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ACCURACY, RELJABILITY AND STATISTICS IN CLOSE-RANGE PHOTOGRAMMETRY

A. Introduction

Analytical close-range systems for point determination are characterized by typi-
cal features, which differ to some extent from the conditions found in aerial
triahguiation. The main probiem consists in the great variety of gquite different
condftions with respect to image geometry, interior orientation, exterior orien-
tation, intersection conditions, control distributions and systematic errors. In
the past this led to many different solution procedures, often reconciled to the
presumpiions of a special project.

Khile in zertal triangulation the handling of large linear systems mostly complii-
cates the abplication of highly sophisticated mathematical and statistical tech-
niqhes this is not true in close-range photogrammetry, where the systems gener-
ally are smaller and thus far more convenient to work with in computer programs.
S0 the creation and application of general, highly developed methods s regarded
as a basic requirement in close-range photogrammetry, especially if the results
have to be of high accuracy and reijability. Thus rigorous procedures of network
désign determination (Grafarend /€/, Schmitt /20/) and a-posteriori variance es-
timation (Ebner /5/, et.al.) nowadays mainly used in geodesy should find more
attention in photogrammetry.

Even relatively simple a-priori accuracy studies on the applied bundle system are
not very popular, though in some non-transparent situations absolutely necessary.,
Moreover the reliability of the systems should be studied with more attention.
Based on Baarda's reliability theory /2/, /3/ this topic is strongly connected
with the problem of model errors and mainly used in connection with gross error
detection. A system may be called "reliablie" if gross errors of a certain size
can be detected with a certafin statistical security. It is important te notice
that a system or parts of it may be accurate without being reliable at all, It is
one objective of this paper to mark off the terms "accuracy" and "reliability"
~with the aid of some simple examples.

A highly developed bundle model must include the self-calibration technique. A
comprehensive compensation of systematic image errors requires a general and
flexible additional parameter set, Thus the concept of bivariate orthogonal poly-
nomials is recommended and a suitable set for a 5 x 5 image point distribution

is presented.

In order to perform a2 widely objective analysis of bundle adjustment results re-
ference is made to general statistical methods and some test criterions are de-
rived to test hypotheses often appearing in point determination problems.

B. The mathematical model of self-calibrating bundle adjustment and the problem
of systematic errors, T

In close-range photogrammetry it is generally noticed that with an increasing
number of different problems the number of mathematical models increases. This
leads to a certain confusion and reduces the compatibility and applicability of
existing computer programs,

S0 a standardization of models seems to be necessary, which may be based on a gen-



eral and flexible self-calibrating bundie adjustment having proved its efficiency
in aerfal triangulation. For the further analytical treatment reference is made
to the model of the existing bundle program MBOP (Munich Bundle Orientation with
Additional Parameters), originally developed for aerial triangulation problems:
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eB,ez,eP = Vectors of true errors of image coordinates, additional parameters,

control point coordinates

dx,dxp,dt,dz {orrection vectors of point coordinates, control point coordinates,

elements of exterior orientation, additional parameters
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z

Corresponding coefficient matrices
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15,1 .0 = Vectors of observations of image coordinates, additional parameters,
control point coordinates
| = Identity matrix

Callecting the matrices and vectors of (1) in the following manner
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the system (1) formally results in
-e =Ax -1 5 P (2}

and by using the operator of expectation E and the operator D which leads to the
variances and covariances we get in statistical notation

AE(x} = E{1} ,
E(x) = w, » E(1)=wuy , E(e) =0, {3}

u
a

2p-! s (o = standard deviation of unit weight

D{e) . :
to be estimated)

Thereby the correction vectors of the ground point coordinates dx and of the
elements of exterior orientation dt are always introduced as free unknowns, what
generally leads to mixed models.

System (3) is caliled a Generalized GauB-Markov Model {koeh /12/). For known ex-
pected values u, and for Pz £ 0 it may be interpreted as {mixed} Regression Model,
for PZ # 0, E(iz) = 0 as (mixed)} Collocation Model (Ebmer /8/). If the geodetic



contrel point coordinates are introduced as free of errors (diag (PP) - «), like
it is often reqguired in practice, and if the additional parameters are ireated as
free unknowns (PZ = 0}, the ordinary GauB-Markov Model, i.e. the usual case of
Adjustment of Observations is obtained.

The matrix Pp allows to introduce a-priori known accuracy standards of the control
point rzoordinates; the same applies to the matrix PZ and the additional parameters.
¥sing PP = 0 the system becomes singular.

Under certain circumstances and with certain parameter sets the treatment of sys-
tematic errors as free unknowns {PZ = 0) may lead toc remarkable deteriocrations of
the condition of the system of normal equations. Therefore it is expedient to in-
troduce PZ # 0, thus protecting to some extent against overparametrization.

With Pp#i)we cbtain a weighted minimel fitting {(with respect to a 3-dimensional
similarity transformation) of the photogrammetric points onto the control points.

With the set of additional parameters from (1) we are fully flexible, there is no
restriction concerning their number and type. This enables us to introduce bleck-
invariant parameters, Jjust as parameters which belong to a single strip, to a
certain group of images or even to & singlie image.

In close-range applications this concept has to be extended by observation equa-
tions for additional measurement elements as angles, distances and exterior ori-
entatien parameters and by some special conditions as straight line conditions,
surface conditions, angle conditions and so forth. For the purpose of the follow-
ing studies these equations can be omitted without loss of generality.

The same applies to other image geometries which may replace the perspective re-
lations. '

For the determinability of systematic errors and the related eigenvector problem

see Griuw 11/,

The problem of a suitable choice of an additional parameter set was recently dis-
cussed in Grin /10/. Thereby the functional, numerical and statistical advantages
of bivariate orthogonal parameters,introduced by Ebner /¢/, have been emphasized.

A strategy in additional paraneter constructicn, i.e. the cheice of the design
matrix A4 {see (1)) must consider two basic reguirements:

-~ The estimation of x and cg in {3} has to be unbiased, 7.e. the systematic
deformations have to be modeled as well as possible

- The variances of the zdditional parameters {and of the other parameters of
system {1))should be as small as possible.

