldirections,conjugay constraintson are also
availablein bothviews. Thecombinationof the conjugay constraintsandfixed cameraconstraints
in generalprovide up to sesenconstrainton |, four from (5.2) and(5.3), andthreefrom (4.2) for
thethreevanishingpoint pairs. This sectionexaminesdegenerateasesy applyingthe conjugag
constraintsto the one parameterfamily from (5.4). Thisis in preferenceo considering
the two parametefamily of conicsdefinedby the triad of vanishingpoints, andinvestigatingthe
degenerag associatedavith thefour constraintson two degreesof freedom.In theformercaseijt is
necessaryo considerthreeconstrainton onedegreeof freedom.For vanishingpoints ,  and

, theconstraintare

T T T T (5 5)
T T T T
T T T T

Two degenerateasesareenumeratedn thefirstit is shovn thattwo of thethreeconstraintsn (5.5)
aresatisfiedfor all and , andthusdo not constraintheseparametersOneconstrainremains.
In the secondcase all threeconstraintdn (5.5) aresatisfiedfor all and , andno constraints

areobtained Writing (5.5) in matrix form with coeficientsof and in matrix

hasrankonein thefirst caseandrankzeroin the second.
Thefirst degenerateonditionoccurswhen intersect®nevertex of theself-polartriangle,say
. Thefirst termin eachof thefirst two constraintsn (5.5), thetwo involving , is zero,since

i . Also, thepolarof  with respecto is
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SO isconjugatdoboth and with respecto ,and

leaving only thethird conjugag constraintrom (5.5):

T T T T (56)

Therearethusatotal of five constrainton in thiscase.
The seconddegenerateeaseoccurswhenmorethanonevertex of the self-polartrianglelies on
. Two verticeson impliesthatthe third vertex coincideswith : if coincideswith, say ,
then,since and areconjugateto  with respecto , they areconjugate¢o andlie on

Hence ' and T T T . Consequently

Thetriad of vanishingpointsthusplacesno constrainton additionalto thoseobtainedfrom the
infinite homographyfor atotal of four constraints.
The physicalconfigurationdeadingto degenerag dependon the orientationsof the cameras
relative to the threeorthogonalspacedirections. The first case wheretherearefive constrainton
andcalibrationis possible occurswhenthe planeorthogonalo the axis of the rotationbetween
camerags partof the pencilof planesparallelto oneof the orthogonalriad. Its vanishingline then
intersectsa vanishingpoint. If the axisof rotationbetweencamerass the sameasoneof thethree
orthogonaldirections,the secondcaseis encounteredandonly four constraintsn totalon are
available. The exampleof figure5.1is sucha case with avertical axis of rotationbetweerviews,
andparallellinesin theverticaldirectionpartof thetriad. Cameraspecificinformation,suchasthe

aspectatio, skew andprincipal point couldthenbe usedto constrain .
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5.5 Summary

This chapterhaspresentedan extensionof the calibrationmethodusing vanishingpointsto two
views. The approachis basedon the stratifiedrectificationof a projective reconstructiorobtained
from a fundamentamatrix. Threematchedvanishingpoints and the fundamentamatrix define
the infinite homographyand the planeat infinity, andthus an affine reconstruction. Subsequent
metric rectificationfollows from computationof the internal parameterof the camerasvia the
imageof the absoluteconic. Constraintoon the IAC areobtainedirom conjugag constraint§rom
thevanishingpointsof orthogonalirections.Additional constraintsarisefrom themotionbetween
views: thetransferof the imageplanecircular pointsbetweerviews for squarepixel camerasand
thefixedpointsof theinfinite homographyor identicalcamerasDegenerateasedor bothof these
configurationhave beenpresented.

A table summarisinghe degenerateconditionsassociatedvith a triad of vanishingpointsfor
orthogonalirectionanalysedhusfar appeardelow. It includessingleview squarepixel cameras,

two view squarepixel camerasandtwo view fixedcameras.

Vanishing Cameras | Independent
points constraints
3 finite 1 squarepixel 5
lideal 1 squarepixel 4
2 ideal 1 squarepixel 4
3finite 2 squarepixel 7
T
3 finite 2 squarepixel 6
T
lor2ideal | 2 squarepixel 6
T
lor2ideal | 2 squarepixel 5
T
i 2 identical 7
i 2 identical 5
i 2 identical 4
and

Table5.1: Constraint®on for variouscombination®f camerasandmotion.



Chapter 6

Uncalibrated Motion Capture Using

Affine Cameras

6.1 Intr oduction

This chapterpresentsa constrainton the rectificationof an affine reconstructiorderived from a
known ratio of world lengths. The constraintis appliedto therigid links of an articulatedstruc-
ture — the fixed lengthsof humanbody components- througha motion sequenceleadingto an
uncalibratednotion capturesystem[6%

Thehumanskeletonis commonlymodeledasarigid link articulatedstructure A bodysegment,
suchasthe upperarm, is treatedasa link of fixed lengthbetweenthe shoulderandelbaw joints.
As a personmoves,therelative orientationof all the body componentghangesbut the lengthsof
the partsremainfixed (seefigure 6.1). It will be shavn thatthe constaniength of eachsegment
of the body providesa linear constrainton the absoluteconicin anaffine reconstructiorof a setof
postures.

This materialis a significantdeparturefrom the dominantthemeof previous chapters. The
emphasighusfar hasbeenon calibrationand reconstructiorfrom constraintsof parallelismand
orthogonality the predominantrchitecturafeaturesof built ernvironments. Therigid link motion

capturesystemhowever, is usedin the context of dynamichumanactity.
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Figure6.1: Body sgments,suchasthe upperarm betweenhe shoulderandelbow, andthe upper
leg, betweenthe hip andknee,have a constantengthwhena personmaoves.

Motion captureitself, of coursejis hothingnew. Therearenumerousommercialsystemghat
accuratelycapturghebehaiour of amoving humansubjectusingoptical, magneti@andmechanical
devices. Thesesystemshave a broadrangeof applications,ncluding graphicsanimationin the
film andgameindustries,athletic performanceevaluationandclinical gait analysis. Most optical
systemgsuchasthosedevelopedby Vicon andPeakPerformancegmploy large setsof camerasn
a calibratedervironment,andusereflectve markersplacedon significantjoints. The (non-trivial)
motion captureproblemis thenoneof accurateltrackingthe markers,allowing for occlusion,and
computinga calibratedreconstructionVideobasedsystems(used for example,by Ariel andPeak
Performancejequirespatialcalibrationfrom the sceneor camerasensors.The systempresented
herediffers in that the camerasare totally uncalibrated. The main applicationfor the systemis
in broadcassportsevents. In sportsplayedon a large field therearetypically a small numberof
camerasbleto view the actionin a specificpartof the stadium.Camerasreoftenalsocarriedby
hand,andthuscannotbe staticallycalibrated Furthermorecamerast the edgeof a sportsfield, or
mountedin a stadium,areusuallysufiiciently far from the subjectof interestfor an affine camera
modelto beassumed.