To the first point experiences, gained over many years, have shown that polynomi-
als are a proper device in modelling systematic image errors. Thereby the favour-
.able property of bivariate polynomials consists in its capability to compensate
the total systematic effect at al! points of a presumed regular image point screen
{EEner /E/). '

The second reguirement, which includes egually the demand for minimal covariances,
Teads to the condition

g = aTeay e win (4)

or if only the additional parameters are regarded



T -1 .
QZZ = (!’-‘\4PBA4) — Min . (5)
As it is proved in Rgo /1&/, the minimum of sz is obtained when
1,...,7

1ov.oyi-ly d+4l,...,2 {6)
number of add. parameters

T |
aifpha; = 0 /

A

nouon

i.e. for a diasgonal weight matrix PB the optimal choice of A4 is obtained, if the
columns of A4 are orthagonal, not necessarily orthenormal. (Hence orthogonality is
defined as : alpa = D, D=diagonal matrix}.

Although the concept of orthogonality is strongly valid only in the case of ex-
tremely regular network arrangements, orthogonal sets provide in practice for the
best possible independence.

It is clear that in aerial triangulation systems orthogonality s more likely than
in close-range systems.

For a 3 x 3 image point distribution the corresponding orthogonal additional pa-
rameter set was derived by Ebner /¢/. Recently the author developed an orthogonal
set with respect to a 5 x 5 image point distribution.

2

With k = x2 - %r s 1 = y2 - %r s P = x2 - %% b2 s Qo= y2 - %% b2
ro= xz(xz - %% b2) + Fg b4 s s = yz(y2 - %% be) + ;% b4
we obtain
AX = 8y0X  + 8,4y taooXy ¥ 3311 + 0 —bzzl§k+

- _ 10
by =-@q5y ¥ 257X a22—?1+ Q + b13k +b22xy +

{ax..) + d g %P+ a23yk + a32x1+a41yq + 0 + 0 + 0 + 0 +

fey..) + O + 0 + 0+ 0 + bqup + b23yk+b32x] + b4lyq+

fax..) + Byl *85,XyP +a33k1 ta,oX¥qF agqs 4 0 + 0 + 0 + 0 + 0+

{dy..) + 0O + 0 + 0 + 0 + 0 + blsr +b24xyp+b33k1+b42xyq+b515+

{ax..) +3 5L yr +a34x]p +a43ykq+a52xs + 0 + 0 + 0 + 0+

{ay..) + 0 + 0 + 0 + 0 + b25yr +b34x1p+b43ykq+b52xs+

(AX..)} +a351r +a44xypq+a;3ks + 0 + 0 + 0 +

{(ay..) + O + 0 + 0 +b351r +b44xypq+b53ks +

(AX..) ta,cYqr+ac,xps + 0 + 0 + aggrs + 0 ;

(ay..) + O + 0 thysyar+be,xps+ 0 +bgprs
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For vertical photography and flat object this set is ocutlined to be even independ-
ent on the exterior orientation elements. Under very general conditions (large
rotation elements, space character of the object) the corresponding sets can be
extended by some of the 6 coefficients which are highly correlating with the

6 exterior orientation elements in the case of vertical photography and flat ob-
ject to obtain a complete bivariate set (here the parameters of interior orienta-
tion are also included}. With the creation of the complete set one has to pay
attention to the seguence of the rotation elements. For example; if v is chosen
dependent on ¢ and w then one of the two linear terms which lead to image torsions
has to be rejected a-priori.

Because of the possibly high correlations the extended sets have to be applied
very carefully. To protect against overparametrization, i.e. to avoid the intro-
duction of remarkable instabilities into the linear system (1) sophisticated sta-
tistical test methods must be used for additional parameter significance testing
in any case {see Grin /I1C/, /11/ and also sectioen D1 of this paper). One has to
note that the l-dimensional Student test Teads to wrong conclusions concerning

the acceptance or rejectionof individual additional parameters if dangerous corre-
tations do occur. Thus a more comprehensive treatment of statistical hypotheses
testing methods becomes necessary,

C. Accuracy and reliability of close-range bundle systems

Hitherto in photogrammétric close-range systems the accuracy was almost exclusively
in the center of interest. In this connection sometimes a lot of work was invested
to derive "accuracy predictors" which should represent a kind of accuracy models
for special, often appearing network arrangements. Nevertheless, among all accu-
racy predictors the inverse of the normal equations of a bundie system is still
the best one. It accommodates every changing network configuration and every model
variation. So the design of a project should be connected with the determination
of the corresponding inverse for sophisticated accuracy studies. This becomes im-
portant more tﬁén ever, since the introduction of additional parameter sets com-
plicates an empirical accuracy appraisal. Besides the accuracy of a system its
reljability should become a main objective of future studies,

The reliability of a model describes its sensitiveness with respect to model
errers. If a highly developed self-calibrating bundle model is used we may re-
strict our considerations on the problem of gross errors.



So by definition the term "reliability" should describe the system's gualities
for gross errar detection.

It was Baarda /2/, /32/ who developed a rather complete reliabjlity theory. His
approach enables the treatment of the gross error detection problem on a statis-
tical basis. Faarda's theory may equally be applied to theoretical reliability
studies of bundle adjustment systems as to the detection of gross errors in prac-
tical projects. for detailled information about the whole theory see /2/, /3/. In
the following only a short extract is presented, as far as it is necessary to
understand the practical computations presented in this paper,

Starting from system (1} with the statistical model

Ax-1 P

D(e) = D(1) = o 2P"1 , E(e) = 0

1
ki)
1]

(8)

we get consistent, sufficient and minimum variance unbiased estimators for x and

602 by the least squares estimators (with redundancy v = n~u)

) -1

x = (ATPA) aTRY = Q ATR) , (9a)
LT T

e = Loak-ry praz-ny = Y (9b)

and for the residuals we obtain

_oas oo _ T
v = Ax-1 = (I AQxxA P31, (10)
and with
_ p-1 T
Quy = P T-AQ, A (11)
we get
v = - viP1 . (12}

Regarding model {(8) as null=-hypothesis H0 with E(gf XHO) = af s then if HG is true

the test criterion
- L
s
o = 2% (13)
=i}

is distributed as the central F-distribution F{r,~}. Thus ¢ is used as a global
test criterien to test the presumed multi-dimensional normal distributicn of

1 (1~ N(AX,o p 1y,

1f Hc is rejectedone has to set up one or more altternative hypotheses HA‘

Since the systematic errors are widely compensated by our self-calibrating model
we may confine ourselves on the investigation of gross errors. Then a set of p
alternative hypotheses HAp can be formulated as

p =1,...,p alternative
Hp ¥l = o ¢ ¥ s hypotheses {14}
Ap P ° PP ¢ = vector representing the
P proportions of the
gross errors
v = constant

If Hp is accepted, then @ is distributed as the noncentral F-distribution

F{r,m,kp) with the noncentrality parameter lp.



HAp leads to

-2
Efo, /Hap) = E(~f/ H) + vGoi . (15a)
L2 ap 2
Vor, = SRal . (15b)

Ap depends on the type I error size o, on the type Il error size E{xp)

(B(%p) = 1-P(II}, P{II}) = probability of accepting a false hypothesis) and on the
degrees of freedom r, «, For a given a,B(lp), r we cah find Ap by using Bgarda's
nomggrams in /3/, pp, 21-23,

If ng is true, then the estimators x and Sf are no more unbiased, If the effect
of a gross error vector vlp in the observations upon the residual vector v has to
be computed then we obtain

E(v/Hap) = EQV/H) + 7vp (16)
T, o= - QP vl . (17)

Although in practical projects we normally don't know anything about the vector
Cp - it indicates the relationship of the gross errors - equation {17) enables
us to study the effect of an a-priori supposed gross error vector vlp upon the
residual vector v. From {14}, (15), (17) and from the idempotency of the matrix
product vip it follows for small gross erraors

Ny = ciPQ. . PC (18)
p ’ p B Syy' TP .
The vector vjp contains all assumed gross errors of the pth alternative hypothesis.
If we suppose only one gross error in the observation i we get

1t

HAl: Y’]l(i) UC_CIV]_ s (19)

and with c¢] = (0,...0,1,0,...,0)

Hag: w110 = agry . (20)

combining (18) and (20) we obtain

(i) \111 for diagoenal P:
HAl. v]l = g, NT » Nl - piZQVjVﬁ , (21)

Qyivi = it diagonal
element of Qyy

i.e. v]1(1) is the minimal gross error which can be detected with the probaility
B{x1). Thus for a constant Xy for all possible i v11(1) represents a suitabie in-
dividual reliability indicater ({"measure for internal reliabiiity" in Baarda /3/}.

Furthermore, Eaarda /3/ has developed a test criterion for testing the residuais
of an adjustment {"data-snooping"). If H, is rejected, we get
T
‘CpPV

Wy 7 o, N ' {22)

With one of the possible alternative hypotheses {cq,,..., Cp) = 1 from (14) and by
using a weight matrix of diagonal form we obtain



-y .
Wo = e , (23)

i sowﬁi;:?

The acceptance interval for w, is then

S FE (L e PR (1 1,m) e

where o, is the type [ error size for the test criterion Wi

The significance Tevel G for the test of individual residuals (23} is dependent
on the significance level o« of the global test {13}. Baarda harmonizes o with o
by putting E(hp) = g(%1), i.e. by using equal type Il error sizes for the global
test and the individual test. For the relations beiween o and o, see the nomograms
in /3/, pp. 21-23. As far as the author could understand this, the harmonizing
between o and G, W3S based on the assumption that the single events w; are inde-
pendeni on each other, Hence a most reliable system is required for an effec-
tive application of the data-snooping technique; otherwise the danger of false
inference is too great. At least we have to exclude those observations from the
test procedure - or better: we have to change the network arrangement in & way
that those observations don®t occur - which are correlating too much with others.
This {s valid especially for "spur" observations, {i.e. for observations which
lead to o, = ¢ (zero variance problem), since in the extreme case of spur obser-
vations the test criterion wy= %-is not defined.

In {21} vi§1) was denoted as an individual relfability indicator. The amount for
the computation of all individual Ny = D§QV1V1 {if P is diagonal and if only one
gross error is assumed) may sometimes prevent of individual computations. However
we are able to make some statements on the global reliability of a system {see
Firetner /7/, Grun 11/, Pope /17/).

In Grix /117 the average diagonal term of Gy, was proposed to serve as global
retiabitity indicator:

RI(T) = #QV—V) =<, (?5a)
x' y'
RI(x'})= EE%LEEX) , RI(y') = EEQLE&LL (25b)

r = redundancy, n = number of observations

Of course global reliability indicators can be constructed which do more refer to
the "external" reliability (Baarda /3/), that means to the effect of gross errors
upon the final product of the adjustment - the object point coordinates, Those
would correspond even more with the following accuracy indicators. But here the
term "reliability" should be stronger connected with the detection than with the
effect of gross errors. £r(Qy )

An analogous global accuracy indicator would be T yet we use the average
standard deviations of the point coordinates (with ¢ = 1):

tr(\O)
AT(T) = __é?fjﬁ*_ s k = number of points, including (26a)
the control points
X
tr ok,

AL(X) = — ,




er(fol,)

— s (26b)

Z
tr()
AI{Z) = _L(T_QLL)

In the following a simple practical example s introducted to clarify the above

mentioned probiems and to show the practical potential of the data-snooping
technique.

AL(Y) =

Although in Grin /11/ PFope's approach of the gross error detection problem was
emphasized, in this paper Baarda’s approach is used because the values of the
Tau - distribution (Fope /17/) are not available for the authar by now.

Another interesting method was proposed by Benning /4/ which should also receive
future attention.