Researctin trackingandreconstructindiumanmotion hastaken a numberof directions,a few
examplesof which aredescribedelov. For acomprehense review, seeGavrila[38].

Leventonand Freeman[6}i take a statisticalapproachto motion capturefrom monocularse-
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guencesby using a motion capturedatabaseo build a probability modelfor motion sequences.
Poseof thebodyin anovel sequencés theninferredby finding themostprobable3D configuration
giventheimagedco-ordinatesTaylor[104 assume&nown sizebodyseymentamagedby a scaled
orthographiccameraandcomputes3D orientationof the segmentsfrom foreshorteningn asingle
view. Webband Aggarwal[109 considerthe rotation axis of relative joints to be fixed for short
timesandrecover 3D structurefrom monocularsequences.

Bregler and Malik[9] track and reconstructhhumanmotion from single or multiple sequences
using a kinematicchain model. Joint poseis parametrizeddy a rotation aroundand translation
alonga scrav axis, andis combinedwith an exponentialrepresentationf rotationto describethe
kinematicchains.Deutscheetal[26] apply particlefiltering to trackingandmotionrecovery, while
Sinclairetal[95] derie constraintor pointson anaxisof articulationin multiple views.

In this chapterthe tracking problemis ignored: the objectve is a calibrationmethodwhich
exploits the structureof the body asa sourceof constraintsThe constraints derivedin section6.2
in a generalform basedon a known ratio of 3D lengths. A numberof degenerateconfigurations
aredescribedThemethodis demonstrateth subsequengectionson sequencesapturedoy a pair
of affine camerawith manualselectionof datain the images.Accordingly section6.3 describes
theaffine cameramodelandaffine reconstructiorfrom uncalibrateccamerasSection6.4 discusses
auto-calibratiorof affine camerasandexploressomeof the differencedetweerpinholeandaffine
cameras. Finally, section6.5 presentghe motion capturemethodand shaw resultsobtainedin

reconstructinghe motionof athletefrom broadcasvideo.

6.2 Redctification constraints from relative length

This sectiondescribesa constrainton the metric rectificationof an affine reconstructiorderved
from a known ratio of world 3D lengths.In (2.11),therectificationaffinity relatespoint in the

metricreconstructiorand in the affine reconstruction:

(6.1)
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with
.
Assuming s finite andnormalizingto T T/ (6.1)reducedo
Giventwo points and which arethe endpointsof aline sgment  in anaffine recon-

struction,considerthedifferencevector

is a scaledvectorin the direction of the line through and . The magnitudeof this
vectoris themetriclengthof theline sggment
Therelative lengthconstraintis appliedwhentheratio of lengthsof a pair of line sgmentsare
known in a metricreconstructionlt will now be shavn how this leadsto a linear constrainton the
elementof theabsoluteconic . In themethodsn chaptels theaffine transformatiorthatmetric
rectifiesa reconstructions obtainedoy computingthe image of the absoluteconic. Here,however,
it is necessaryo computethe absoluteconicitself. This is becauseahe constraintis explicitly 3

dimensionakhndcannotbe appliedin animageto constrain .

6.2.1 Therelative length constraint

Assumetwo 3D line sggmentsin an affine reconstructionsegment  with endpoints and

, andsgment  with endpoints and . The metric lengthsof and , and
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, maybeexpressedy transformingthe endpointswith (6.1) andtakinginnerproducts:

T and
T (6.2)
If themetriclengthratio of and is ,from(6.2):
T T
T T (6.3)
where  isthesymmetric3 3 matrixwith elements
(6.4)
Expanding(6.3) in termsof the elementsof , T and
T
T T
Thisis alinearequationin theelementof  , whichwe maywrite in vectorform as
T (6.5)
where " is the vectorof coeficientsand T is the vectorof

elementof
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As beforewith , is ahomogeneoumatrix with five degreesof freedom.Fiveindependent
constraintsare thus requiredto solwe for . Given five or more independentonstraintsthe

coeficientvectors to canbecombinedn aconstraintmatrix. It follows from (6.5) that

(6.6)

and isthenull vectorof ,whichis of rankfive.
In the presenceof noiseandwith morethanfive constraints, will generallybe of rank six.
In this case,singularvalue decomposition(SVD) provides an estimateof the null vector The
singularvectorassociateavith thesmallestsingularvalueis theestimateof thenull vectorof  that
minimizes
Therearealsodegenerateonfigurationf linessegmentsvhich do notyield independenton-
straints.Theseareexaminedin thefollowing section.
The relative length constrainthas a (somevhat untidy) geometricinterpretation. The term
T for apoint on is the distanceof  from its polar with respectto (the line
), scaledby a factordependenbn the magnitudeof . From(6.3), theratio of thesescaled

distancess anaffine invariant.

6.2.2 Degeneracies

Constraintdegenerag occurswhena particularconstraintfails to provide informationabout
or whena setof constraintsarelinearly dependenin (6.5). Threesuchconditionsareenumerated
belon. They aresimilar to thedegenerateonditionson rectifying anaffine planein chapter3.
Parallel line segments. Lengthratio in parallel directionsis an affine invariant, so parallel line
sggmentsin an affine reconstructiorpresere their metric lengthratio. It is thereforeunsurprising

thatno constrainton is obtainedrom therelatve lengthof parallelsegments.Explicitly, if



6.2 Rectification constraints from relative length 165

and areparallelwith lengthratio (seefigure6.2). and(6.3) becomes
T T
T T
andis satisfiedfor all . Theelementof thecoeficientvector will all bezero.

Figure6.2: Parallelline segmentsprovide no constrainion

Pairs of parallel line segments. Two constraintsobtainedfrom the relatve lengthsof segment
pairs thatareparallelarenotindependentSupposeave have and  with metriclengthratio

and and with ratio , showvn in figure 6.3, we canwrite two linearconstrainton

T T
T T
However, if is parallelto and is parallelto , and
Additionally, for paralleldirectionslengthratiosarepresered,so—  —. The pair of constraints
becomes
T T
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Thesetwo equationsrelinearly dependenandonly oneconstrainton is obtained.

D

Figure6.3: Parallelpairsof line segmentsprovide oneconstrainion

Co-planar or parallel plane line segments.Any numberof constraintsoriginatingwith coplanar
line sggmentsor line sggmentsin parallel planes,asin figure 6.4, provide only two independent
constraintson . Geometrically the constraintsully definemetric structureon a plane(asin
chapter3), and indeedon the pencil of parallel planes,but provide no information aboutother

directions.

Figure6.4: Coplanaror parallelplaneline segmentsprovided at mosttwo constraintson

As always with degenerateconditions,care must be taken in implementingthe constraints.
Theoreticallydegenerateconstraintanay appearto provide valid constraintsdueto measurement

noise,andneardegenerateonditionsprovide unstableresults.