For further demonstration the practical exampie of Figure 2 is introduced, based
on synthetic data,

A... control points
o... points to be determined {new points)
e... camera stations

Figure 2: Network arrangement for the demonstration
of accuracy and reliability problems

We suppose a cube which contains 27 regularly distributed points; 8 of them serve

as control points, the others are new points. The camera stations are denoted by
nos. 0, ..., 8.

Table 1 shows the orientation elements of the individual images.



Table 1: Orientation elements of the images of the network arrangement of

Figure 2
i
Ima ec C XO YC ZC K ¢ Lix
g (mm] @ [m] [m] [m] (9] [9] (gl
0 100 0 0 5 0 0 0
1 100 -1 0 5 0 0 0
2 100 1 0 5 0 0 0
3 100 -5 0 5 0 -20.483 0
4 100 5 0 5 0 20.483 0
5 100 0 0 4 0 0 0
8 100 0 0 6 0 0 0
7 100 0 0 0o ! 0 0 20.483
8 100 0 0 10 J 0 0 -20.483

While the object points and the control distribution remains unchanged in the

following computational versions, the images are dgrouped as seen from Table 2.
For simplification all versions are computed without additional parameters and
with fixed controi points {diag (Pp) + =),

Table 2: Image arrangements and global accuracy and reliability indicators
AL(X), AI(Y), AI{Z), AI{T}, RI(x'), RI{y'}, RI(T}); o, = 1 um

!

Image Accuracy indicators Re11abi1ity indic.
yersion|arrange-| N u r AI(Y)]AI )!AI{T)
ment T ! Tnad | o] (o] ﬂRI |RI M
A 1.2 08 | 65 | 39 0.27 11.17 10.2710.57 | 0.19 10.53 0,36
B 3-4 108 | €89 36 | 0.09 |U.29 |O.11 10.16 .20 |0.52 {0.36
C 3-0-4 162 | 75 87 10.08 { 28 {0.10 10.15 0.43 10.64 I0.54
D 1-2-5-6 | 216 |81 {135 ]0.18 lO g2 l0.18J 0.43 | 0.62 |0.62 ]0.62
E 3-4-7-8 1216 | 81 | 135 ;0.07 10 z21 |0.07 |0.12 0.62 ID.62 |0.62
n = number of observations
u = number of unknowns
r = n-u = redundancy
RIM} Figure 3: Global reliability and
Eo QD accuracy indicators of the
DFd i it s e Vi e —
Co practical examples of Table 2
05+
BO cA
014

+ 4 =
01 05 Al(T)



Table 2 together with Figure 3 show the global reliability and accuracy indica-
tors, Some interesting conclusions can be drawn from these investigations. Com-
paring the global indicators RI(T) and AI(T) of the individual network versions

we notice that good accuracy doesn't correspond necessarily with good reliability.
Though version B provides for fairly good accuracy, the reliability is poor. This
refers mainly to the reliability of the x'-coordinate observations. Here we have
to state that if only two images are available (see also version A) a gross error
of those image coordinates which belong to the epipolar plane cannot be detected
at all (zero variance problem - "spur" observations}.

0f course this is not true for control points, so that RI{x'} of version A, which
represents the average variance of the x'-residuals {with o, © 1 um) is not equal
to zero. Though the x'-coordinates of version B don't belong exactly to the epi-
polar plane (¢4=-¢3 = 20.4839), their reliability is still poor {that yields for
the non-control points). On the contrary the reliability of the y'-coordinates of
versions A,B {is sufficient (A:RI({y') = 0.53, B:RI{y') = 0.%2), i.e. a gress error
in those y'-coordinates has a2 good chance to be detected (see the subsequent
examples of data - snooping); but here another problem reveals: the problem of
gross error localtization.

Example € (3 images) provides for better reliability, especially in the x'-coordi-
nates {(RI{x'} = 0.43}. In this case we are able to detect a gross error even in
the x'-coordinates of non=-control points.

The examples D and £ show an equally good reliability behaviocur in x'- and y'- co-
ordinates, what 15 due to the symmetric network arrangement, while the accuracy

of version £ is far more better,.

Summarizing the experiences gained by these investigations and indicated by the
applied accuracy and reliability indicators we have to prefer definitely the
arrangement E (images 3-4-7-8), because only in this case the x'- and y'- obser-
vations are of sufficient reliability together with a satisfactory accuracy of the
object points.

Moreover, these investigations may show the necessity of performing a-priori ac-
curacy and reliability studies for a proposed project. This becomes the more nec-
essary the more non-transparent the geometrical conditions are. As a rule one
should aspire reliability indicators which are at least equal or even greater than
0.6 {RI{x"') 2 0.6, RI{y') = 0.6} - in accordance with the values gained by the in-
vestigation of aerial triangulation systems (Srin /11/).

Naturally the global indicators don't provide in each practical case for sufficient
accuracy / reliability of all individual object points / observations, e.g. if
some observations have to be cancelled or if points cannot be observed from certain
camera stations, whatever the reason may be for that. So the global investigation
has often to be replaced by an individual checking {see {21}}. To get further in-
sight in detail problems and to become familiar with the data-snooping technigue
the arrangements of Figure 2 and Table 2 will be subject to the data-shooping
procedure. To keep as close as possible to practice the synthetic image coordinate
observations of all versions are superimposed by a random generator with means

Ex! = uyr = 0 and standard deviations oy1= 0y = 5 um.

Then in all versions A - £ different gross errors are introduced as {the gross



errors do exclusively appear at images no. 1 resp. 3 and at points no. 1 resp, 2):

Case a: One gross error at the image coordinate x' of control point no.l
of image 1 resp. 3: vxi = - 30 um

Case b: Two gross errors simultaneously at the image coordinates x', y' of
control point no.l of image 1 resp. 3: vxi = vyi = ~ 30 um

Case ¢c: One gross error at the image coordinate x' of non-control point no.2
of image 1 resp. 3: vxé = - 30 um

Case d: One gross error at the image coordinate y' of non-control point no.2
of image 1 resp. 3: vyé = - 30 um

With respect to case b we act as if only one gross error exists, although two
gross errors have been introduced.
The following parameters are chosen resp, computed for testing:

a, = 0,001 (0,1%)
B(Ap) = B{x1} = B, = 0,8 (80%)
xooo=17.1 ,\x'=4.14
] ]

Critical value for data-snooping (with a, = 0,001) from t(l-ao, @] C(wi) = 3.29.

Hence the minimal gross error which can be detected with the probability 60 1s
{with P, = I):

B
N N‘ oL 207 (27)

Y
1 Ay vy Vavivy

Thus we obtain for the different arrangements and gross error situations the

values of Table 3 for the minimal gross errors,

" Table 3: Minimal gross errors to be detected with the probability By = 0,8.

Arrange- Case & Case b Case ¢ Case d
ments vxp(min}} vx{(min)f vy {min})| vx;{min)i vyj(min)

el | e 0 [ed | D] | Do)

A 28.3 28.3 i 27.2 - 32.0

B 31.4 31,4 1 29.8 - L 32.4

c 29.6 29.6 | 27.7 48.5 27.3

D 25.5 5.5 | 25.2 32.4 25.9

E 27.2 27.2 1 26.8 31.3 26.2

From Table 3 we see that the minimal gross errors are grouped arcund 30 =m, except
the cases Ac, Be, C¢. That's the reason why we have introduced for all cases a-d

a gross error of -30 um. -

After the computation of all error cases with all network arrangements we have got
the results of Table 4 for the global test (H_: E(&
cance level o for data-snooping was kept constantly, the significance level « for

o= ci). Because the signifi-



the global test - taken from Bagarda's nomograms in /3/ - is varying from 0.22 un-
til 0.45.

2

Table 4: Global test of the null-hypothesis HO: E(%O) = oz for all network

arrangements and gross error cases.

Arrange- & for gross error cases a
ment [ ] | cle) a without
a [ b ] ¢ d gross errj.
A 206 2.501 1.40 | 1.75|1.18 [ 0.22| 1.40
B 0.92: 107 1 057 L ooss| 1,181 0.22] 0.57
c 130 | 1.38 113 ] 1.23|1.04 0.37| 0.96
D 1.42‘ 1.58 |' 1.28 | 1.3¢ | 1.02| 0.45 1.21
E 0.85 ) 0.98 | 0.83 | 0.94|1.02|0.45/ 0.72
%2
o] I3
8= = , c(8) from F{l-a,r,=}

O

Regarding the results of Table 4 reasonable doubt is put forward with respect to
the practical appiication of the alobal test. In the gross error cases both ver-
sions B and F don't lead to the correct statement, i.e. to the rejection of the
null-hypothesis, Though there are fairiy good presumptions, because the expecta-
tion E(Si) = ci is a-priori known by the utilization of a random generator even
under the null-hypothesis {when no gross errors are included) the critical values
are exceeded twice. Of course the random generator produced discrete random
values, whose standard deviation differs more ore less from the a-priori chosen
value of SIum, But this problem is even intensified in real practical projects:
What is then the expectation of %i? That is probably the reason why Pope /17/
doesn't use the global test - generally its power of assertion is not sufficient.
Hence it is not recommended in practice to make the setyp of individual tests
{data-snooping) dependent on the result of the global test. The procedure of data-
snooping should be applied in any case if reasonable suspicion exists that gross
errors may appear, what is the standard situation in practical projects.

In this way we continue with the individual checking of the residuals. To avoid
at least partly the disturbing effects of correlations between the residuals the
strate%ylconsists in rejecting those observations, for which the test criterion
Wi = q;z is maximatl.

As a result it was found out that all a=-priori known gross errors have been de-
tected, expect in the following cases:

1. Gross error case ¢ in arrangement A and B: zero variance situation

2. Failure with the gross error case a of arrangement B:
the x'-observation of point no. 3 at image 3 led to max (ws;) and
thus to the prior rejection, although not including a grass error

3. Failure with the gross error case b of arrangement B:
the x'-observation of point no. 9 at image 3 led to max {wy),
although not including a gross error



4. Failure with the gross error case ¢ of arrangement D,
where the test criterion wi; = 3.15 of the x'-observation of
point no. Z2 at image 1 remained slightly under the critical
value of c(w;} = 3.29

Analysing these failures it becomes evident that in 1. there is a-priori no
chance for detectien at all (zero variance problem). In 4. the situation was met,
where the actual gross error (30um) is smaller than the minimal gross error which
can be detected with the probability B, = 0,8 {see Table 4). Setting vx% = - 32.4um
in version D the corresponding test criterion exceeds the critical value, thus
leading to a correct rejection.

The false rejection of xé at image 3 in case Ba and of xg at image 3 in case Bb
is probabiy a result of shiftings caused by correlations. &ctually the presence
of correlations disturbs significantly the statistical foundation of the gross
error problem, so that correlations should be subject to future studies. The
correlations become particularly of interest in & double sense:

- For the rejection procedure of data-snooping., The answer to the question
whether only max {w;)} or all w; which exceed the critical value should
be rejected depends on the size of correlations.

- For the localization of gross errors the correlations are of decisive
importance. Consider our practical examples: In the cases Ad, Bd the
localization of vyé is impossible since the residuals VYé (image 1)
and Vys (image 2) resp. VYé {image 3) and Vyé {image 4} are perfectly
correlating. Strong correlations exist also in case Cc between the
%x'-residuals of a non-control point in all three images. Here we obtain
for the correlation coefficients of the x'-residuals of point no.2:

Puyr [3lvgi[0]= = 0.960 » ry . [3]v,:[4]= 0.956 , ryy: [0]vy:{4)= - 0.960
(image number in brackets)

with the result that the gross error vxé cannot be localized.