6.2.3 Therigid link constraint

The relative length constraintcanbe appliedin practicewithout quantitatve knowledgeof length

ratios. Thisis thecasewhenthegualitative obseration canbe madethatobjectsof equallengthare
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presentn ascenedeterminingaunit lengthratio constraint.Thisis theideain applyingit to human
motionasthe movementof anarticulatedigid link structure.Thesequencef posturessampledy
a pair of camerawiewing the motion allows reconstructiorof the postures.Treatedasa static3D
object,the setof posturegshencontainsa numberof fixedlengthobjects:eachbody sggment,such
astheupperarm,remainsa constantengthasit moves. Thisis therigid link constraint.

Given an affine reconstructiorof a humanmotion, constraintson metric rectificationcan be
written from the fixed lengthof a numberof body segments.Later sectionsdetail the useof these
constraintsput first it is necessaryo examinethe affine cameramodelsincethe applicationwhich

follows assumeshe useof affine cameras.

6.3 Affine camerasand reconstruction

6.3.1 The affine cameramodel

Affine camerashave a numberof propertiesthat distinguishthemfrom their perspectie counter
parts. Generalaffine camerasare characterizedby an optic centreat infinity[73]. Usingthe affine
cameramodel,world pointsareimagedby parallel projection(figure 6.5). The raysthroughthe
camereacentre theworld pointsandtheimagepointsareaparallelfamily. Theimagedco-ordinates
of aworld pointarethusindependentf its depthin the scene.

The affine projectionmatrix may be written in a form similar to the generalcameragprojection

matrix. The canonicakffine cameraalignedwith theworld co-ordinatesystemjs describedy

where isthecamerdnternalparametematrix. The parameter is anisotropicscalingof image
co-ordinates.Theisotropicscalingcanaccountfor the changesn the imagedsize of anobjectas
a physicalcamerazoomsor translatesowardsor away from it. Skew andaspectatio model

the skew andstretchof the optic arrayasbefore. Note thatthe principal pointis not definedfor an
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affine cameraVariousformof  defineahierarchyof camerasvith aninfinite optic centre[49:

1. orthographigrojection,with  theidentity matrix,

2. scaledorthographigorojectionfor and , analogougo the squarepixel projectve
camera,
3. weakperspectie projection,with and , and

4. thegenerahffine cameradefinedwith no restrictionson the parametersf

Therole of internalparameter rectificationof affine camerareconstructionsvill beaddresseth
section6.4.
A camerawith posedescribedy translationvector T androtationmatrix  with

rows T, Tand T, iswritten

Figure6.5: The centreof projectionof an affine camerais at infinity. World pointsare projected
orthographicallyontotheimageplane.

Finally, notethatthe third row of zerosof the affine projectionmatrix may be neglectedin an
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inhomogeneouspresentation:

(6.7)

6.3.2 Affine reconstruction

Giventwo affine views of sceneworld geometrycanbereconstructedpto anaffine transformation.
This result, originatingwith Koenderinkandvan Doorn[62, requiresfour points matchedacross
viewsto defineanaffine basisfor reconstructionFurtherpointsmaythenbegiven3D co-ordinates
with respecto thesebasisvectors.A minimumof four pointsis alsorequiredto computethe affine
fundamentamatrix[119 andthusaffine epipolargeometry

The mostwidely usedaffine reconstructiormethodis the factorizationalgorithm of Tomasi
andKanade[103 Factorizationprovides a robust and computationallyefficient methodof com-
puting affine structurefrom point correspondencassing singularvalue decomposition.Reid and
Murray[85 have alsoshavn thatit givesMaximumLik elihoodreconstructiounderGaussiamoise
assumption$or imagepoints.

Using factorizationaffine 3D structureis computedby the SVD of a measuremennatrix

which, for two views, hastheform

for inhomogeneoumatchedpoints inthefirstview and in thesecond.Thesingulardecom-
positionof  returnsthreematricesfrom which a pair of cameras and aswell as3D points

canbe extracted. Note thatimageco-ordinatesarenormalizedin  to placethe origin atthe
centroidof the pointsin eachimage.Sincein parallelprojectionthe 3D centroidof the point cloud
is imagedat the 2D centroid,this centreshe reconstructiorcoordinatesystemat the 3D centroid.
In consequencehetranslationparametersf the camerasareeliminatedin (6.7),and and are

2 3inhomogeneouprojectionmatrices.
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Thereconstructions, of course,relatedto world structureby an unknavn affine transforma-
tions. Rectifying the structureand camerago metric requirescalibration. Calibrationof affine
camerasystemshowever, differs markedly from that of projective cameras.The planeat infinity
is alreadyat infinity in the affine reconstructionandthe rectifying affine transformatioris not the
cameranternalparametematrix. Also, asthe following sectionshavs, the absoluteconicis not
imagedasa properconic. The calibrationprocessnustthusconsiderthe absoluteconicitself, and

notits image.

6.4 Calibration of affine cameras

Methodsof constrainingheinternalparametersf a perspectie cameradescribedn previouschap-
tersdo notextendto affine camerasThis sectionshavs thatthe planeatinfinity andabsoluteconic
behae ratherdifferently underaffine projection. Both entitiesprojectto lower dimensionsand
cannotbeusedin calibrationin the sameway astheir projective counterpartsThis hasa numberof

consequence®r combiningsceneandcameranformationin therectificationprocess.

6.4.1 The geometryof parallel projection

Theabsolutedisk quadricprojectsto the conicdualto theimageplanecircularpoints:

T T
T T
T
T T
T T
T T
T T T

TooT (6.8)
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It follows thatthe entireplaneatinfinity itself projectsto theidealline of theimageplane . This

canbe confirmedby observingthatary ideal 3D point " projectsto anideal 2D
point
T T
T T
T T
T
.
T (6.9)

so isarank2 degeneratenappingfrom the planeatinfinity to theidealline of theimageplane.

Pointson the absoluteconic are projectedonto the imageplaneideal line, which canbe con-
sideredthe associatedoniclocusof theimageplanecircular points. The point pair dualconicand
theline are,of course not strictly dual. The pointis thatthe typesof calibrationconstraintson
dervedfrom imagedplanecircularpointsandvanishingpointsin thecontext of aprojectve camera
clearlycannotbe appliedto anaffine camera.

Theimageplanecircularpointsarestill definedby , sothey areknown if theskew andaspect
ratio of the cameraareknown. A scaledorthographidor squarepixel) camerdeavesthe circular
pointsin canonicalposition on the ideal line of the imageplane. However, imagedorthogonal
vanishingpoints,for example,provide no singleview internalcameracalibrationinformation(un-
lessthey areparallelto theimageplane,andthusharmonicconjugatewith respecto the circular
points). Also, therectangleambiguity(section3.5.3)for the rectificationof anaffine imagedplane
cannotberesoledby internalcalibrationunlesstheworld planeis parallelto theimageplane.