Experiences gained so far with the data-snooping technique are very encouraging,
expecially if its results are compared with conventional, non-statistical methods

of aross error detection,
From all 23 gross error cases of our examples (the 2 zero variance cases are ex-
cluded) we obtained by conventional methods and by data-snooping:

lvi> 3c_+ 15 correct rejections, 12 incorrect rejetions
lv]= 380: 10 correct rejections, &5 incorrect rejections

data-snooping: 19 correct rejections, 2 incorrect rejections

S0 it becomes an important and promising task to do further investigations in
this field of research to arrive lately at systems for point determination pro-
viding for both accuracy and reliability.



D. Statistical test criterions for parameter testing in photogrammetric point

determination problems

Recently photogrammetry uses more and more the methods of statistical interval
estimation and hypotheses testing. Thereby statistical test criterions are some-
times applied in a 1ittle careless manner, what may often lead to wrong decisions
concerning the acceptance or rejection ¢f a hypothesis.

So the problem of statistical hypotheses testing is treated in a more general way
and some test criterions are derived which are often useful for the analysis of
results obtained by methods of photogrammetric point determination.

At any rate one should always keep in mind that a statistical test cannot be an
end in itself, it cannot serve as an inevitable standard, but must only be regar-
ded as an aid for decision.

For hypotheses testing we suppose the Tinear model of self-calibrating bundle
adjustment, derived from (1)

E(1) = Ax 1
E(e) =0 , D(e) =D(1) =clpP (28)

with the general linear null-hypothesis of full rank
H: Bx = w |, (29}

where B is a bxu- matrix with rank(B) = b< u.
The minimum variance unbiased estimators for x and cf from (28) are with r = n=y

A -1
%= (ATPAY ATPY (302)
52 Lm-nyTeaR-1y . (30b)
2 -1

For statistical analysis the distribution of 1 is assumed as T~N{Ax, I, F o),

i.e. a n-dimengional normal distribution.

Testing Ho requires the derivation of a test function T such that the distribution
of T 1s known when Bx = w {i.e. the null-hypothesis is true}.

Functions with optimal properties are the Likelihood ratio functions. Their appli-

cation leads to the test criterion

R
T = , {31)
b &2
with
o T Tony T T s
R = (Bx-w) (B{A'PA} B') (BX-w) . (3z)
For the derivation of T see Sraykiili /87, Koekh /I3/.

If HO is true, then T is distributed as Snedecor's F(b,r)}

7o obtain the power of the test HO against an alternative hypothesis HA t he
distribution of T must also be known, if the alternative hypothesis HA: Bx # w
(B'x = w') is true. Then we find T distributed as the noncentral F' (b,r,}) with

the noncentrality parameter

1 T -1

i T
o= — (Bx-w) (B{A
2(:;

NRICTIE (33)

PA)

The power 8{x)} of the test may be computed from Tang's tables of the rnoncentral

beta distribution (Graybiil /8/).



The general linear hypothesis (29) respectively some of its simplifications can
be applied to quite different problems of photogrammetric point determination.
In this paper we will restrict on three test probliems, often appearing in close-
range photogrammetry, as significance testing of

- additional parameters for systematic error estimation

- residuals at check points and control points for
empirical accuracy studies

- ¢coordinate differences in deformation measurements
{movement studies).

1. Significance testing of additional parameters

To check the statistical significance of an additional parameter set, i.e. to test
whether a8 systematic influence does occur at all, we have to construct a global
test for the whole set of additional parameters. For that purpose we put with

ot to the nomenclature of the unknowns in {1}:

Ao ] dz = dz' . 1

Identity matrix (34)
P.F P, p,l _ .
p = number of additional parameters

That is, we compare simultaneousty each individual additional parameter dzk
fk = 1, ...,p) with a supposed value dfk. If no further informations are
available, e.g. from precalibrations, dz' = 0 will be chosen.

Thus the test ¢criterion T becomes

_ 1 A | T -1 A 4!
T = ng (dz-dz ') sz (dZ -dz' ) . {35)
According to (1) the symmetric matrix N of the normal eguations is
T T T T
AIPBAI AlPBAz AlPBA3 : AlPBA4
T T T
- A LR TP Lok W BT L1 B I (L (36
- T T B T
.f: ‘ .X{ E3P A3 BSPBAQ__ Nxz sz
‘ ial
\ . S S {A4PBA4+PZ
Then
-1 T -l
Oz = Nyz = BaMiNye (37)

is the partly reduced matrix of the normal equations N for the set of additional
parameters, If the additional paramgters are arranged at the end of the complete
vector of unknowns as it is supposed in {1), then Q;% is obtained without addi-
tional effort during the trianguiar factorization of N,

The noncentratity parameter for the test HO is

‘ 1 Tt .
F e e (dz-dz') Q,,(dz-dz') , (38a)
or T T
- - 1 - 1 - LI - 1 T -1_ - 1
bom sy (d2edzl) Ny (d2edzt)e ot (d2mdzt) N NION, (dzedz') . (38B)
o o



The power g{+}) is an increasing function of », so & should be as large as possible.
nois maximal if Nxz = 0 (Graypili /&/}, i1.e. if dz is orthogonal to dx, de, dt
Thus a statistical advantage of the orthogonal additional parameter concept be-
comes evident: It increases the power of this test.

Beside this it is c¢lear that the power of a test depends mainly on the alternative
hypothesis and on the type I error size a.

If HO is rejected, i.e, if & significant systematic influence is apparent, the
detection of individual significant components becomes necessary,

Therefore the set of hypotheses

b

H(-l) : dzi = dZ.l- . ('I = 1, '--sp) (39)

G

is commonly wused to test the individual parameters on significance,.
Hence we get the test criterions

|
(. (43 =gz ) _
T = ) Qz5z; = variance of the ith (30
s Gz4z; additional parameter

Under Hiw) the WFTTT- values are distributed as Student's t with r degrees of
freedom. Thus the more-dimensional T-test (31) is reduced to an c¢ne-dimensional
t-test.
In the case of independence of the individual parameters the type I error size &
of the individual test is related to the type I error size a of the global test
as

I-a = (1 - &)P ) (61)

a =2
o]

The main problem in testing subsets or even single parameters estimated in multi-
ensional models arises with the dependence of these subsets {single parameters)
.- the other model parameters, In the case of significant correlations the pro-
babitlity & = P(TUsc | 0i)) of rejection of a true null-hypothesis H{'):
dzi = dz; of a singlie event {parameter} is no further independent. It should be
noticed that the application of the one-dimensional t-test with the usual limits
and confidence intervals leads the more to wrong decisions the more the correla-
tions do increase, Thus we have another important argument for using the concept

of orthogonal additional parameter sets.