Internalparameterandauto-calibratiorconstraintsnaybeincludedin the computatiorof

Thisis addressedext.
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6.4.2 Affine cameraauto-calibration and known parameters

In theoriginalwork onfactorization[103 rectificationof affine structurereliesonthe orthographic
projectioncameramodel. For orthographicprojection,the rows of the metric rectified cameras
areorthonormal. This constraintappliesequallyto scaledorthography:the rows of eachrectified

cameraareorthogonabndof equallength. Writing thisfor theinhomogeneousamera , arectified

camerds givenby
T T
T T
Hence
T oo T T T (6.10)
and
T oo o7 T (6.11)

Giventhreeor more cameras, canbeidentifiedand metric structureobtained. Extension<of
thisapproacho othercameranodelsmaybefound[78, 92, 110, but scaledorthographyis of most
interestheresincethis modelcanbe usedto describea squarepixel cameraat somedistancefrom
the objectof interest.

Note thatconstraintg6.10)and(6.11)areconjugag andrelatve lengthconstraints.The rows
of arethenormalsof 3D planesthroughthe cameracentre. Theseplanesarethe two projection
planesof the camera[3] definingits vertical and horizontalaxes. Equation(6.10) expresseshe
conjugay of theideallineson definedbythe and with respecto . Similarly, (6.11)
is thedualform of therelative lengthconstraint(6.3) for theselines.

A methodfor auto-calibratiorof a numberof affine cameraswith unknavn but fixedinternal
parameterss describedhy Quan[83. The auto-calibratiorconstraintassumesinchangingcamera

parametersand is thus an affine cameraversionof the fixed cameraauto-calibrationconstraint
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describedn section5.4. In geometriderms,the constraintarisessincethe fixed cameragprojectsto

anunchanginglualcircularpointconicin eachimage.Hence

T T (6.12)

for all camergpairs . Quadraticconstraintontheelementof follow from dehomogenising
(6.12) by dividing eachsidethroughby oneof the entriesof the matrix. Eachpair of cameragpro-
videstwo constraintssoaminimumof four camerasrerequiredto solve for . With knowledge
of someinternalparametersr moreviews, the constrainttanbelinearised.

In themotion capturesystemwhichwill be describedhext, two casewill beconsidered:
1. two fixedgenerakffine camerasvith differentparametersbservingheentiresequenceand

2. pairsof scaledorthographiccamerasvith changingparametersgachimagingoneframeof

themotion.

In thefirst casea pairof sequencesapturedy unchangingamerass equivalentto two images
of the motion. Eachview is regardedashaving viewed the entiresetof sampledoosturesrom the
motionin timein oneimage.Theposturesretreatedasastaticscenerequiringasinglereconstruc-
tion, andrectificationtransformationTherearegenerallyalarge numberof rigid link constrainton
this rectification. If the camerasrechanginghowever, the posturesannotbe regardedasa static
setof in a single pair of images,and eachframe mustbe reconstructedind rectified separately
Therearealsofewer rigid link constraintson eachof thesetransformationsso knowledge of the

camergparameterss helpful. Thesetwo casesaredealtwith in detailin thefollowing sections.

6.5 Motion capture

Therigid link constraintappliedto motion captureexploits the constaniength of body segments
asa subjectmovesto constrainthe metric rectificationof an affine reconstruction.The affine re-
constructionmay be obtainedfrom an initial projectve reconstructiorusing various methodsof

computingtheinfinite homographyHere,however, the emphasiss on broadcasfootageof sports.
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In sportsbroadcastsinterestingeventsare typically shavn from a secondcamerain the replay
providing two views of the action. The camerast sportseventsarealsooften placedfar from the
participantsat the edgeof thefield or mountedon the stands.The relief of athletesbodiesis thus
generallysmall comparedo their depthin the sceneandthe affine cameramodelis applicable.
Consequentlyan affine reconstructiorcanbe createddirectly from matchedpoints. The following
sectionglescribehe manualmatchingprocessreconstructiorandcalibrationstepsusedto capture
the 3D motionof a personfrom a pair of views capturedwith affine cameras.

Theinitial methoddescribedissumea pair of fixedcamerasThisis asomevhatnaive assump-
tion for sportsbroadcastssincecamera®ftenpanandzoomwhile following a player Despitethis,
however, a fixed cameraassumptionis valid in somesituations,andcanalsoresultin realisticani-
mationevenwhenviolated. This s followedby a methodof jointly calibratinga numberof pairsof
camerasusingrigid links. It is shavn that, usingthe scaledorthographycameramodel,the change
in scalefactorresultingfrom azoomingcameracanbe eliminated althoughrotationbetweercam-

erasremainsunknown.

6.5.1 Affine reconstruction

Thefirst stepin affine reconstructiorfrom two views is to selectthe correspondingmagepoints
definingthe body partsof interest.A 15 point modelof the humanskeletonis used,specifyingthe
dominantjoints: shouldersglbows, hips, kneesandankles,aswell asthetips of the feetandthe
heador neck.An example,two views of atriplejumpevent,appearsn figure 6.6, with the skeleton
pointsshavn in two images.

Thisfootageis capturedy apairof cameras significantdistance€rom theathlete.Onecamera
is viewing the jump from the front andis zoomingasthe athletemoves. The zoom matcheshe
increasein apparentsize asthe athleteapproacheshe camera,with the resultthat sheremains
approximatelythesamesizethroughouthesequenceThesecondtamerds viewing thejump from
the side, with the motion approximatelyparallelto the imageplane,andis panningasthe athlete
movesacrosgts field of view to keephercenteredn theimage.Thecamerahasalongfocallength

andthe distancefrom the track is large enoughthat the camerarotationis negligible for current
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Figure6.6: Thetriplejump. Framesl3, 26,30 and51 of an93 framesequenceshovn in sideview
abore andfront view belov. Manually selectedoints areshavn in thefirst frameof eachset.

purposes.The camerasrethustreatedasa pair of fixed affine camerawviewing a motionasif on
a treadmill. Translationof the athleteis lost, but the relatve movementof the body partscanbe
reconstructed.

The skeletonpointsare selectedby handin theimages frameby frame. Two difficulties typ-
ically occur Thefirst is occlusion,eitherself-occlusionof joints asa body moves, or occlusion
from otherpeopleor objectsin the scene.Self-occlusionis relatively benign,sincethe positionof
the occludedjoint canoften be inferred (by a humanoperator)from postureand the other view.
Occlusionby otherobjectscanbea severeproblem,dependingpn the extent. A numberof football
playersclusteredn agoalarea for example,canobscurea significantpartof the playerof interest.

Thesecondlifficulty isimagedropout.Sequencearedigitisedfrom interlacedoroadcasvideo,
andareof poorquality. Rapidlymaoving featureslik e thehandspftensmeaiin motionblur, making
precisgoint locationdifficult.

All thesefeaturesare presentn the triplejump sequence The athletes handsmove very fast
andblur considerablyn the sideview, andtheleft shoulderarmandhip areself-occludedn much
of that sequenceHumansare, howvever, goodat inferring the positionof self-occludedoints, so
reasonablguessesanbe madeaboutthe occludedco-ordinates Motion blur remainsa sourceof

inaccurayg of theorderof afew pixels,but thisis unavoidablegiventhenatureof thedata.Uncertain
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pointsin eitherview areflaggedin theclicking process.

Having selectedhecorrespondingoint pairs,aninitial affine reconstructiors computedising
the factorizationalgorithm. Pointsflaggedas uncertainin the selectionprocesscanbe neglected
from this reconstruction.The affine fundamentammatrix canthenbe computedfrom the cameras
andusedto recomputethe uncertainpointsby projectingthemto the epipolarline definedby the
fundamentamatrix andthe correspondingpointin the otherview[93]. The systemthustolerates
pointsuncertainn oneview, but clearlyvisible in the other

An affine reconstructiorof thetriplejumpsequenceés depictedn figure6.7. Wireframemodels
for four framescorrespondingo figure 6.6 areshavn, with horizontaltranslationintroduced.Note

the effect of affine distortion,particularlyon the aspectatio of thebody

Figure6.7: Four posesrom the affine reconstructiorof the triplejump sequencesThe samefour
posesareshavn from threeviewpoints. Compareo the correspondindgramesin figure 6.6.

Theaffine reconstructiortannowv be metricrectifiedusingtherigid link constraint.

6.5.2 Metric rectification

Therigid link constraintis presenin two formsin humanmotion. This first is the constaniength
of body segments— the upperandlower armsandlegs and the distancebetweenthe hip joints —
throughthe motion. Thereare nine constraintson from eachview pair for theseparticular
sggments. The secondsourceof constraintss symmetry the equallength of left andright arm
andleg segments,providing four constraintgper frame. Constraintsare obtainedfrom both these
sourcesusing (6.3) with a lengthratio of 1, resultingin a constraintmatrix of the form in (6.6).
In principal, two framesare suficient to over-constrain  , but for interestingmotionsthereare
typically tensor hundredsf frames,so is significantlyover-constrained.

Notealsothat,in applying(6.3),therigid link constraintdetweerframescanbewritten for the
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reconstructiorof a singlebody sgmentbetweenrary two posturesThereare,for a singleseggment
appearingn frames,  constraintspf which areindependentThe approacltaken here
is to write the constraintdor eachsegmentin successke pairsof framesin time.

SVD of theconstraintmatrixandCholesly decompositiorof theresultingestimateof yield
arectificationmatrix , andmetric 3D structurefollows from (6.1). Metric rectified structurefor

thetriplejumpexampleappearsn figure6.8.

Figure6.8: Four posedrom the metric reconstructiorof the triplejump sequencesThe samefour
posesareshavn from threeviewpoints. Compareo the correspondingramesin figure6.7.
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Figure6.9: Thereconstructiorof thetriplejumpsequenceyith fixedlengthsegmentditted to body
parts.

The final stepin reconstructinghe motion is regularizationof sggmentsizes. Sincethereis
noisein the systemthe metric humanoidfigure doesnot have exactly fixedlengthbody segments
throughoutthereconstructegequenceThe modelfor eachframeof the sequenceés thusreplaced
by a fixed size humanoidwith medianseggmentlengthswhile preservingthe anglesof body s&y-
ments.Theresultsappeain figure6.9.

Stick figuresrepresentationsf motion have limited usefulnes®n their own. A solid skeletal

model provides a far more informative representatiorof the motion. Ultimately, of course,the
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movementcanbe mappedo arealistic,texturedhumanoidnodel. Accordingly themotioncapture
datais exportedto a formatunderstoody a commercialanimationpackagethe Character Studio
plugin to 3D StudioMax. CharacteiStudiois ableto take 3D positionalmotion capturedataand
corvert it to a joint rotation hierarchyusingan inversekinematicsystem. The motion is mapped
ontoagenerichipedfigure,allowing furtherprocessingncludingmanualediting,framedecimation
andanimationof amorecomplex meshfigure. Thebipedtriplejumperappearsn figure 6.10.

The motion datahasalso beenappliedto a genericVRML meshbasedhumanoid,shavn in
figure 6.11. The humanoidwas createdusing Blaxxun Avatar Studio, a productallowing limited
customizatiorof generichumanoidmeshedor usein online chatspaceswith a simplesetof an-
imatedgestures.The resultis a low polygonmeshsuitablefor online use,althoughwith limited
mobility.

The quality of the reconstructiorof motion is difficult to evaluate. Clearly the accurag of
calibrated marker basedmulti-camerasystemsannotbe replicated.However, whenviewed asan
animation the motionappeardo be afaithful reproductiorof the action. The animationis smooth
andduplicatesot only the coarsemotionof thearmsandlegs, but alsocapturessomeof thesubtle
elementsof the movement,suchasthe asymmetryin the hip and shoulderpositionsthroughthe
jump.

Note thatdegenerag playsanimportantrole in humanmotion capture.A puretranslationof
limbs, for example,leavesthemparallel,leadingto degenerateconstraints.This might occurfor a
personwalking with armsheldin a fixed positionholding something.Furthermorewhenwalking
or runningin astraightline, humanarmsandlegstendto move roughlyin a pair of parallelvertical
planes.The calibrationconstraintdrom rigid links in the armsandlegs provide little information
outsideof theseplanes. The useof the constanidistancebetweenthe hip joints is thusimportant

(theshoulderdendto betooindependentlynobileto provide a similar constraint).

6.5.3 Changing cameras

The camerasn thetriplejump examplecanbe treatedasfixed, with reasonableesults. However,

thisis notalwaysthecase.Thecameragilming sportseventslik e football oftenzoomin onaplayer
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Figure6.10: Five framesfrom thetriplejump,equallyspacedn time. In eachrow, framesfrom the
two inputimagesequenceappearalongsidesnapshot®f an animatedyenericbipedfrom various
viewpoints.
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Figure6.11: Threeimagesfrom theanimatedVRML model.

receving theball, andpanto follow arunningplayer In mary situationstherotationis necessarily
limited to keepthe playerin thefield of view, sincethe cameras somedistanceaway. Also, when
the players motion doesnot includea large translation the camerarotationtendsto be small. As
an example,considerthe exampleof figure 6.12, which shavs four framesfrom a sequencef a
football goal. Thereis a smallrotationandsomezoomof the camerain the left view anda much
largerzoomin theright.

It will beshavn onthis sectionhow the zoomcanbe recoseredby treatingeachframepair as
a separateeconstructiorandrectifying the reconstructionsimultaneouslyWhentherotationcan
be neglected thefixed cameramethodcanthenbe appliedto capturethe motion.