Whereas the orthogonal concepts are regarded as very useful, the practical geo-
metrical conditions however often do net provide for sufficient orthogonality.
Then we have to set up simultaneous confidence intervals for the single events,
This can be done by the a-posteriori orthogonalization of the additional parame-
ter set, i.e. the transformation of the additional parameter vector (or, if
necessary, even the vector of all unknowns of the bundle system (1)) into ortho-
gonal components, which can be tested independently (see Roy, Bose /15/, Pelaer

A /).

EEE

Sometimes hiagh correlations do appear only within a subset of the additional pa-
rameters. Then these parameters can be tested together on common significance.
The corresponding test criterion may analogously be derived from the general 17-



near hypothesis (29).

Here a bivariate test criterion is derived, which can be applied 1f two additio-
nal parameters are highly correlating.

The null-hypothesis is formulated as

H, [ dz = dz° (42)
2,2 2,1 2,1
Suppose dz' = 0 and dz! = (dzy, dzy ), then T results in
1 q az:2, \71 {2
A A 2927 73 :
T o= o (92 ) ( i i k) ] (43)
o Qzpzi Qzpzk dz

The application of various test criterions and a possible strategy for additionat
parameter rejection was demonstrated in Srin /31C/ with the use of a practical
aerial triangulation example. Because of the extension ofaeriail triangulation
systems one has to work with some neglectings concerning the application of com-
pletely rigid statistical tests; thus the concept of a-posteriori orthogonaliza-
tion of the whole system is hardly to realize. However, close-range systems Opena
wide and interesting field of application of sophisticated statistical tests. So
this subejct should be a main objective for further studies.

2. Significance testing of residuals at check points and control points

It is a widespread and useful procedure in empirical accuracy studies to compare
the set of coordinates of a photogrammetric adjustment with their "true" values,
mostly obtained by more precise observation methods. Then the r.m.s. values of
the residuals serve as absolute accuracy measures to check the photogrammetri-

cally achieved accuracy.
If we denote the estimated residual vectors at check points as

R o= (X %o, )
& = i) [ alh s
AT Al APL pg = number of planimetric
£ = (aYl, ..,aYpL) s check points (44}
AT A sy = 1
ST g, pz = number of height
62 (Lzl’ "AZDZ) : check points
with the components
1 5
A _ S ~Ph 1 ] H L
ARy = Xy = Xy K= 1, oo, P7
A A
by = Y5 - ??h . gPh, §Ph ZPh - estimated photogramme-  (45)
" . APh tric coordinates
Ay = Iy - Iy * x5, v%, 2% = "tpue" coordinates
then the r.m.s. values are defined as
A A
A2 _ A% TaX Al ARy, A2 17747
¥ - p L] *‘Y T ] Uz = '
L Py Pz (46)
AN a1



Mclenaar /157 has proved that in the case of onty random influences the estimators
pLﬁﬁ, pLG$, Pzﬁ§= ZpLﬁ§ vy are indeed unbiased, but not sufficient estimators for

the corresponding parts of the trace of the variance-covariance matrix of the
gstimated check point coordinates.

The r.m.s. errgrs {estimators) are often accepted to be unbiased without any sta-
tistical investigation or from thne piots of the residuals a systematic deformation
is stated or not. M¥gilenagr 715/ has shown, that a sophisticated statistical treat-
ment is possible to get a better decision basis. He interprets the photogrammetric
adjustiment as an adjustment in steps and is thus deriving the test criterions.

in the following the corresponding test criterions are derived with help of the
concept of the general Tinear hypothesis {29}, which seems to be a Tittle bit
tlearer and which makes evident at the same time a suitable computational strategy.
He suppose the statistical model (28) and start from the null-hypothesis that the
T. (aiT, a?T, a%T

is the weight coefficient matrix of the esti-

common residual vector di
. ~ pa

Euted with dX~N(dX, chxx)' Qxx

mated check point cogrdinates.

) 15 multi-dimensional normally distri-

Thus HC becomes

Ho: o 1dx =x> - xM , p = 2p + Py = total (67)
pspp,l pl ol number of check point coordinates
with
dX = sub-quantity for the check points of dx (see (1))
5T g T T
XS = "true" check point coordinates vector X° = (X7 , YS . ZS }
XN = vector of the approximate values for the check point
coordinates in (1)
Mostiy XS - XN = 0 can be intropduced.
Hence we get the test c¢criterion
R
T = 3z y (48)
Prog
with
2 Nyl =t 2 S N
R = (@R-0CxM)) gy, @k-atyy - 9)
APR 5. T -1 &
= (RPPx3y g (RPhoxS))

If in model (1) the check point coordinates are arranged at the end of the com-
plete soclution vector, then Q;i is obtained without additional effort during the
triangular factorization of (ATPA) - see Section Dl. Under H, T is distri-

buted as the central F {p,r). The power of the test depends on the alternative
hypothesis and may be computed as mentioned before. Mostly it is advisable to
base the alternative hypothesis on. the assuymption of a polynomial deformation.
In any case the rejectionof the null-hypothesis should give rise to examine both
the additional parameter model (or even to introduce such a model} and the con-
trol and check point accuracy.

It is easy to see how the test criterions for special coordinate vectors, e.g.
X, Y independent on Z, can be derived.
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To obtain a better insight in the character of 2 systematic deformation it is
necessary to test individual groups of residuals or even single residuais. For
this purpose appropriate test criterions can also be derived as it was demonstra-
ted for additional parameters in section D1. But notice the difficulties arising
with high correlations with respect to the confidence interval setup.