Beforegoingon to describehe method,it is worthwhile observingthe effect zoomingcameras
have on the resultsof the fixed cameraalgorithm. The obvious effect of zoomingis to increase
the imagedsizeof the player The affine, metric andfinal reconstruction®f the football example
assumingfixed camens appearin figures6.13, 6.14 and 6.15. Obsere thatin the initial affine
reconstructiorthereis, in additionto theaffine distortion,anoverallincreasen bodysizereflecting
the increasingzoomin the two sequencesAlso, sincethereis somerotation of the camerasa
rotationof the bodyfrom postureto postureis introduced.lt is interestingto notethatdespitethis,
the final motion reconstructiomeverthelessappeargo be quite realistic. This is becausewhile
thereis considerableoomin the sequencethe rotationof eachcamerais relatvely small. Zoom
introduceserrorsin scalewhich areamelioratedy boththe applicationof therigid link constraint
to successke framesratherthanframeswidely spacedn time, andthe regularizationof structure
to fixed length segments. Neverthelessjt will nov be shavn how the effect of zoomingcanbe

eliminatedfrom theimages.
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Giventwo sequenceacquiredwith changingcamerasthe matchedoointsin the pair of images
at eachtime instanceshould,strictly speaking pe reconstructedeparately The affine reconstruc-
tions obtainedfrom eachframe pair are relatedto the world by a generalaffine transformation,
including a similarity component. Thereis thus an arbitrary rotation, translationand scalingin
additionto the affine distortionencodedby the absoluteconic relatingthe metric rectificationsof
eachframe. It is, however, still possibleto write rigid link constraintson the rectificationof each
reconstructionTheseareconstraintn the absoluteconicsfor eachreconstructiondenoted

for a pair of sequencesf length

Figure6.12: A football goal. Framesl, 20,30 and40 of a 42 framesequenceshavn in two views.

Figure6.13: Four posturedrom the affine reconstructiorof the sequences figure 6.12assuming
fixedcameras.

The approachtaken is to jointly calibrateall the pairs of differentcamerasup to a common
global scalefactor Regardingthe camerasas scaledorthographiesthe camerascalefactorsare
thenknown. Theimagepointscanbe scaledaccordingly compensatingor the changingzoom.

Theeffectsof panningcannotbedealtwith in thisway, sincethe orientationbetweerdifferentpairs
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Figure 6.15: Fixed length body segmentreconstructiorof the football sequenceassumingfixed
cameras.
of camerass notrecovered. This would requiresomestaticsceneobjectto bevisible.

In the changingcameracase the rigid link constraintcanbe appliedin two contexts. Firstly,
symmetryconstraintghattheright andleft armandleg segmentsarethe samelengtharevalid in
eachreconstructionTherearethusat mostfour constraintson each of theform (6.5).

Secondlytherigid link constraintmay be appliedacrosseconstructions:

where and  representhesamerigid body segmentin reconstructions and . Thisleadsto

alinearconstrainton the vectorof elementf both and

(6.13)
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Theconstraintanbewrittenin vectorform by constructingavectorof theelementf all the S
T
andwriting the coeficientsof theseelementsn (6.13)as
.
Thelinearconstrainin vectornotationis then
T (6.14)

Up to nineconstraintof this form canbewritten for eachpair of reconstructionfrom thearms,
legsandhips. Each is over constrainedandrectificationof eachconstructiorcanbecomputed

from the SVD of a constrainimatrix whoserows are vectors

Notethatthe  ’scomputedarenothomogeneoumatricesn thiscontet. Thesetof absolute
conicsthatarecomputedaresuchthattherelative lengthsof segmentsn the metricreconstructions
are the same,andthusinclude a scalefactorfor eachreconstruction.In factit is the vector of
elementsf all the absoluteconicsin theset, , thatis homogeneousThe commonscaleof this
vectoris aglobalscalefactorapplicableto all thereconstructions.

In practice,sincethereare far fewer constraintson eachrectificationthanis the casefor the
singlerectificationwith fixed camerasit is usefulto introducecameraparametersAssumingthat
the camerasnay be modeledasscaledorthographiesfour equationson the dual of eachabsolute
conic canbe obtainedfrom (6.10)and(6.11)for eachcamergpair. Theseconstraintsare
linear, but sincethey arein the dual conic, they cannotbe simply combinedwith the rigid link
constraints.

A solutionis to usean iteratve methodto minimize a costfunction over all the rectification
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affinities . Thecostfunctionhastwo parts:

Thefirst termexpresseshe orthogonalityandequalscaleof the camerarows for cameras

and

andis thus

Theseconderm, , iIs composedf termsof theform

for all applicablerigid links in thestructure.Theminimizationcanbeinitialized by alinearsolution
of  orfrom thefixedcameranethod.

Thesetof resulting  ’'sreturns metricreconstructionsvith a commonscalefactor How-
ever, sinceeachinitial affine reconstructions a generalaffine transformationaway from world
structure,eachhasits own unknavn Euclideanrectificationcomponent.Thatis, thereremainsa
setof unknavn rotationsandtranslationdetweemmetricreconstructionsf individual framepairs.
But, sincethe scalingis globalto all thereconstructiongherelatve scalingbetweerpairsof cam-
erasis knovn. The effect of azoomingcameracanthusbe eliminatedby scalingthe imagepoints
in eachsequenceelative to the first camera.Assumingnegligible rotationof the cameraghrough
the sequencethe fixed cameramethodcannow be appliedto computea metric reconstructiorof
theentire motion.

Returningto the football example,considerfigure 6.16, a plot of the scalefactorsof the two

cameragalibratedas abore. The camerasappearto be zoomingin unison,with a ratio of 1.84.



6.5Motion capture 185

(Thefixedratio betweenthe camerascalefactorssuggestshatthereis global control of the zoom
onthe cameragilming thematch.)The selectedmagepointscannow be scaledproportionatelyto
negatetheeffect of the changingscalefactor asin figure6.17. Applying thefixedcameraalgorithm

to thescaledmagedatayieldstheresultsin figures6.18,6.19and6.20.
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Figure6.16: Scalefactorsof the two (scaledorthographickcameradilming the football sequence.
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Figure6.17: Zoomeliminationin imagesfrom framesl, 30 and40 from the secondcamerain the
footballexample.Theselectedmagepointsfor framel appeaontheleft. In themiddleandonthe
right (for frames30 and40) arelarge figureswhich areplots of the selectedmagepointsin those
frames,andsmallerfiguresobtainedby scalingaccordingto therecoveredcamergparameters.
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Figure 6.18: Affine reconstructiorof the football sequencafter zoomelimination. Note thatthe

large scaleincreaseseenin figure6.13is gone.

S

A A
AN,
L
RV
)

)

<

i
7\

v
TN

TIT ATy

Figure6.19: Final reconstructiorof thefootball sequence.

Figure6.20: Six framesfrom ananimationof the bipedrepresentationf the football example.
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6.6 Summary

This chaptehaspresenteé methodof constraininghe metricrectificationof anaffine reconstruc-
tion usingthe known relative lengthsof line segments. The constrainthasbeenappliedto motion
captureby modelingthe humanbody asarigid link articulatedstructure.The constantengthsof
partsof the bodyasa personmovesprovide linearconstraintsn the absoluteconic.

Usingthe affine cameramodelfor cameraviewing sportsevents,anuncalibratedhffine recon-
structionis metricrectifiedby meansof therigid link constraint.Themethodhasbeendemonstrated

for fixedandzoomingcamerago capturethe motion of athletesrom broadcassportsfootage.



Chapter 7

Conclusion

In conclusionof thethesis this chapterdescribesvhatarebelievedto be the novel contritutionsof

thework andsuggestsireasf furtherresearch.

7.1 Novel contributions

Theapproachakenthroughouthethesisis oneof writing constrainton thegeometricentitiesthat
specializeprojective spaces.While the separataise of theseentitieshasbeenreportedin earlier
work, combiningthemin oneandtwo dimensionsacrosssingleandmultiple views is new. It has
contritutedto an understandingf the relationshipbetweenimagedplanesand plane perspectie
distortion, structurerecovery from one or moreviews, camerainternal parameteiconstraintsand

auto-calibration.

Themetricplanegeometryassociateavith thecircularpointsconstraingheimageof the ab-
soluteconic,andthustheinternalparametersf the cameraln turn,aknown IAC constrains
theimagedcircular pointsof the plane anddefineghemif the planevanishingline is known.
Thustherelationshipbetweerknown internalcamergparameterandimagedplanegeometry
is preciselydefinedby thecircular pointslying on theabsoluteconic. This hasled to a novel
objectbasedcalibrationmethodof computingthe IAC from a numberof views of a plane
with known metric structure.Otherassociate@ontritutions arethe techniquef extending

the affine rectificationof a planeto metricandMLE line intersection.
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If a camerahassquarepixelstheimageplanecircular pointsareknowvn. It wasshawn that
thesecircularpointsprovide two constraintonthe IAC, just asary metricsceneplanedoes.

Theimageplanecanthusbetreatedasa generalscenegplanein this sense.

A singleview of the vanishingpointsof two orthogonaldirectionsplacesone constrainton

thelAC. This shavs how scenestructuredefineshelAC. ThelAC, in turn, constrainscene
reconstructionthe metricstructureof the planecontainingthe two directionsis fully defined
by its circular points, which arethe intersectionof the vanishingline joining the vanishing

pointsandthelAC.

With the vanishingpoints of three orthogonaldirections,three constraintson the IAC are
available. If the camerahassquarepixelsits circular points provide two constraintson the
IAC andthefive constraintsn totalfully definetheinternalcalibration.Thisconfiguratiorhas
beenusedbefore,but the IAC basedormulationallows a degenerag analysisfor ageneral
configurationof threevanishingpointsandonemetric plane. The analysisshavs thatwhen
thevanishingline of themetricplaneintersectoneor two verticesof thetriangleof vanishing

points,thereareonly four independentonstraintonthelAC.

In two views, if the fundamentalmatrix is knowvn, matchedvanishingpointsin the images
constrainthe planeatinfinity in a projectve reconstructionThreematchedvanishingpoints
thus allow rectificationto an affine reconstruction.In addition, the threesingle view con-
straintson the IAC applyto eachview individually. If the cameraave squarepixelsthere

arefive constrainton the IAC which canbewrittenin eitherview.

The circular point parametrizatiorof the squarepixel propertyof a cameraalsodefinesan
auto-calibrationconstraint. The circular points of eithercameraimageplanecanbe trans-
ferredto the otherview by theinfinite homography Therearethenseven constraintson the
IAC. An extensionof the single view degenerag analysisshavs that the numberof con-
straintscanbe reducedto six or five, dependingon the intersectionof the vanishingpoints

with theimageplaneandtransferredmageplaneideallines.

The caseof thetwo camerasaving identicalinternalparameterss similarly analysed.The
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analysisis basedon the geometricrepresentationf the four constrainton the IAC from its
invarianceto transferby theinfinite homographylt shavs thatthe sevenconstraint®btained

from invarianceandthreevanishingpointscanbereducedo five or four.

The final new resultis the constrainton the absoluteconic from the known relatve lengths
of a pair of line sggmentsandits applicationin a motion capturesystem. The constraintis
appliedto therigid links of the humanbody to reconstructa motion sequencémagedby a
pair of affine camerasWith fixedcamerastheentiremotionis treatedasa singlestaticaffine
reconstructiorof posturesirom the motion. Linear constraintson the absoluteconic then
allow metricrectification.If the camerasrezooming,constraintof theabsoluteconicsin a
setof reconstructiongrewritten from rigid links. Including auto-calibratiorconstraintson

scaledorthographiccamerasthe camerasndstructurecanberecovered.

7.2 Further reseach

Commenton areasof future work aredivided into threecateyories: automationof dataselection,

erroranalysisandfinal sectionon possibleextensionsof the geometricconstraints.

7.2.1 Automation

A common,andvalid, criticism of the resultsshavn hereis thatthey dependon manualselection
of data. Userinteractionto specify the geometrysupplyingconstraintshasbeenrequiredfor all
the examplesthat have appeared.While suchinteraction(usually) provides datafree of outliers,
automatioris desirable.

Many of the methodsrely on the computationof vanishingpoints. Thereis a large body of
literatureon finding vanishingpointsautomaticallyin structuredervironmentsjn whichtechniques
asdiverseasthe Hough Transform[15 108 andthe Bayesianinferencemethodof Coughlanand
Yuille’s ManhattanWorld[18] have beenemplged. Rother[8G computeshreevanishingpoints
specificallyfor camereacalibration,andusesthe the expectedcamerastructureto testconstraintsof

mutualorthogonalityof thepoints. Theplanargroupingmethodof Schafalitzky andZisserman[9D
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explicitly usesthe geometryof repeatecelementso computevanishingpointsandlines. It also
includesa methodof finding the parameterspecifyinga regular grid that may be well suitedto
detectingfeatureson calibrationobjects.

Any of theseapproacheshould, hovever, be usedwith care. Many real world scenescon-
tain geometrywith threedominantdirections,but often alsohave structurealignedcloselybut not
perfectlyto thesedirections. Adjacentbuildings androads,for example,are often not precisely
parallel. Facadeelementson old woodenbuildings arefrequentlywarpedor not constructedwvith
perfectorthogonalityandparallelismin thefirst place. Even someclassicarchitecturenotablythe
TajMahal, appearso fit the cuboidmodel,but is actuallynot constructedvith its sidesorthogonal
andparallel. Experiencewith the two view measuremergystemdescribedn chapter5 indicates
that even humanselectionof datais sometimeserroneousand automaticmethodsare naturally
proneto includingsuchgeometry

Manualselectionof joints for motion capturein a pair of sequencess particularlytedious.As
a systemmotion capturewould be greatlyimproved by automatedrackingto replace or comple-
ment,the manualprocess.Fully automatedrackingis unlikely to be completelysuccessfugiven
the quality of somedigitisedbroadcasvideo. However, even partial trackingin conjunctionwith
operatotinteractionwill significantlyspeeduptheprocessThereis aconsiderablamountof active
researchin the area,including mostof the literaturecited in chapter6. It is feasiblethat simulta-
neouscalibrationfrom therigid link constraintandtrackingcouldbeimplementedor uncalibrated
motion capturesystems. The rigid link constraintcould also be appliedto marker data, where

reflectve markersareattachedo the bodyto facilitatetracking.