It is an unpleasant experience that the inadequate presicion of control points
does often disturb the photogrammetricalliy obtained coordinates, thus leading

to wrong conclusions with respect to the photogrammetric accuracy potential. The
disturbing influence of control points may be caused randomly or systematically.
However, a statistical treatment of the residuals at control points is a helpful
device to arrive at better conclusions with respect to the control accuracy in
any case.

Of course it is not easy or often impossible to seperate the photogrammetric
effect from the control influence and to seperate the random control errors from
the systematic control errors. But if a self-calibrating adjustment is performed
we can assume that the main photogrammeiric systematic influence is compensated,
sa that the residuals at contraol points may indicate at least a part of the
original systematic control deformation.

global test on the significance of control residuals can be based on

1

P

I dx' = dxf s d = number of control {50)
d.d d,1 - dsl coordinates
(Mostly dx?  will be assumed as deI =0}.
Hence we get the test criterion
T . R , (51)
d-z=
o]
with
8P axP'y ot agPoaxP”
Ro=  (dXF=dx" ) Qpp{dx ~dx" } . {52}

Under H T is distributed as the central F(d,r).

Usualiy the weight matrix PP of the control point coordinates (see{l})) will be a
diagonal matrix., If the wefights are not teo small then Q;é - Qpp is the weight
coefficient matrix of the estimated control coordinates - is diagonal domihant,
i.e. the coefficient columns of the control residuals dxj are mostly orthogonal
tc the other unknowns of system (1). b

So the application of the t-test for the testing of individual residuals dxi with

a type I error size o:
1 -6 =(1-3d | & = type 1 error size of (53)
the global test (50)

is more successfull than in the cases menticned before.



3. Significance testing of coordinate differences in deformation measurements

The determination of point movements requires repetitive object measurements to
various periods. If the observation program is exactly identical during the
different periods the multivariate concept is an appropriate model for paint
estimation, interval estimation and hypotheses testing,

Generally the corresponding repetitive observations are not independent. In this
case the covariance matrix of these observations can be estimated immediatly - on
the contrary to the univariate adjustment, where usually only the variance of
unit weight is estimated.

For multivariate estimation problems and hypothesis testing see dnderscon 1/,
EKozn /147, Statistically seen, the multivariate concept is the most general one,
but it requires design matrices which are identically for each observation period.
Since this is an essential practical restriction for photogrammetric problems -
observations can only be rejected if this is done for those belonging together

in all periods, the camera stations and the rotation elements ére not allowed to
be changed - we use an univariate model, adapted to the special situation of
deformation measurements.

Without loss of generality we restrict on two observation pericds I, II. Thus we
get the model

- g = AIXI + AIIXII -1 5 P
/e "1/ 0 Py (54)
B = Ap g+ Ay Xyp o

D(e} = D{1} = ¢ P-L E(e) = 0

<

Model (54}, which is an extension of model (28), permits various arrangements of
the unknowns. For example, the solution vector of the control points can be re-
garded as a8 joint vector for both periods. The same may yield far the vector of
additional parameters. If no common unknowns are used, system {(54) can be divided
into two seperate adjustments.

According to the purpose of movement determination we set up the globel null -
hypothesis {(with model (54) and the notation of (1)} to

H @ B dx = W ) m = number of points (55)
- 3m,em 6m,1 om,1 to be Jjointly tested

The structure of B depends on the sequence of the unknowns in model (54), If the
vector of point coordinates to be tested is arranged 1ike

T _
dx' = (dXyqs dXypqs dYpqs d¥ppgs 47y, dZppgs ey dXpps
dxIIm’ dYIrn’ dYIIm’ dzIm’ dZIIm}
then B is structured as
1 =1 0o 0

B= |0 1-10 0 , (56)



dx = vector of coordinates belonging together in period I and II
te be Jointly tested,.

The test criterion T results 1in

T = -, 57
3m B2 (57)
with
.3 T _1 A M

R = (de-deI w) (B QxxB ) (de—deI—w) . (68)
d T = {dX dy d

x] - ( 11’ Ij.’ ZI‘}’ = v =y dXIm) dYIm’ dZIm) -]

T

dpp = (Xypqe @¥ypqs dZppgs o EXppen dYppps dZyp)

Iy = Joint weight coefficient matrix of the point coordinates to

be tested

Mostly w = 0 has to be chosen (especially if equal approximate values are used)

Again each admissible sub-hypothesis can be tested. Here it becomes particularly
important to test for significant deformations at individual points or even at
special coordinates of individual points. After all what has been shown before
it should be an easy exercise to derive those special null-hypotheses and the
corresponding test criterions.

On account of the purpose of deformation studies it becomes very important in
this case to apply correct confidence intervals. Hence the a-posteriori orthogo-
nalization is an indispensable demand to eliminate the disturbing effects of
high correlations.

E. Concluding remarks

The relatively small extension of the Tinear equations of close-range systems
cften enables the application of sophisticated linear models, estimation proce-
dures and statistical technigques, This fact should be utilized more than it was
done by now to obtain best possible results with respect to accuracy and relia=-
bitity. Like in aerial trianguiation systems the self-calibrating bundle method
can previde for significant model improvements and thus for remarkable accuracy
enhancements, if suitable and highly developed additional parameter sets are
applied, as presented in this paper with the concept of orthogonal bivariate po-
iynomials. Practical experiences with aerial triangulation systems show however,
that the functional extension of a bundle model by additional parameters must be
attended by comprehensive statistical test procedures to protect against over-
parametrization. Actually statistical methods should find more attention in close-
range applications, especially for test field analysis and in deformation measure-
ments.

A'really virgin area but nevertheless a very important subject in close-range



photogrammetry is the statistical treatment of reliability problems.

Rs it was shown in this paper a statistically founded strategy for gross error
detection provides for a remarkable efficiency.

Suitable approaches for gross error detection on a statistical base are available
and should obtain more attention in the near future. _

Thus photogrammetric close-range systems will reach an accuracy standard and a
reliability Tevel which provide for cutstanding results in each practical project.
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