7.2.2 Error analysis

Firstordererroranalysishasbeenperformedfor someof thealgorithmsdescribedtheuncertainty
in vanishingpoint computatiorandthe camergparametersound usingplanesandthreevanishing
pointshave beenquantified. Onearearequiringfurtherwork is extendingthe uncertaintyin cam-

eraparameterso measurementsomputedwith the aid of theseparameterssuchasthe relative

IDiscovering this factwhile on atrip to India, somecolleaguesoncludedhataskingfor a cameracalibrationfrom
animageof the Taj Mahalwould be afine practicaljoke.
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orientationof planesandthe metricrectificationparameters.

In particular the two view measuremergystemrequiresthat uncertaintyin the computed3D
co-ordinatesanddistanceshouldbe suppliedto the user alongthe lines of the singleview mea-
surementystemdevelopedby Criminisi[19]. This meansextendingthe single view analysisto
two views, alsotakinginto accountuncertaintyin the epipolargeometry The motion capturesys-
temwould similarly benefitfrom ananalysisof sourcef errorandits propagatiorthroughto the
reconstructedequence.

The error analysisusesan assumptiorof Gaussiamoisein imagedata. In the caseof line
intersectionthe distribution error on endpointsof detectedine segmentsis takento be Gaussian.
This determineghe errorin vanishingpointsandthenin cameraparametersThe validity of this
assumptioris questionableCertainly morework onthe natureof thenoisein imagemeasurements
of varioustypesshouldbe done,andincorporatednto the erroranalysis.

The useof soft constraintoon cameranternalparametersesults,in over constrainectasesijn
cameraswvherethe constraintsare not satisfiedexactly. In the combinationof conjugag, square
pixel andprincipal point constraintsn chapter4, the homogeneousonstraintsarewritten directly
from the geometry The resultinglAC, however, dependson the relatve scalingof the rows of
the coeficient matrix. A statisticallyrigorousapplicationof priors suchasthe known principal
point shouldconsiderthe relatve weighting of theseconstraintspasedon their uncertainty An

investigationinto the natureof this uncertaintyon priors on camergparameterss thuswarranted.

7.2.3 Geometry

An obviousextensionof vanishingpointbasedtalibrationis applicationto largernumbersof views.
Thetwo view calibrationmethodusingmatchedvanishingpointsof orthogonaldirectionscanpro-
vide agoodinitialisationfor subsequerauto-calibratiorbundleadjustmensuchasthoseof Polle-
feys etal[79] andNister[75. Inclusionof vanishingpointsis aidedby thefactthatthe pointscan
becomputedn widely separatediews withoutthe samecomponent®f the structurebeingvisible.
Thevanishingpoint of thesameworld directioncan,for example,becomputedrom thefacade®f

oppositesidesof a building.
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In addition, back-projectinghe vanishingpoints provides a corvenientparametrizatiorof the
absolutadisk quadric.If thethreepointsare and canbewritten asalinearcombi-

nationof threerankonedegeneratelual quadrics:

This parametrizations at mostrankthree,andthusexplicitly satisfieshe rank constrainton
It is anover parametrizationrequiring 15 degreesof freedomif thethreepointsarehomogeneous
(andthey shouldbe, sinceby definitionthey maywell becomddealin the computation).

In the motion capturemethod,a partial solutionto the occlusionproblemcanbe foundwhena
sectionof semi-occludedramescanbe omittedfrom a sequencebut the body canstill be recon-
structedfrom theremainingframes.An occludedpoint, nowv a knowndistancerom anunoccluded
3D point, canlie arywhereon a spherecentredon the unoccludedpoint. If the occludedpointis
visible in oneview, the back-projecteday definedby the imagepointintersectghe spheren two
points,oneof whichis theoccluded3D point.

Bundleadjustmenis alsodesirablefor motion reconstructiorto fit a truly rigid linked model
to theimagedata. This is a comple non-linearoptimizationproblem,andshouldusea kinematic
modelwith appropriatedegreesof freedomfor variousjoints. It thushasa large numberof degrees
of freedom.

Therelative length constrainimplementatiorusesan affine cameramodelto generatean ini-
tial affine reconstruction.For sometypesof sportsbroadcastswith cameragar from the players,
this is areasonablassumptionlt is not, however, essential An affine reconstructiorcanalsobe
constructedrom aninitial projective reconstructionThe vanishingpointsof parallellinesborder
ing thefield of play, for example,could be usedto constrainthe infinite homography Orthogonal
and parallellines on the field also provide calibrationinformation, asdemonstratedy Reid and
Zisserman[84in their analysisof thefamousfootball goalthatwasnt.

Alternatiely, the relative length constraintmight be applieddirectly to the projective recon-
struction,althoughit is no longerlinear The metric length of a line segmentin a projectve re-

constructioncanbe written in termsof the elementsf the metric rectifying homography . The
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metric rectificationof endpoint , say is , which mustthenbe corvertedto inhomogeneous
co-ordinatedeforea differencevectorcanbewritten. Thisis wherethe non-linearityemepges.So-
lution of theresultingsystemof non-linearequationsmustbe initialized. Onepossibility for doing
sois to make aninitial affine cameraassumptiorto obtain an estimateof metric structure. The
transformatiorbetweenthe metric estimateandthe projectve reconstructionwould thensene as
aninitial estimateof

Additional constraintf thetype developedfor planerectificationcouldalsobe appliedin 3D.
The constraintfrom equalunknavn anglesbetweenpairsof lines, for example,canconstrainthe
absoluteconic.

Finally, the relative length constraintis a 3D constrainton , While mostof the othercon-
straintsthathave beenusedareimageconstraintoon . They canstill be combinedhowever. The
homographybetweenthe imageplaneandthe planeat infinity in a reconstructions theleft three
by threesub-matrixof the projectionmatrix. For a canonicalcameraprojectionmatrix , this

homographys theidentity and

Constraintcanthusbetransferredrom oneplane,andoneconic,to theother



Appendix A

The Jacobianof a Cholesky

decomposition

Theinternalcamergparametematrix is typically recoveredfrom theimageof theabsoluteconic
by Cholesly decompositionWriting theelementof asavector |, thetermsof the Jacobian

of theCholesly decomposition™ — are
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